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ABSTRACT. By using purely algebraic methods of n-fold Cech derived functors,
the higher equivariant integral group homology is investigated from the Hopf
formulas point of view.

The study of group actions on algebraic objects has many important applica-
tions in homotopy theory and K-theory (see for instance [3| 10, 13}, [15]). In [II] the
first author introduced and studied a natural equivariant version of the classical
Eilenberg-Mac Lane (co)homology theory of groups, which can be considered as a
part of relative homological algebra. The cohomological characterization of equi-
variant extensions with operators that are splitting with respect to group actions
has motivated the development of this theory, which differs from the (co)homology
theory of groups with operators developed in [5] [6] motivated by the classification
problem of graded categorical groups. Analogues of much of the theory of the clas-
sical homological algebra of groups have been obtained in that equivariant setting
such as (co)chain and cotriple presentations, the Hopf formula, exact (co)homology
sequences, and the Tate cohomology of groups. Moreover, the relationship with the
equivariant cohomology of spaces was established, and it was shown that the well
known isomorphism of Milnor’s K-group K2(A) with the second integral homology
H5(E(A)) of the elementary group E(A) of a unital ring A remains true for arbi-
trary rings by taking into account the action on F(A) of the Steinberg group St(Z)
of the ring Z of integers (see [11l Corollary 24]).

As promised we continue the investigation of equivariant homology theory of
H. Inassaridze [II]. Namely, using the purely algebraic method of n-fold Cech
derived functors developed in [7, [12], we provide higher Hopf type formulas for the
equivariant integral group homology (Theorem 12), extending the Hopf formula for
the second equivariant homology [I1] and recovering the Brown-Ellis higher Hopf
formulas [2], when the group actions are trivial.

We set up the following notation. Throughout I' is a fixed group. Gr denotes
the category of I'-groups whose objects are groups enriched with a (left) T-action
and morphisms are I'-equivariant group homomorphisms, or I'~homomorphisms for
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3038 H. INASSARIDZE AND E. KHMALADZE

short. The categories of groups, abelian groups and I'-sets are denoted by G, Ab
and Sr, respectively. For a non-negative integer n we denote by (n) the set of the
first n natural numbers {1,--- ,n}. For any set A its cardinality will be denoted
by |A].

We begin by formulating in the I'-equivariant framework some well known no-
tions and recall some facts from [I1] needed for our future purpose.

For any I'-group H, the group Aut(H) of automorphisms of the group H is a
I'-group with the diagonal I'-action given by

(“H)(h) =)

forallo el , f e Aut(H) and h € H.

Definition 1. A T'-equivariant action of a I'-group G on a I'-group H is a I'-
homomorphism G — Aut(H), or alternatively, this is a group action of G on H
such that

(k) = 9 (h)
foralloel',ge Gand h € H.

Note that if H is an abelian group in the previous definition, then it inherits a
structure of a I'-equivariant G-module [6], 5] [11].

Let G be a I'-group acting on a I'-group H. Then the semi-direct product of
groups H x G is a I'-group with the I'-action given by

U(hv g) = (Uha UQ)

forcel’, he H and g € G.

Given a I'-group G and a normal I'-subgroup H of G, we denote by [G|r the
subgroup of G generated by the elements of the form “gg~!, and by [G, H]r the
subgroup of H generated by the elements g°hg~'h~!, where 0 €T, g € G, h € H.
It is easy to check that [G]r is a normal I'-subgroup of G as well as that [G, H]|p
is a normal I'-subgroup of H and [G, H|r = [G, H|[H]r. Moreover, the quotient
H/[G, H|r is an abelian group on which I' acts trivially. For H = G this quotient
defines the T'-abelianization functor Abr : Gr — Ab, Abr(G) = G/[G, G]r, which is
left adjoint to the inclusion Ab < Gr.

In [II] the (co)cycle description of the equivariant (co)homology of groups is
given and its cotriple (co)homology interpretation as well. In particular the equi-
variant integral homology groups H! (G), n > 0, of a I'-group G are described via
cotriple derived functors of the I'-abelianization functor 2Abpr. More precisely, the
usual forgetful functor U : Gr — Sr has a left adjoint F, which assigns to any I'-set
X the free group F(X) on the set X with the I'-action given by |z| = |7«|, x € X,

]_-
o € I'. The adjoint pair of functors Sp === Gr induces a cotriple F = (F, 7,¢) in
u

Gr in the obvious way: F = FU, 7 : F — idg. is the counit and 6 = Fuld, where
w : ids. — UF is the unit of the adjunction. The resulting F-cotriple resolution of G
is the simplicial T-group F.(G) with Fo(G) = F(G), F,.(G) = F*Y(G) = F(F*(G)),
d? = Fi(1pn-i), s? = F(dpn—i), 0 < i < n. Applying the functor Abr dimension-
wise to IF,.(G) we obtain the simplicial abelian group 2brF.(G). According to [11]
Theorem 10] we have

(1) HY(G) = m, 1 (AbrFL(G)), n> 1.
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A T-group F is called (F-)projective if F' is a retract of some value of F, or
equivalently, if there is a [-homomorphism s : ' — F(F) such that 77 s = idp.
If that is the case, it is well known that the simplicial object F.(F) admits a
contraction and thus HL(F) = 0, for n > 2.

Remark 2. For computing the equivariant integral homology of a I'-group G, we
will use ‘non-standard’ resolutions in the sense of Barr-Beck [I]], in particular, the
so-called projective simplicial resolution of G, defined as an augmented simplicial
I'-group F, — G such that Fj, is projective for all n > 0, and the induced simplicial
map U(F,) — U(G) is a homotopy equivalence (of simplicial I'-sets). The F-cotriple
simplicial resolution of G is a projective simplicial resolution and by [I, 5.3], if
F, — G is any one of them, then there is an isomorphism H_ (G) = 7, _1(Abr F),
n > 1.

To realize the algebraic proof of higher Hopf formulas and their further general-
izations, one of the main tools used in [7] is the theory of crossed n-cubes of groups
introduced by Ellis and Steiner [9]. An equivariant analog of the notion of crossed
n-cubes takes the following form.

Definition 3. A crossed n-cube of I'-groups is a family M = {My: A C (n)}
of I'-groups together with I'-homomorphisms p; : Ma — My for i € (n),
A C (n) and functions k : My x Mp — Muyup for A, B C (n), such that if *b
denotes £(a,b) - b for a € M4 and b € Mp with A C B, then for all a, a’ € M,
b, b/ € Mp,c€ Mg, o0 €T and i, j € (n), the following conditions hold:

pila) =a if i ¢ A,

pipj(a) = pjpi(a),

,LLZ'K)(G,, b) = H(:u‘i (a‘)v Ml(b))a

k(a,b) = k(ui(a),b) = k(a, u (b)) if i€ AN B,

a,a’) = la,d],

aa’,b) = n(a ,b)n(a,b),
a,bb') = k(a,b) ®k(a,b),
“k(k(a™tb),¢) “k(r(c™t, a),b) P(k(DY, ¢),a) = 1,
*k(b,c) = k(“b,%c) if ACBNC,
“k(a,b) = (J ,7b).
A morphism of crossed n-cubes of I'-groups, o : M — N, is a family of I'-

homomorphisms {a4 : Mg — Na, A C (n)} commuting with the functions p; and
k. The resulting category of crossed n-cubes of I-groups will be denoted by X Gr.

Example 4. Let F be a I'-group and R;, ... , R, be normal I'-subgroups of
F. Let My = (;ea Ri for A C (n) (here My is understood to mean F); if
i € (n), define p; : Ma — My\giy to be the inclusion and given A, B C (n), let
K: My x Mp — Maup be given by the commutator: x(a,b) = [a,b] for a € M4,
be Mp. Then {M, : A C (n), p;, K} is a crossed n-cube, called the inclusion
crossed n-cube given by the normal (n + 1)-ad of I'-groups (F; Ry, ..., Ry,).
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Recall from [7] (see also [4]) that the crossed n-cube of groups is abelian if the x
maps are trivial. Let us denote by AbX "G the category of abelian crossed n-cubes
of groups. There is a [-abelianization functor

Abp - X'Gr — ADX'G
defined for any crossed n-cube of I'-groups M = {M4 : A C (n), u;, K} by

My

H DF(B7 C) 7
BUC=A

Abp (M) 4 =

where Dr(B,C) is the subgroup of M4 generated by the elements of the form
“aa~t and k(b,c), where k : Mp x Mg — Mpuc=a, 0 €T, a € Ma, b€ Mp
and ¢ € M¢. The homomorphism 7i; : Abp(M)s — le}(M)A\{i}, for i € (n)
and the function % : Abp(M)a x Abp(M)p — Abp(M)aup, for A, B C (n), are
induced by the homomorphism u; and the map s, respectively.

Note that for the trivial group I' = 1 the functor le} is the usual abelianization
functor from the category X"G of crossed n-cubes of groups to the category AbX"G
of abelian group objects in X'G (see [E]).

For n = 1, DefinitionBlcan be simplified considerably, and we arrive at the follow-
ing equivalent notion: A crossed module of T'-groups (H, G, ) is a I-homomorphism
u: H — G together with the I'-equivariant action of G on H such that

(i) u(*h) = gu(h)g=",

(ii) »Mp' = hh'h~!
for all h,h' € H, g € G. In particular, (H,G, u) is a crossed module of groups,
and we can form its nerve [I4], which is the simplicial group E;(H ,G, 1)+, where
EII«(H7 G, =Hx(---(HxG)---) with k semi-direct factors of H, and the face
and degeneracy homomorphisms are given by

dO(hla"' ahkvg) = (h27"' ,hkag),

di(hl>"' 7hk7g): (hh'" >hihi+1>"' 7hk7g)> OSZS k7
dk(hly"' 7hk>g) = (h1>"' 7hk71>/ft(hk)g)>

Si(hl;"' ahkng) = (h17"' 7hi717hi+1a"' 7hkvg)a OSZSk

It is clear that E;(H ,G, 1)« is a simplicial T-group with the above described T'-
action on the semi-direct products and it will be called the nerve of the crossed
module of T'-groups.

Given a crossed n-cube of I'-groups M, applying the nerve of crossed modules
of I'-groups Eli in the n-independent directions, this construction leads naturally
to an m-simplicial I'-group, called the multinerve of M. Taking the diagonal of this
n-simplicial T-group gives a simplicial T-group denoted by Ep.(M)..

Now we show that the I'-abelianization of an inclusion crossed n-cube of I'-groups
commutes with the functor Fp..

Proposition 5. Let M be an inclusion crossed n-cube given by a normal (n+1)-ad
of T-groups (F; Ry,--- , Ry). Then there is an isomorphism of simplicial groups

Abr By (M), 22 Ep (Abp (M), .
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Proof. There is a natural morphism of crossed n-cubes of I'-groups M — lenf (M)
inducing the natural surjection of simplicial T-groups Ep(M). i Ep (Abp(M)).

given by

AZ(‘Tla"' ,ﬂ?l) = (:I:—b 755_1) B
where the bar denotes a coset, (zy,---,7;) € Ep(M), = Mica, Bi @ -~
X ﬂieA, Ri, k> 0,1 = (k+1)" and Ay,---,4; € (n). We only need to show
that

Ker A} = [Ep (M), Ep(M)i]r -

One easily notices that

Ker Ay = [] Dr(Bi,C1)x---x [] Dr(Bi.C) .
BiUC1=A; BUC;=A;

Then, to check the inclusion Ker A} C [Ep(M)g, Ep(M)g]r, it is sufficient to show
that

1x-ox1x H Dp(Bs,Cs) 3 1---x1C [Ep (M), Ep(M)]r
B.UC,=A,

for all s € ((k+ 1)"). Since any generator of Dr(Bg,Cs) has the form “aa™! or
[b,c], where 0 € T, a € M4, , b€ Mp, and ¢ € Mc,, the inclusion follows from [7]
Proposition 11] and the equality (1,---,1,%aa=%,1,--+ ;1) =(1,--- ,1,a,1,--- ,1)
(1,---,1,a,1,-- ,1)*1 .

To show the inverse inclusion [Ep (M), Ef(M)]r € Ker AP, we notice that
any generator of [Ep(M)y, By (M);]r has the form “ww™! or [wy,ws], where o € T,
w,w1,wp € Ep (M), Again by using [7, Proposition 11] we have [wy,ws] € Ker AR
Now, an element w € Ep. (M)}, can be written as w = Hg:gl)n(l, ey lag, 1,000 1),
where 5 € ();c 4, Ri- Then

(k+1)"
wa_l = H(:l’ PN 70-:'[;5!@8_17 Sy 1)
s=1
(k+1)™
e [J(x--x1x [ Dr(Bs,Co)x1---x1) CKer A}
s=1 B;UC;=A;
and the assertion follows. O

The diagonal of the multinerve of crossed n-cubes of I'-groups is closely related to
the n-fold Cech derivatives of functors from the category of I'-groups to the category
of groups, which we consider immediately below, whilst the general situation has
been dealt with in [12].

Let us consider the set (n). The subsets of (n) are ordered by inclusion. This
ordered set determines in the usual way a category C,. For every pair (4, B) of
subsets with A C B C (n), there is the unique morphism p4 : A — B in C,. Any
morphism in C,, not an identity, is generated by pﬁu o for all A C (n), A # (n)
and j € (n) \ A.

An n-cube of I'-groups is a functor § : C,, — Gr. A morphism between n-cubes
5,5 :C, — Gr is a natural transformation x : § — §.
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Example 6. Let (G.,d},G) be an augmented simplicial object in the category Gr.
A natural n-cube of I'-groups ™ = (G, d},G) : C,, — Gr, n > 1 is defined in
the following way:

FM(A) =G, 1|4 forall A C (n),
S (AL =dpy M forall A (n), j e (n)\ A,

where G_; = G and k € (n — |A|) is the preimage of j for the unique monotone
bijection (n — |A[) = (n)\ A.

An n-cube of I'-groups § determines a normal (n + 1)-ad of I'-groups (F(0); R1,

-, Ry,), where R; = Ker S(p?i}), i € (n). This (n+1)-ad will be called the normal
(n+ 1)-ad of I'-groups induced by §.

Given an n-cube of I'-groups §, it is easy to see that there exists a natural
I'-homomorphism F(A) 224 éi%S(B) for any A C (n), A # (n).

Definition 7. An n-cube of I'-groups § will be called an n-presentation of a I'-
group G if F((n)) = G. An n-presentation § of G is called projective if F(A) is
a projective I'-group for all A # (n), and it is called exact if every as (A C (n),
A # (n)) which has a section map preserving the I'-actions is surjective.

The following lemma is straightforward.

Lemma 8. An augmented simplicial T-group (G, d3, G) with 7o(G) = G is a pro-
jective simplicial resolution of G if and only if the n-cube of T-groups ™ (G, d3, Q)
is a projective exact n-presentation of G for alln > 1.

Given a homomorphism of I-groups o : H — G, the Cech augmented complex

for « is the augmented simplicial T-group (C'(«)«, a, G) defined by
Cla)y =H xg---xgH={(ho,....,hn) € H"™ | a(ho) = --- = a(hn)},
~—_——

(n+1) times

d?(ho, ... hy) = (hoy ..., hiy oo b)),
S?(h(),...,hn) = (h(),...,hi,hi,hiJrl,...,hn)7

for0<i<n.

Now let § be an n-presentation of the I'-group G. Applying C' above, in the
n-independent directions, this construction leads naturally to an augmented n-
simplicial I'-group. Taking the diagonal of this augmented n-simplicial I'-group
gives the augmented simplicial D-group (C'™(§)., o, G) called an augmented n-fold
Cech complex for §, where a = 3(P?n>) : §(0) — G. In case § is a projective exact
n-presentation of G, then (C(F)., a, G) will be called an n-fold Cech resolution
of G.

Definition 9. Let T : Gr — G be a covariant functor. Define k-th n-fold Cech
derived functor LT : Gr — G, k > 0, of the functor T by choosing for each
I'-group G, a projective exact n-presentation § and setting

EZ_fOIdT(G) =Tk (Té(n) (8’)*) ;

where (C™)(F).,a, @) is the n-fold Cech resolution of the I-group G for the pro-
jective exact n-presentation § of G.
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Note that by [12] (see also [7, Theorem 16]) the n-fold Cech derived functors are
well defined. Moreover, if F' is a projective I'-group, then

(2) Lrfdr(py =1, n>1.
Lemma 10. Let § be an n-presentation of a I'-group G. There is an isomorphism
of simplicial T'-groups
Ep(M), = C™(3).

where M is the inclusion crossed n-cube of T'-groups given by the normal (n+1)-ad
of T-groups (F(0); Ry, ..., Ry), R; = Ker%(p?i}), i€ (n).
Proof. For n =1 the required isomorphism

At Ep (R = §(0). = C(3(0) = G).

is given by \g = idg(py and A\ (ry, -, 7k, f) = (ri.re fyroerif, - e f, f) for all
k>1and (rq, -+ ,75, f) € Ry X -+ x Ry x §(0).

Then by repeated applications of this isomorphism, we get an isomorphism of
n-simplicial I'-groups. Applying the diagonal gives the result for any n. (]

Now we give an explicit computation of the n-th n-fold Cech derived functor of
the T'-abelianization functor 2Abr : Gr — Ab, implying a description of the equi-
variant integral homology of groups from the point of view of Hopf type formulas.

Theorem 11. Let G be a I'-group and § its projective exact n-presentation. Then
there is an isomorphism

N RN [F.F,
Lr-oldgyp(G) = = , n>1,
M= [N R, NR])[ N R,
AC(n) €A igA  i(n)

where F' = F(0) and R; = Ker(F(0) — F({})) fori € (n).

Proof. Using Lemma [0, £7°199%br(G) = 7, (AbrEL(M),), where M is the in-
clusion crossed n-cube of I'-groups induced by the normal (n + 1)-ad of I'-groups
(F;Ry,---,Ry,). Hence Proposition [ implies an isomorphism £7-©2(bp(G) =
Tn(Ep2Aby(M),). Then, by [7, Proposition 14] (see also [I4, Proposition 3.4]),
there is an isomorphism

(3) LrM90br(G) 2 (] Ker (Abp (M) () -5 2bp (M) 1)
le(n)

where, by definition of the functor le;, we have

N R

n - icA 0
T gL

Now we set up the inductive hypothesis. Let n = 1. Then

_ R F Ry N[F,F]
1-fold o ! == L
L1796 (G) = Ker <[F, Ry (R F]r) [F Balr

Proceeding by induction, suppose the result is true for n — 1; we will prove it for
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Let I € (n) and denote by Sm the restriction of the functor § : C,, — Gr to
the subcategory of C,, consisting of all subsets A C (n) with [ ¢ A. It is easy to
check that Sm is a projective exact (n — 1)-presentation of the projective I'-group
F((ny\ {l}). By @ we have ngll)'fddi’lbr(&((n) \ {{})) = 1. Then our inductive
hypothesis implies that

(4) N rn[EFL=( [ [NB.NORDI ) Rlr-

ie(m)\ {1} AC(n)\{ljeA  i¢A ie(m)\{l}
Then from the equalities (@) and () we deduce the required isomorphism. (I

Finally we provide the main theorem, which expresses the equivariant integral
homology of groups as Hopf type formulas generalizing the Brown-Ellis result for
trivial actions [2] and extending to higher dimensions the Hopf formula for the
second equivariant group homology [I1].

Theorem 12. Let G be a I'-group and § its projective exact n-presentation. Then
there is an isomorphism

N RN [F,F]
i€{n)

(IT [N R VR[N R]

AC(my €A igA  i(n)
where F = F(0) and R; = Ker(F(0) — F({})) fori € (n).

Proof. Let (F.,dS,G) be a projective simplicial resolution of the I'-group G and
consider the short exact sequence of augmented simplicial I'-groups

T

H5+1(G) = n=1,

1 1 1 1
1 N 1 3 1
—_ i — J‘l’ gg
N [Fos Frlr IO ¢ [F1, Filr ? [Fo, Folr — [G,G]r
ar 1
\ 1 3 \
— d_?) — do 5
1 1 1 1
—_ — —
i, ®wep(Fy) o e Abp(F) = Abp(Fy) = Abp(G)
1 1 1 1
1 1 1 1.
By the induced long exact homotopy sequence, there is an isomorphism
N Ker d?:ll
i€(n)
(5 T AbR (F,) & — ——, n>1.
: T
i€(n)

Since ‘1/17?—/1 is the restriction of d?* ; to [Fy,, F,]r, Kerdfz’?\_/1 = Kerd! | N[F,, F,]r.

Hence ﬂi€<n> Kerd/?v_1 = (ﬂian) Ker d?_l)ﬁ[Fn, F,]r and similarly ﬂian) Ker d;’:ll
= (ﬂie(m Ker d?—_ll) N [Fn—la Fn—l]F-
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Since the shift of the simplicial object Fi is the contractible augmented sim-
plicial object (Dec(F),d, Fo) (see [8]), by Lemma B the n-cube of I'-groups
F()(Dec(F,),d}, Fy) is a projective exact n-presentation of the I'-group Fy. Hence,
by Theorem [Tl and the equality (2]) we have

N Kerd! ; N[F,, Fulr
LrMg(p (Fy) i€{n) 1

(Ay(n) [QA Kerd® |, ZQA Kerd? ,]) [iQm Kerdf' ],

implying that
(6)
() Kerdy , N[Fo, Falr = (] [ Kerd,, () Kerdy ,])[ () Kerd,],,

i€(n) AC(n) icA i¢gA i€(n)
n>1.
Since (F,,dJ,G) is a projective simplicial resolution of G, dz(ﬂiem
Mie(n) Ker d?—',n > 1. Tt follows that dﬁ([ﬂiam Kerd! ,]r) =[N
Using this fact and the equality (@) it is easy to see that

E:E( n Kergf) =dn | ( H [mKerdﬁl,ﬂKerdfﬁJ)[ m Kerd; ],

yKerd ;) =

ie(n) Ker ;7 Ir.

i€(n) AC(n) i€A i¢gA i€(n)
=( H [ﬂ Kerd! !, ﬂ Kerd!'])[ m Kerd?:llh,.
AC(n) icA i¢A i€(n)
Then, taking into account the equality (1) and Remark [ by the equality (&) we
have
n—1 )
( ﬂ Ker d?7 ) N [anl, anl]F
H71: (G) = = m— m— n— :
+1 ( 11 [ﬂ Kerdifll, N Kerdifll])[ N Kerdifll]F
AC(n) i€A i¢gA i€(n)
Using again Lemma [§] and Theorem [[1] completes the proof. (I
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