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Abstract

The notions of mod ¢ cohomology and Tate—Farrell-Vogel cohomology of groups are intro-
duced, where ¢ is a positive integer. The first and the second mod g cohomology groups are
described in terms of torsors and extensions respectively. The mod g cohomology of groups
is expressed as cotriple cohomology. The reduction of mod g Tate—Farrell-Vogel cohomology
theory to the case ¢ = p” with p a prime is shown. For finite groups with periodic cohomology
the periodicity of mod ¢ Tate cohomology is proved.
© 2003 Elsevier B.V. All rights reserved.
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0. Introduction and summary

During the last 20 years, many important works appeared investigating the mod ¢
versions of algebraic and topological topics.

For instance Neisendorfer [20] studied a homotopy theory with Z/g coefficients
(primary homotopy theory) having important applications to K-theory and homotopy
theory.
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Browder [3] defined and investigated a mod ¢ algebraic K-theory called the algebraic
K-theory with Z/q coeflicients.

Suslin and Voevodsky [22] calculated the mod 2 algebraic K-theory of the integers
as a result of Voevodsky’s solution of the Milnor conjecture [25].

Conduché and Rodriguez-Fernandez [8] introduced and studied non-abelian tensor
and exterior products modulo ¢ of crossed modules (see also [6,9]) having properties
similar to the Brown—Loday non-abelian tensor product of crossed modules [7].

Karoubi and Lambre [17] introduced the mod g Hochschild homology as the homol-
ogy of the mapping cone of the morphism given by the ¢ multiplication on the standard
Hochschild complex. Then they constructed the Dennis trace map from mod ¢ algebraic
K-theory to mod g Hochschild homology and found an unexpected relationship with
number theory.

N. Inassaridze [16] pursuing investigations of non-abelian mod g tensor products
found applications to mod g algebraic K-theory and homology of groups. The study of
non-abelian left derived functors [14] of the mod ¢ tensor product of groups inspired
the definition of the mod ¢ homology of a group G with coefficients in a G-module 4:

H,(G,4;7/q) = Torf[G](Z/q,A), n=0.

This mod g group homology is also the homology of the mapping cone of the ¢ multi-
plication on the standard homological complex as in the case of the mod ¢ Hochschild
homology [17].

The aim of this paper is to give and investigate a cohomological version of the mod g
homology theory of groups and to unify both theories into a mod ¢ Tate—Farrell-Vogel
cohomology of groups.

The article is organised as follows. In Section 1, given a chain complex, we provide
the definition of its mod ¢ homology and @-cohomology (Definition 1.1). We prove
the Universal Coefficient Formulas (Proposition 1.2 and Corollary 1.3) and show that
mod ¢g (co)homology of chain complexes reduce to the case g = p™ with p a prime by
showing that, the groups H.(Cy;Z/q) and H3(Cy; Z/q) are canonically isomorphic to
the products H.(Cy; Z/r) x H(Cy;Z/s) and Hy(Cy; Z/r) x Hy(Cy; Z/s), respectively,
for ¢ =rs, r and s relatively prime (Theorem 1.5 and Corollary 1.6).

We begin Section 2 by introducing our definition of the modg cohomology
H*(G,4;Z/q) (Definition 2.1). Given a group G we introduce the notion of a (G, q)-
torsor over a G-module A (Definition 2.8) and describe the first mod ¢ cohomology
group in terms of (G, g)-torsors over 4 (Theorem 2.9). Using our notions of pointed
g-extension and g-extension (Definitions 2.10 and 2.13) we describe the second mod g
cohomology of groups (Theorems 2.11 and 2.15).

In Section 3, we express the modg cohomology of groups in terms of cotriple
derived functors of the kernels of higher dimensions of the mapping cone of the ¢
multiplication on the standard cohomological complex (Theorem 3.1).

In Section 4, we give an account of Vogel cohomology theory [26]. Goichot [11]
gave a detailed exposition of Vogel’s homology theory and its relations to Tate and
Farrell theories. We shall give here the cohomological approach (see also [27, Section
5]). At least, in the case of finite groups it is the same but the point of view is slightly
different.
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In Section 5, the modgq Tate—Farrell-Vogel cohomology of groups is introduced
(Definition 5.1). Finally, we show how periodicity properties of finite periodic groups
extend to mod ¢ Tate cohomology (Theorem 5.8) and give a property of cohomogically
trivial G-modules for G a p-group (Theorem 5.12).

Notations and conventions: A ring R is always associative and unitary; an R-module
A is a left R-module. &y is the category of (unbounded) complexes of projective
R-modules and %y is the category of complexes of R-modules. Considering a group
G, and given two G-modules 4 and 4’ we write Homg(4,4") for Homz[g)(4,4"). We
mean ¢ as a positive integer and its product on any module A is represented by g4
and A/q = A/qA. We denote by /G the augmentation ideal of Z[G]. The groups Z and
Z/q are trivial G-modules. We mean the group H~'(G,A) trivial.

1. Mod ¢ homology and cohomology of chain complexes

In this section, we suppose given a contravariant functor @ : ¥ — 7. We introduce
the mod g homology and @-cohomology of a complex over R, show the universal
coefficient theorem in both cases and show they reduce to the case ¢ = p” with p a
prime.

Given an object of the category Zg

n+1 an

0 On—1
Ci=--— n+l_>Cn_)Cn—]—>"'; nel,

the product by ¢ defines a morphism » ¢ : C, — C, of chain complexes and the mapping
cone of this morphism

(?‘,,+1 (:’7 6:\—/1
s Lnp 3] Cn_>Cn 3] Cnfl_n’cnfl ) Cn72 o,

év,,(x,,,x,,,l) = (0p(xy) + gxp—1,—0n—1(x,—1)), denoted by Mc(Cy,q).
Definition 1.1. For n€Z
(1) the mod ¢ homology of the complex C, is given by
]—[n(C*; Z/q) = Hn(MC(C*,q)*)a
(ii) the @-cohomology of C, is given by
H(Z(C*) = an((p(c*))
and the mod ¢ @-cohomology of C, is given by

Hy(Cu; Z/q) == H_pn1(D(Cs); Z/q) = H_p 1 (Mc(D(C), q)-)-

Proposition 1.2 (Universal Coeflicient Formula for mod ¢ homology). Given C, € Zg
we have an exact sequence

0—-H(CH®Z)g— H,(Cy;Z)q) — Tor(H,—1(Cx),Z/q) — 0, nelZ.
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Proof (It is essentially [16, Proposition 3.5]). The mapping cone gives rise to an exact
homology sequence

= Hy(C) X H(C) — Hi(Ca3 Z)q) — Hyi(C) L Hyy(C) — -+

Now the product by ¢ in a module 4 has cokernel A/g4 = A ® Z/q and kernel
Tor(A4,Z/q). The exactness of the homology sequence gives the result. [

Corollary 1.3 (Universal coefficient formula for mod ¢ @-cohomology). Given C.eZy
we have an exact sequence

0— Hy (C.)® Z)qg — HY(Cy; Z/q) — Tor(Hp(Cy), Z/q) — 0, neZ.
Remark 1.4. In the examples we shall consider the morphism @(«q) is the product

by ¢ and, up to isomorphism, Mc(®(C,),q),+1 = ®(Mc(Cs,q)),. This motivates the
index shift in the definition of mod g ®-cohomology.

Let ¢ =rs, then there are canonical morphisms of chain complexes
050 Mc(Cy,q) — Mce(Cy, 7). and oy, 0 Mc(Cy,q) — Mc(Cy, 5)s

given by o (Xp,Xp—1) = (Xp,5%,—1) and o n(Xp, Xp—1) = (Xp,1x,—1) for all neZ,
respectively. It follows that one gets a canonical homomorphism

o Hy(Cy; Z)q) — H(Ci; Z)r) x H(Cy; Z)s), néel.

Theorem 1.5. If g=rs and the integers r, s are relatively prime, we have a canonical
isomorphism

H,(C.;Z/q) = Hy(Cy; Z[r) x Hy(Cy; Z)s)
forallne?.

Proof. The inverse homomorphism to a,, n € Z, will be constructed. Since » and s are
relatively prime, there exist &,/ € Z such that

kr+1s = 1. ey
Define two morphisms of chain complexes
Brw: Mc(Cyy 1) — Mc(Ci, @)
and
Bs.s: Mc(Cy, 5) — Mce(Cy, q)-
by
Prn(Xn,xn_1)=(Isxp, Ix,—1) and s ,(xpx,—1) = (krxy, kx,—1)
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for n € Z. These maps are compatible with boundary operators. We check it for f, ..
In fact,

é;[))r,n(xmxnfl ) - é\Vn(lsxna IX,,,l) - (lsan(xn) + qunfls _lanfl(xnfl ))
- ﬁr,n—l(an(xn) +rx,—q, *an—l(xn—l )) - ﬁr,n—lévn(xmxn—l )
Therefore, one gets a homomorphism
P H(Cu; Z)r) x H(Cy;Z/s) — H,(Cy;Z)q), nel,

induced by f,., and f; ,. It remains to prove that «.f, and f.a. are identity maps.
Let (x,,x,—1) be an nth chain of Mc(Cy,q).. Then, using (1), we have

ﬁnan(xmxnfl )= Bn((xnssxnfl)s (Xn,7X0—1))

= (Isxp, Isxp—1) + (krxp, krx,—1) = (xp,X0—1),

thus S0 = 1.
Let (x,,x,—1) be an nth cycle of Mc(C,, 7)., i.e.
an(xn)""_rxnfl =0, anfl(xnfl):()' (2)
We have

U Bn(XnsXn—1) = 0u(£X 0, Ix 1) = (I5Xp, Isx 1) + (Lsxy, 1, 1).
Whence the equality
(xmxnfl) - O‘nﬂn(xmxnfl) = (erm ernfl ) + (—ISX,“ _lrxnfl)

in the R-module Mc(C,,7), x Mc(Cs,s),.
By (2) we get

O (0, k) = (kre, =k, (x)) = (krecy 1)
and

6::1(0, —Ix,) = (—Isxp, 10,(x,)) = (—Isxp, —lrx,—1).
Therefore

(ons 1) = % n—1) = D (0,0, ), (0, —1x,)).
Obviously, the same is true for an nth cycle of Mc(Cy,s)s. Thus o, f.=1. [
Corollary 1.6. Let C, € Yg and q =rs with r and s relatively prime integers. Then
there is a canonical isomorphism

Hy(Cy; Z/q) = Hy(Ci; Zr) x Hy(Ci; Z[s)
forall ne?.

As the product by ¢ is obviously functorial the homotopy properties of @, if any,
induce homotopy properties on the mod ¢ @-cohomology.
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Lemma 1.7. (i) Let C. € Dy, &' :%Dr — €z be a second contravariant functor and
0:® — @ a natural transformation, such that 0(C.) is a weak equivalence between
d(C,) and ®'(C,). Then 0 induces isomorphisms
Hy(C; Z)q) = Hy(Cy; Z/q)
forallne?.
(i) Suppose @ is a homotopy functor, i.e. homotopic complexes are sent to homo-
topic complexes. Let C,,C. € 9r be homotopic. Then we have isomorphisms
Hy(CusZ/q) = Hy(CLs Z/q)
forall ne?.

Proof. (i) As the mapping cone construction is functorial we have a commutative
diagram with exact rows

Hy N(Cy) — Hy (C) — HJ(CZ)q) — Hp(C.) — Hp(Cy)

| | | l I

Hy'(C) — Hy N(CL) — Hiy(CsZlq) — Hp(C.) — Hiy(Co).

By hypothesis the two vertical maps on the left and the two on the right are isomor-
phisms. The five lemma gives the result.
(i) It works the same with the diagram

Hy N(CLy — Hy (CL) — HJ(CLZ/q) — Hy(ClL) — Hp(C))

| l ! ! s

HYN(C.) — HyN(Ch) — HM(Cu;Z)q) — HA(C.) — HA(C.).

Example 1.8. Let K, €% and @: %z — %7 be defined by &(C.) = #om(C,,K,)x,
where

Hom(Cy, Ky )y = H Homg(C;, Kiyp)

i€z

with the differential A given by

(Af)i(x) = d(fi(x)) + (= 1) fi1(d(x))
for f = (f;)€ Hom(Cy,K,), and x € C;. Then we write H"(C,,K,) = H}(C,) and
H"(C.,Ky; Z/q)=H}(Cy; Z/q). 1f the complex K, is concentrated in degree 0 we get
with H"(C.,K,) the usual cohomology with coefficients in K. If 4 is an R-module
and K, a resolution of 4, the morphism K, — 4 defined by the map Ky — 4 induces
an isomorphism

H"(Cy,K\;Z/q) — H'(Cy, 4;Z)q)
for all € Z by Lemma 1.7(i).

The “internal Hom functor” in the category of chain complexes of R-modules was
first studied by Brown [5].
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Lemma 1.9. Let C, € Yy and K, € €r. We have, for all n€ Z, a canonical isomor-
phism

Hom(Mc(Cy, q)x, Ki )y = Mc(Hom(Co, Ky ), q)ps1-

Proof. We have
Homz(Mc(Cy, q)i, Kpyi) = Homp(C; © Ci—1, K1)
= Homg(Ci, K1) © Homp(Ci—1, K1),

which gives, taking the product over Z and exchanging the factors in the right side of
the equality,

Hom(Mc(C, q)s, Ky )y = Hom(Cy, K, )y & Hom(Cy, Ky st
=Mc(Hom(Cy,Ky), q)n+1- O

A second example of the functor @ will be considered in Section 4. Note that all
results of this section are true when %y is an additive subcategory of %x.

2. Mod ¢ cohomology of groups

In this section, we shall define a mod ¢ cohomology of groups by using Definition
1.1 and then express it as the Ext™ functors in the same way as the mod ¢ homology
of groups is expressed as the Tor, functors [16]. The first and the second modg
cohomology of groups will be described in terms of g-torsors and g-extensions of
groups, respectively.

Let G be a group, 4 a G-module and P, — Z a projective G-resolution of Z.
According to Example 1.8, #om(—,A) is a contravariant functor from Yz to 7.

Definition 2.1. The nth mod ¢ cohomology, H"(G,A;Z/q), of the group G with coef-
ficients in the G-module A4 is

H”(G,A; Z/CI) = H:}lifbm(f,A)(P*;Z/q)’ nz=0.

Note that by Lemma 1.7(ii) these cohomology groups are well defined and do not
depend on the choice of the projective G-resolution of Z.
The next proposition immediately follows from Corollary 1.3.

Proposition 2.2 (Universal Coefficient Formula). Let G be a group and A a G-module.
Then there is a short exact sequence of abelian groups

0— H""Y(G,4)® Z)q — H"(G,4;Z/q) — Tor(H"(G,A),Z/q) — 0 )

for n = 0.
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We recall from [16, Proposition 3.2] that, given a projective G-resolution P, — Z
of Z and g > 0, the morphism Mc(Py,q)s — Z/q defined by the composed map
Mc(P,,q)o =Py — Z — Z/q is a projective G-resolution of Z/gq. Therefore, applying
Lemma 1.9, we have the following.

Theorem 2.3. H"(G,4;Z/q) = Extyg(Z/q,4), n = 0.

Let us consider the standard bar resolution of the G-module Z

CG): = G ™ GG ™ s G G BT -0,
where C, is the free G-module generated by all symbols [x},...,x,], n > 1, x; € G, and
Cy is a free G-module generated by only one symbol [ ]. The differential is defined
by the formula

n—1

|-+ el =xileal - el + D> (=1 i -+ ]

i=1
+(_1)11[x1| o |X,171]

and ¢[ 1=1.

According to Theorem 2.3, using also the classical convention converting chain
complexes into cochain complexes, we call #om(Mc(Cy(G)«,q),A4)« the standard
cochain complex for the mod ¢ cohomology of G with coefficients in 4 and denote
it by D*(G,A4;7Z/q). We denote its cocycles by Z*(G,A4;7Z/q) and its coboundaries by
B*(G,A4;7/q), while Z*(G,A) and B*(G,A) denote the cocycles and coboundaries of
the standard cochain complex respectively.

As usual, we identify Homg(C,,4) with the G-module Set(G",4) of maps from
G" to A for n > 1 and with 4 for n = 0. In the complex D*(G,A4;7Z/q) we get, for
(f.9) €Set(G",4) x Set(G"~',4)

5(f.9)=(3(/).qf — (9)), 4)

where 0 is the classical differential given by
S0 Xni1) = X1 f (o s X1 + D (1) f @ XX 155 X1
i=1

+ (=" f(xg, . x).

In the following example, H*(G,4;Z/q) is neither isomorphic to H*(G,A)/q nor to
H*(G,4/q).

Example 2.4. Let Z be the group of integers and ()/Z the quotient of the group of
rational numbers by Z. Suppose that Z acts trivially on Q/Z. We have, for n > 2,
H"(Z,A) =0 for any G-module 4, especially Q/Z, and H(Z,Q/2) = H'(Z,Q/7) =
Q/Z. Since the group Q/Z is divisible, Q/Z ® Z/q = 0. Whence the exact sequence
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(3) gives H"(Z,Q/Z;Z/q) =0 for n > 2 and one has
H(Z,0/2;2/q) = H'(2,Q/Z; Z/q) = Z/q.
While, for n > 0, H"(Z,(Q/2)/q) =0 and (H"(Z,Q/Z))/q = 0.

Proposition 2.5. Let G be a group and A a G-module.

(a) If A has exponent g, then
H"(G,A4;Z/q) = H"(G,A)® H""'(G,4), n>0.
(b) If A is g-torsion-free, then

HYG,A4;Z/q)=0 and H"(G,A;Z/q)=H""'(G,A/q), n=>1.

Proof. (a) Follows from the triviality of the homomorphism ¢ in equality (4).
(b) Obviously H(G,4;7/q) = Tor(H°(G,A),Z/q) = 0. The short exact sequence

0424 4/g—0 (5)

induces a long exact cohomology sequence and we have only to construct the homomor-
phism H""'(G,A4/q) — H"(G,A;Z/q), n > 1, compatible with the exact cohomology
sequences and then apply the five lemma at each level. Using the short exact sequence
of standard cochain complexes

0 — Hom(C.,A). 2 Hom(C.,A), — Hom(Cy,A/q), — 0

induced by the exact sequence (5), for any (n — 1)-cocycle of Hom(C.,A/q). we find
in a natural way an n-cocycle of #om(Mc(Cy,q)«,A4).. This map of cocyles induces
the required homomorphism H"~'(G,4/q) — H"(G,4;Z/q), n>1. O

Proposition 2.5 provides a general reason why the mod ¢ cohomology and homology
of groups play a distinguished role especially for G-modules having torsion elements.

A g-derivation from G to A is a pair (f,a) consisting of a derivation f:G — A
and an element a € A such that qf(x) =xa — a for all x€G.

Let Der(G, 4; Z/q) denote the abelian group of g-derivations from G to 4. We write
Der(G,A) for the abelian group of derivation from G to A4 and PDer(G,4) for the
subset of principal derivations.

Plainly, any pair of the form (f,,qa), with f, the principal derivation from G to
A induced by a€ A, is a g-derivation. We call it a principal g-derivation. The set
PDer(G, 4; Z/q) of principal g-derivations is a subgroup of Der(G,4;Z/q).

Clearly, using the identification of Homg(Cy,4) with Set(G, 4) and of Homg(Cy, 4)
with 4, a pair (f,a) € D'(G,4;7/q) is a cocycle if and only if it is a g-derivation.
Furthermore, it is a coboundary if and only if it is a principal g-derivation. Hence, the
identification induces a natural isomorphism

HY(G,4;7/q) = Der(G, 4; Z/q)/PDer(G, 4; Z/q).
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Note that the map PDer(G,A4;Z/q) — PDer(G,A) given by (f4,qa) — fq, a €A, is
an isomorphism if and only if H°(G,4) is a group of exponent g.

Proposition 2.6. The group Der(G,A4;7/q) is isomorphic to the group of pairs (o, a),
where o is an automorphism of the semidirect product A> G inducing identity maps
on A and G, and a is an element of A such that o? is equal to the inner automorphism
Pa of A>< G induced by a. Moreover, PDer(G,A4;7Z/q) is isomorphic to the group of

pairs (Ba,qa).
Proof. Similar to the classical case. [

It is well known [18] that any derivation f can be extended to the abelian group
homomorphism y:Z[G] — 4 given by y (3, mgi) = Y, nif(g:) satisfying the con-
dition yp(rs) = ry(s) + &(s)y(r) for all r,s € Z[G]. The restriction of y to IG induces
a G-module homomorphism f:/G — A and one gets the well-known isomorphism
Der(G,A)iHomG(IG,A) with 9(f) = . Let I(G,q) = Ker& with £:Z[G] — Z/q,
&(X; mgi) = [X; mi]. It is easy to see that an element Y, n;g; of Z[G] belongs to
1(G,q) if and only if ¢ divides >, n; for ¢ > 0.

The set K of elements (f,a)€ Der(G,A4;7Z/q) for which there exists a G-module
homomorphism o:/(G,q) — A4 such that a(x) = 9(f)(x) for x €IG and a(ql)=a, is
a subgroup of Der(G,A4;7Z/q). Let o,:1(G,q) — A be the G-module homomorphism
given by o,(u)=ua, u€I(G,q). Since, for any principal derivation f, and for x € /G,
I(fa)(x) =xa, one gets a,(x) =I(f,)(x), x€IG and a,(ql) = gla = ga. Therefore
K D PDer(G,4;7Z/q).

Proposition 2.7. There is a short exact sequence of abelian groups
0 — Homg(I(G, q),A) -2 Der(G, 4; Z/q) — Der(G, 4; Z/q)/K — 0.

Proof. Define the homomorphism ¢ by ¢(a)=(f,a) for « € Homg(/(G,q),A4), where
I(f)=ua|c and a =a(ql). The pair (f,a) is a g-derivation. Indeed we have go(x) =
o(xgl)=xa for x €IG. Since {ql} U{g—1|g € G} is a generating set of 1(G,q) as a
G-module, ¢(a)=¢(") implies a=0¢’. Clearly, the image of ¢ is the subgroup K. [

Now the group H'(G,4;Z/q) will be expressed by torsors. Recall [21] that a princi-
pal homogeneous space over 4 is a non-empty G-set P with right action (p,a) — pa
of A compatible with G-action such that, given p, p’ € P, there exists a unique a € 4
such that p’ = pa. We introduce the following notion.

Definition 2.8. A (G, g)-torsor over a G-module 4 is a pair (P, f), where P is a
principal homogeneous space over 4 and f is a map from P to 4 subject to the
following conditions:

(1) f(xb)= f(x)+gb for xeP, be 4;
(i) gas =sf(x) — f(x) with a; defined by sx =xa,, s€ G, x € P.
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Two (G, g)-torsors (P, /) and (P’, /') over a G-module A are said to be equivalent
if there is a bijection 9 : P — P’ such that ¥ is compatible with the actions of G and
A, and f = f'9.

Denote by P(G,A;7Z/q) the set of equivalence classes of (G, g)-torsors over 4. One
can construct a natural sum on P(G,A4;7Z/q) given by (P, )+ (P, f")=(P", f"),
where P” is a quotient of P x P’ by the relation (x,x")=(xa,x'(—a)) forx e P, x' € P/,
a€d, and " = f + f’. Under this sum, P(G,4;Z/q) is an abelian group with zero
element (4, «q).

Theorem 2.9. For any G-module A there is a canonical isomorphism
P(G,4;Z)q) = H'(G,4; Z/q).

Proof. One has a natural homomorphism
w:P(G.4; Z]q) — H'(G,4; Z/q)

defined as follows: given a (G, g)-torsor (P, /) take an element x € P. Then the equality
sx=xa, defines a derivation ¢, : G — 4 given by ¢,(s)=a;. It is easily checked that the
pair (¢, f(x)) is a g-derivation (use the equality (ii) of Definition 2.8). The element
[(@y, f(x))] does not depend on the element x € P and therefore the map o given by
o[ (P, )] = [(@x, f(x))] is well defined (use the equality (i) of Definition 2.8).

Conversely, if (¢, a) is a g-derivation, define a (G, gq)-torsor (P, /) over A4 as follows:
take P=4 and 4 acts on P by xa=x+a for x€ P, ac A. The group G acts on P by
x = @(s) + sx. The map f:P — A is given by f(x)=a+ gx.

It is easily checked that the pair (P, /) is a (G,q)-torsor over A, that one gets a
well-defined homomorphism

B:H'(G,4;Z/q) — P(G,4;Z/q)
given by f([(@,a)]) =[(P, /)] and that «ff and fo are identity maps. []

To describe the group H*(G,4;Z/q) in terms of extensions some definitions will be
introduced.

Definition 2.10. Let G be a group and 4 a G-module. A pointed g-extension of G by
A is a triple (E,u,g) consisting of an extension £:0 - 4 — B — G — 1 of G by 4,
a section map u:G — B and a map ¢g:G — A4, such that

qu(x, y) = (09)(x, y) = x9(y) — g(xy) + g(x)
for all x,y€ G, where v:G x G — A is the factorization system induced by the
section .

The pointed g-extension (E,u,g) is said to be equivalent to the pointed g-extension
(E',u',g") if there exists a morphism (14,0,16):E — E’ and an element a € 4 such
that

g'(x) — g(x) = q(u' (x) — ou(x)) —xa +a
for all x € G.
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This binary relation ~ is an equivalence. The proof is left to the reader.
Let us denote by E'(G,4;Z/q) the set of equivalence classes of pointed
g-extensions of the group G by the G-module 4.

Theorem 2.11. Let G be a group and A a G-module. There is a natural bijection

ENG,4;Z/q) > H*(G,4;Z/q).

Proof. Define a map o by ow[(E,u,g)] = [(v,9)] for [(E,u,g)] € E'(G,4;Z/q), where
v:G x G — A is the factorization system induced by the section u.

Correctness: we have to show that if (E,u,g) ~ (E',u',g"), then [(v,9)] = [(V',¢")].
It is well-known [18] that

V'(x, y) — v(x, y) = xh(y) — h(xy) + h(x)

for all x € G, where h(x) = v/(x) — ou(x). But there exists an element a€ A4 such
that ¢'(x) — g(x) = gh(x) — xa + a for all x€ G. It means that we have (v/,g') —
(v,9) € BX(G,4; Z/q).

Injectivity of o: Let [(E,u,q)],[(E',u',g')] € E'(G,4;Z/q) and [(1,9)] = [(v/,g")],
i.e. there exists 4 € Set(G,4) and a€ A4 such that v'(x,y) — v(x, y) = (5h)(x, y) and
g (x) — g(x) = gh(x) — xa + a, for all x, y € G. We can choose in the second extension
a section u” and a map ¢g” in such a way that v = v and ¢” = ¢g. In effect let
us define, the section u”(x) = /(x) — h(x), for x€ G, and the map ¢”:G — 4 by
g"(x)=g(x) — gh(x) + xa — a. It is easy to show that

(E' ' g") ~ (E" ", g") ~ (E,u,9)

implying [(E,u,g)] = [(E",u',g")].
Surjectivity of w: Let (v,g) € Z*(G,4;Z/q). We take the extension

EF:0-A4A—-B—-G—0

induced by the 2-cocycle v and the section uy(x) = (0,x). Then we get the equality
(l)([E,uo,g]): [(Uyg)] U

Remark 2.12. If G is a group and 4 a G-module and satisfying the following condition:
for any map h:G — A, d(qgh) =0 = gh is cohomologically trivial, (6)

then the group H?(G,A;7/q) can be described in terms of pairs (E,g) consisting of a
map g:G — A4 and an extension £ of G by 4 having a factorisation system v such
that gv = dg. The relation ~ between such pairs will be similar requiring that the
sections u and u’ inducing the 2-cocycles v and v/, respectively, such that gv = d¢g and
qv' = 6g’ must satisfy the equality of the equivalence relation. Clearly, the condition
H'(G,4)=0 implies condition (6) and both conditions are equivalent to each other if
A is a g-divisible group.

Moreover, for any G-module 4, it is possible to introduce a “Baer sum” on the set
E'(G,A4;7/q) making the map w an isomorphism.
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Before defining g-extensions of groups we recall some properties about extensions
of groups induced by derivations [12].
Let G be a group and

E:0—A —-4—-4"—0,

an exact sequence of G-modules. Given a derivation f:G — A”, one gets an induced
extension f*(E). If f is a principal derivation the induced extension splits. If two
derivations f, f2: G — A are equivalent the induced extensions f7(£) and f3(E) are
equivalent. Given two derivations [, f2:G — A the extension (f| + f2)*(E) is the
Baer sum of the extensions f}(£) and f75(E).

Let G be a group, 4 a G-module and f:G — A4/q a derivation. We consider the
exact sequence 0 — g4 — A->A/q — 0 and call y*(¢) the induced extension of G by
qA.

Given an extension £:0 — 4 — B — G — 1, we call gE the extension induced by
the g-multiplication from 4 to gA4.

Definition 2.13. Let G be a group and 4 a G-module. A g-extension of G by 4 is a
pair (E, 1), where E is an extension of G by 4 and f:G — A/q a derivation, such
that the induced extensions g£ and f*(q) are equivalent. Two g-extensions (£, /) and
(E’, /) are equivalent if the extensions E and E’ are equivalent and the derivations f
and f’ are equivalent.

Let Ext(G,A4;7Z/q) be the set of equivalence classes of g-extensions of G by A.
If (E,u,g) is a pointed g-extension then (E,c o g) is a g-extension, since gv = dg
whence the extensions gF and (¢ o g)*(¢q) are equivalent. Furthermore, the map
(E,u,g) — (E,cog) sends two equivalent pointed g-extensions onto two equivalent
g-extensions. So it induces a map @ :E'(G,4;Z/q) — Ext(G,4;Z/q).

Lemma 2.14. Let G be a group and A a G-module. The map & is surjective. Fur-
thermore, for any g-extension (E, f) of G by A with E:0 — 4 — B — G — 1 there
exists a pair (u,g) € Set(G,B) x Set(G,A) such that ¢ o g = [ and qv = dg, where
vEZ%(G,A) is induced by u.

Proof. The first sentence is a consequence of the second. Let u € Set(G, B) be a section
map of the morphism B — G and v; € Z*(G,4) be given by

01(x, ¥) = w1 (x)ur (y)ur (xy) "
Let g: G — A/q such that f=cog then, as the extensions f*(¢q) and ¢E are equivalent
there is a map %y: G — gA such that d(g) = vy + 6(hg). Let h: G — A be such that
ho = gh. Let u=uh. There is a section map of B — G and the associated 2-cocycle
isv=uv +6h L[

The morphism @ is not, generally, injective: Consider a g-extension (£, /) and two
pairs (u1,¢91) and (us,g2) as in Lemma 2.14, then we have uy =u, + h, gy =g + 1’
with 4,4 : G — A. Now we must have géh = goh’ but this does not imply z=4'; we
have only the condition qé(h — h') = d(q(h — h')) = 0.
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Note that a map k: G — 4 with g0k = 0 corresponds to the inclusion
Z'(G,qA4) — Homg(Cy,qA4) — Homg(Cy,4) — Homg(Cy @ Cy,A).

Theorem 2.15. Let G be a group and A a G-module. The group Ext(G,4;7Z/q) of
equivalence classes of g-extensions of G by A is isomorphic to the quotient H*(G, A;
Z/q)/L, where L is the image of H'(G,qA) induced by the composed map

Set(G,gA) — Set(G,4) — Set(G2,4) x Set(G, 4),

where the first map is induced by the inclusion gA — A.

Proof. The remark we made for two pointed g-extensions inducing the same extension
works as well for pointed g-extensions inducing equivalent g-extensions. Let (E, f) be
a g-extension of G by A. Let (E,u,g) be a pointed g-extension such that @([(E,u,g)])=
[(E. )] Let P((E D = (¢ o o)[(Euf)]), where ¢:HXG.AZlq) —
H?(G,A;7Z/q)/L is the canonical map. By Remark 2.12 if (E’, /') is equivalent to (E, 1)
and (E’,u',g’) such that ®([(E’,«',g")]) = [(E',g")], we have (¢’ o o)([(E',u',g")]) =
(c' o w)[(E,u,g)]). Then Y([(E, /)]) = Y([(E', f')]) and the map ¥ is well defined.
Furthermore it is surjective, since (¢’ o w) is surjective.

Now suppose YP([(E,f)]) = 0. There is a g-extension (E,u,g) such that
o([(E,u,g)]) €L, that is w([(E,u,9)]) = [(v,g')] with v = 0 and gdg’ = 0. So the
g-extension (E, f) is equivalent to (E’,0), where E’ is the trivial extension. [J

3. Mod ¢ cohomology of groups as cotriple cohomology

In this section, the mod ¢ cohomology of groups will be described as cotriple coho-
mology.

Let &ry denote, for a fixed abelian group A, the category whose objects are all
groups G together with an action of G on 4 and morphisms are group homomorphisms
o:G — G’ preserving the actions, namely Ya = *9q for ac 4, g€ G.

Let F:®ry — G&ry be the endofunctor defined as follows: for an object G of Gry,
let F(G) denote the free group on the underlying set of G with an action: 191" 19" g =
9'(...(%a)...), where acA, |g|" - lgs|* € F(G) and ¢ = +1; for a morphism
o:G — G’ of &ry, let F(x) be the canonical homomorphism from F(G) to F(G’) in-
duced by o. Let 1:F — 1g,, be the obvious natural transformation and let §: F — F?
be the natural transformation induced for every G € ob &r4 by the injection G — F(G).
We obtain a cotriple # = (F,t,0) on the category &r4. Let us consider the cotriple
resolution F,(G)-%$G of an object G of the category ®ry, where

dy g2
— — _0> d(l)
FAG)=- 1 Fy(G) - = FI(G)_ Fo(G),
— — - 1
d
o d ‘

F(G) = F"(G) = F(F"(G)), d" = FitF"™, s = FIsF"™, 0 <i <n.
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Let 7:6ry — Ab®r be a contravariant functor to the category of abelian groups.
Applying 7' dimension-wise to the simplicial group F.(G) yields an abelian cosimpli-
cial group TF.(G). Then the nth cohomology group of the abelian cosimplicial group
TF.(G) is called the nth right derived functor R”;T of the functor 7" with respect to
the cotriple #.

It is well known that the right derived functors of the contravariant functor of
derivations Der(—,4) = Z'(—,4): ®r, — Ab®r with respect to the cotriple .# are
isomorphic, up to dimension shift, to the group cohomology functors H*(—,4) [2].
Similar assertion is not true for mod ¢ cohomology of groups, i.e. the cotriple derived
functor R"-Z'(—,4;Z/q) of the contravariant functor of g-derivations Der(—,4;Z/q) =
Z\(—,4;7/q): &ry — AbGr is not isomorphic to the mod ¢ group cohomology functor
H"™(—,4;Z/q) for some n > 1. In effect, if G is a free group acting on A, then
R,Z'(G,4;Z/q) = 0, while, using Proposition 1.2, H*(G,4;7/q) is isomorphic to
HY(G,A)/q.

Theorem 3.1. Let G be a group and A a G-module. Then there are natural isomor-
phisms

RYZNG.4: Z)q) = ZN(G, 4; Zg),

R5ZNG, 4;7)q) = H"N(G, 4; Zq)
for k> 1 and n > 0.

Proof. The augmented simplicial group 7 : F.(G) — G is simplicially exact and there-
fore is left (right) contractible as an augmented simplicial set. Since

DN(L,A;7/q) = Set(LF, 4) @ Set(LF 1, 4)
for any group L acting on A, the abelian cochain complex
0— DNG.4:Z/q) — D'(Fo(G). 4: Z/q) — D(Fi(G). 4: Z/q)
— DN(Fy(G). 4:Zq) — - — D(F\(G). A4 Z/q) — - (7

becomes exact for k >0, implying R%DY(G,A4;Z/q) = D"G,A4;Z/q) and
R%DMNG,4;Z)q) =0, n > 0.
For any k£ > 0 the short exact sequence of abelian cochain complexes

0 — ZNF.(G).4:7/q) — D*(F.(G), 4;Z/q) — B (F.(G),4;Z/q) = 0 (8)
induces a long exact sequence of cotriple derived functors
0— R%Z"(G,4;2/q) — RD(G,4;Z/q) — R%B*"(G,4; Z/q)
— RZN(G, 4;7/q) — RSDNG, A4;Z)q) — - -

The injection R%B*"1(G,4; Z/q) — R%D'"\(G,4;7/q) = D*'\(G,4; Z/q) yields the
exact sequence

0 — ReZNG.4;Z/q) — DN(G. 4; Z/q) — D (G, 4; Z/q),
showing that RO Z¥(G,4;7/q) = ZX(G,4;7/q).
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It is easily checked that any short exact sequence of G-modules
0—-4 —A—4,—0
induces a long exact cohomology sequence
0—Z%G.4:Z/q) — ZNG.4; Z/q) — ZX(G. 42, Z]q) — H (G, 411 Z]q)
— H"N(G,4:2)q) — H* (G Ax Z)q) — HYX(G. A Z)q) — -
It follows that for G a free group the sequence
0 — ZXG. A1 Z/q) — ZMG,4: Z)q) — ZX(G. 42 Z]q) — O

is exact for k > 1, since in this case H**!(G,4;7Z/q) = 0. Hence for k > 1 there is a
long exact sequence of cotriple right derived functors

0—ZNG,41;Z/q) — Z"(G,4;Z/q) — Z¥(G,42;Z/q) — R%Z*(G,41;Z/q)
— RLZM(G,4;2/q) — R%ZM(G,42;Z/q) — R%ZM(G,A1;Z)q) — -

Now it will be shown that R Z*(G,4;Z/q) =0 for k > 1 and n >0, if A is an
injective G-module.
The following complex of abelian cosimplicial groups

0 — D*(F.(G),4;Z/q) &—E»DI(F*(G),A; Z/q) EL/>DQ(F*(G>,A; Z/q)

52 5 st 5
S DNFAG),A;7)q)= - DN(F.(G), 4, Z)q) = - - - )

is exact at the terms D¥(F,(G),4;Z/q), k > 3, since H*(F,(G),A4;Z/q)=0, k >3, by
the universal coefficient formula (Proposition 2.2).

It is easy to show that any injective G-module is a g-divisible group and the proof
is similar to the case of injective abelian groups.

Since F,(G), n = 0, is a free group, the group Z'(F,(G),A4) of 1-cocycles is isomor-
phic to a direct product [[,., 4; of copies 4; =4, where the set J is a basis of F,,(G).
Hence, if 4 is injective, then Z'(F,(G),A4), n > 0, is g-divisible, thus H'(F,(G),4),
n = 0, is also g-divisible. Therefore for an injective G-module 4 the short exact se-
quence of abelian cosimplicial groups

0 — Tor(H'(Fu(G),A), Z/q) — H'(F.(G),4) L H(F.(G),4) — 0

together with the well-known isomorphism R H'(G,4) = H"(G,4), n > 0, imply
the equality R Tor(H'(G,A4),Z/q)=0, n > 0.

The universal coefficient formula yields a short exact sequence of abelian cosimplicial
groups

0 — HYF(G),4)® Z/g — H'(F.(G),4;Z/q) — Tor(H'(F«(G),A), Z/q) — 0,

implying the isomorphism R:H'(G,A4;Z/q) = R Tor(H'(G,4),Z/q), n > 0. By (8)
and the following short exact sequence of abelian cosimplicial groups:

0 — B'(F.(G),4;Z/q) — Z'(F.(G),4; Z/q) — H'(F.(G),4;Z/q) — 0,
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it is easily seen that R’?fZI(G,A; Z)q) = Rf’le(G,A; Z/q), n > 0. Hence, for an injec-
tive G-module 4 we deduce that R}ZI(G,A; Z/q)=0, n > 0, and using again (8) one
gets R B*(G,4;Z/q) =0, n > 0.

Let us consider the short exact sequence of abelian cosimplicial groups

0 — H'(F\(G),A)® Z/q — H*(F(G),4; Z/q) — Tor(H*(F.(G),A),Z/q) — 0

induced by the universal coefficient formula, which for an injective G-module 4, implies
that H2(F,(G),A4;Z/q) = Tor(H*(F(G),A),Z/q) =0 for all n > 0.

We also have the following short exact sequence of abelian cosimplicial groups

0 — BX(F.(G),4; Z)q) — Z*(F(G),4; Z/q) — H*(F.(G),4;Z/q) — 0.

Finally, this implies that R, Z*(G,4;Z/q) =0, n > 0, if 4 is an injective G-module.

Now by induction on &k, using (7) and (9), one can easily prove that
R;Zk(G,A; Z/q) =0, n > 0, for an injective G-module 4 and k > 3.

Clearly, by the universal coefficient formula, one has H"(G,A4;7Z/q)=0, n = 2, if 4
is an injective G-module.

Thus, we have shown that two sequences of functors

(1) ZG,—;Z/q), H*' (G, —; Z/q), H*X(G,—; Z/q),...,
(2) ZMG,—; Z/q), R%ZN(G,—; Z/q), R%ZM(G, —; Z)q), ...

satisfy the following axioms for a connected sequence of additive functors {7,,0",
n >0} from the category of G-modules to the category of abelian groups:

(i) To(—) =ZNG,— Z/q);
(ii) for any short exact sequence of G-modules 0 — 4; — A4 — A, — 0 there is a
long exact sequence of abelian groups

0 — To(dy) — To(A) — To(ds) S Ty(d)) — ---

n—1 1"
" T(A)) = Ty(A4) = Tu(da) 5 Ty (Ar) — -
(ii1) if A4 is an injective G-module, then 7,,(4) =0 for all n > 1. |
In particular, Theorem 3.1 allows us to describe the modg cohomology groups

H"(G,A4;Z/q), n =3, in terms of the non-abelian derived functors of the functor

Remark 3.2. The assertion similar to Theorem 3.1 has been proved in [15] for the

classical (co)homology of groups and associative algebras. Moreover, one can obtain
a similar result for mod ¢ homology of groups [16].

4. Vogel cohomology of groups

In this section, we recall the definition of Vogel cohomology and give the proof,
due to Vogel [26], that it is a generalisation of Tate—Farrell cohomology.
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Recall from Example 1.8 the Hom complex #om(C.,K.). in the category Zp.
Given C, and K, in Yy the bounded Hom complex #omy(C,, K, ). is the subcomplex
of #Hom(C,,K,). given by

Homy(C., K. = D Homp(Cp, Kiyn).
i€z
For completeness, we recall also the tensor product complex (C, ® K, ). of two com-
plexes C, and K, of R-modules (see any book on algebraic homology):

(C* ® K* )n - @ Ci QR Kn—i
i€z
with the differential A given by
Ax®y)=dx@y+(-1)x®@dy, x€C, yekK, ;.
Proposition 4.1. Let C;, i€ Z be a finitely generated R-module. Then there is an

isomorphism of complexes
Homp(Cy, Ky )s = Hom(Cy,R), @ K.
Proof. It is easy to check that for a finitely generated projective R-module C; there is
an isomorphism
Homg(Ci, Kity) = Homg(Ci, R) Qg Kign.
Then we have
Homy(C.,K..)y = D) Homp(Cr. Kiy) = €D (Homp(Ci, R) @p Kisn)
i€z icz
= (D (Homg(C—i, R) @p Ky—j) = (Homy(C.. R} @ K.)y. L]
i€z
Let K, € Zg. Our second example of a functor @ (see Section 1) associates to
C. € 9y the quotient complex
Hom(Cy, Ky, = Hom(Cy, K, )s) Homp(Cs, Ky ).
Then the @-cohomology of this complex is written
H"(C,,K,) = HJ(C) = H_,(#om(C,,K,),).
These cohomology groups have the expected property:

Lemma 4.2. Let C,,K, € Y. Then the cohomology groups I-AI”(C*,K*) depend only
on the homotopy classes of C, and K.

This lemma allows the following

Definition 4.3. Let 4 and A4’ be two R-modules. Let L, be a projective resolution of
A and L, a projective resolution of A’. Then we set

Exty(4,4) := H"(L.,L.).
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Proposition 4.4. Let K, € Y and 0 — C, — C. — C!! — 0 be an exact sequence in

Dr. Then we have two long exact sequences

- — A" N(CLK) — H'(CLLK.) — H'(C..K.)
— H'(CLK) — H™N(CLK) — -
and
- — H"\(K,,C) = H"(K.,C,) — H"(K.,C\)
— H"(K.,Cl) = H™ (K., CL) — -
Proof. The short exact sequence of complexes
0 — AHom(C!,K,), — Hom(C,,K,), — Hom(C,,K,), — 0

restricts to an exact sequence

0 — Homy(C!,K,)s — Homy(Cy, K, )y — Homp(CL,K,)s — O.

By diagram chasing these two exact sequences induce a third one

0 — Hom(C",K,), — Hom(C,,K,), — Hom(C.,K,). — 0

implying the first long exact sequence. The second long exact sequence is obtained in

the same way. [J

Corollary 4.5. Let M be an R-module and 0 — A" — A — A” — 0 an exact sequence

of R-modules. Then we have two long exact sequences

—~n—1_, —~n_ ., 1 —~n_
-— Ext (A M)— Ext (4",M)— Ext (A,M)— Ext (A" \M)— ---

and

—~n—1 —n —n N
- — Ext  (M,A") — Ext (M,A") — Ext (M,4) — Ext (M,A") — ---

Vogel’s Ext functors have applications outside group theory [19,27], but, to keep
to our subject, we just relate them, when R is a group ring, with Farrell cohomology
theory (see [10] or e.g. [4]). From now on the ring R is Z[G] with G a group and we

give the definition of Vogel cohomology of groups.

Definition 4.6. Let G be a group and 4 a G-module. Then Vogel cohomology groups

are given, for n€ Z, by

H"(G,A) := Exty(Z, ).
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Before giving the proof, due to Vogel, that his cohomology theory is a generalisation
of Farrell cohomology we recall the definition of Farrell cohomology [10].

Definition 4.7. A complete resolution for a group G is a pair (F.,F”) of complexes
of G-modules such that

(1) F. is acyclic,
(i) F? is a resolution of the G-module Z,
(iii) F, and F! coincide in higher dimensions.

In the sequel, we will always suppose a complete resolution to be projective, i.e.
F, and F! are complexes of projective G-modules. We shall say that a group G
satisfies condition (CR) if there exists a complete resolution (F,,F.') for G, if such a
complete resolution is unique up to homotopy and if there exists a surjective morphism
F. — F! which is the identity in higher dimensions. We shall say that G satisfies
condition (CR /) if, furthermore, there exists a complete resolution with each F; and
F}' finitely generated, i € Z.

Remark 4.8. The existence of the morphism F, — F/ is a consequence of the con-
struction of the complete resolution [4, Proposition X 2.3]. Furthermore, this morphism
can be made surjective by a change of F,.

Definition 4.9. Let G be a group satisfying condition (CR), 4 a G-module and (F.,F?’)
a complete resolution for G. Then Farrell cohomology groups with coefficients in 4
are the groups H%, (G, 4) = H"(F,A4).

Tate cohomology is Farrell cohomology for finite groups. Tate first build complete
resolutions in this case by splicing a resolution and a coresolution [4]. Then Farrell
checked the condition (CR) for groups with finite virtual cohomological dimension
(ved) [10]. Finally, Ikenaga introducing a generalised cohomological dimension proved
that condition (CR) is valid for a wider class of groups [13].

Theorem 4.10 (Vogel [26]). Let G be a group satisfying condition (CR ). We sup-
pose that, given an acyclic projective complex F., the complex Hom(Fy,Z[G])«
is acyclic. Then the Farrell cohomology of G and the Vogel cohomology of G
coincide.

Proof. Let 4 be a G-module and L, a projective G-resolution of 4. By condition
(CRy) there exists a complete projective resolution (F.,F)') for G with each F; and
F! finitely generated, i € Z.

Let F’ be the kernel of the canonical epimorphism F, — F!. We have an exact
sequence of complexes 0 — F! — F, — F!' — 0, thus an exact sequence

0 — Hom(F",Ly,), — Hom(F,Ly), — Hom(F',L,), — 0. (10)



D. Conduché et al. | Journal of Pure and Applied Algebra 189 (2004) 61-87 81

As L, is bounded beneath and F. is bounded overhead we have

Hom(F.,L.), = | [ Homg(F/, Ly1:) = @HHomG(F], Lyyi) = Homy(F., L. ).
ieZ ieZ

Thus, #om(F.,L,), = #Homy(F.,L,), and #Hom(F',L.),=0. Sequence (10) gives an
isomorphism %n(F;’,L* )y = Z’(;n(F*,L*)*.

As the complex H#om(Fy,Z[G])« is acyclic the complex Hom(F,,Z[G])sx ® Ly is
acyclic and, by Proposition 4.1, #omy(F, Ly ). is acyclic too. Thus, the canonical mor-
phism Hom(F.,L.). — J?o\m(F,’k’ ,L.). is an homology equivalence. The complexes
Hom(F,.,L,), and Hom(F,,A[0])., where 4 is in degree 0, are homotopy equivalent,
since L, is a resolution of 4, see Example 1.8. Finally, the complexes ,'/?o\m(F;’ s L)
and #om(F,,A[0]). have the same homology, that is Vogel and Farrell cohomology
coincide. [

Remark 4.11. Let (K,,K!') be an other complete projective resolution for G. Plainly,
as, by condition (CR), the complexes F, and K, are homotopy equivalent the com-
plexes Homy(F.,Ly). and Homy(K,, Ly ). are equivalent. Whence Homy(K,, L), is
acyclic even if the groups K; are not finitely generated.

Finite groups G satisfy condition (CR /) and, given an acyclic projective complex
F., the complex #om(F.,Z[G]). is acyclic [4]. Thus, we have

Corollary 4.12. For a finite group G Tate and Vogel cohomology of G coincide.

Condition (CR) is true for a group G with ved(G) finite but condition (CRf) is not
always true. Nevertheless, Remark 4.11 allows to extend the corollary in this case.

Corollary 4.13. Let G be a group satisfying condition (CR). We suppose that, for
any G-module A, H%,(G,A) =0 if, for any finite subgroup H of G, H%,(H,A) = 0.
Then Farrell and Vogel cohomology of G coincide.

Proof. Let (F,,F!) be a complete resolution for G. It is as well a complete resolution
for any (finite) subgroup H and a complex L. of projective G-modules is a complex of
projective H-modules. By definition H %a(G,A)=0 (resp H %a(H,4)=0) means that the
complex Homg(C,,A)s (resp Homy(Cy,A),) is acyclic. Either by hand calculation or
by use of a spectral sequence associated to the bicomplex HomG(Cl-,L;) we see that,
for any bounded G-complex L', the complex #om(C.,,L’). is acyclic if and only if,
for each i € Z, the complex #om(Cy,L!), is acyclic. Thus the hypothesis is equivalent
to the same hypothesis where the G-module 4 is replaced by a bounded complex.

Let 4 be a G-module and L, a projective G-resolution of 4. Then, for any subgroup
H of G and bounded subcomplex L, € &y of L, the complex #omy(F.,L.) is acyclic
by Proposition 4.1, the proof of Theorem 4.10 and Remark 4.11.Thus, the complex
Homg(Fy, L) is acyclic. Whence, as a colimit, the complex #Hom(F.,L,) is acyclic
and we apply the end of the proof of Theorem 4.10. [
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The hypothesis in Corollary 4.13 is true for groups with finite ved [4, Lemma X5.1].
It does not work for all groups considered by Ikenaga but he exhibited among them
a large class of groups, called C.,, containing the class of groups with finite vcd but
larger and for which this hypothesis is true, see [13] for details. Thus we have

Corollary 4.14. If the group G belongs to the class Co of lkenaga, in particular if
G has a finite ved, Farrell and Vogel cohomology of G coincide.

Remark 4.15. (i) Vogel introduced also a cohomology theory in which he replaces
the complex Homy(C,,K, ). by the subcomplex Hom (C.,K, ). of morphisms which
factor through bounded complexes of finitely generated projective R-modules. This
gives the same theory for a finite group but not in general.

(i1) Proposition 4.1 is still valid if, instead of C; finitely generated, we suppose the
K;, i€Z, finitely generated. Hence, if the G-module A admits a projective resolu-
tion by finitely generated projective G-modules, Vogel and Ikenaga cohomology with
coefficients in 4 coincide if G satisfies condition (CR).

5. Mod ¢ Vogel cohomology of groups

In this section, we extend Vogel’s definition to get mod ¢ cohomology. Then we
investigate its properties among which we generalise some classical properties of Tate—
Farrell cohomology.

Lemmas 1.7 and 4.2 allow the following

Definition 5.1. Let G be a group, g a and 4 a G-module. Let L, (resp K. ) a projective
G-resolution of Z (resp 4). Then mod g Vogel cohomology groups are given by

B"(G,A4;Z/q) := H_p.1(Hom(Ly, K. ) Z/q).

Now, as an immediate consequence of Lemma 1.9 the mapping cones of L, and of
Hom(Ly, K, ). are related.

Lemma 5.2. Let C,,K, € Yg. For all n€ 7 we have a canonical isomorphism
Hom(Mc(C,, q)ws Ky )y = Mc(Hom(Cy Ky )is @ ni-
Hence we have the following

Proposition 5.3. Let G be a group and A a G-module. Then, for all n€ Z, we have
an isomorphism

A"(G,4;7/q) = Ext(Z/g,4).
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Proof. If L, is a projective G-resolution of Z we claim Mc(L,,q). is a projective
G-resolution of Z/q. 1t is always true but for our purpose it is enough to consider the
standard bar resolution see Section 2. Whence Lemma 5.2 gives the result. [

Remark 5.4. The Farrell mod ¢ cohomology of a group of finite virtual cohomological
dimension can be defined in the same way Farrell defined his cohomology by taking
a complete resolution of Z/g instead of Z. For instance, the pair of mapping cones
(Mc(F+, @), Mc(FY, q)s), where (Fy,F!) is a complete resolution of Z, is a complete
resolution of Z/q. Then the proofs of Theorem 4.10 and Corollary 4.13 work to show
that Farrell mod g cohomology coincides with Vogel mod ¢ cohomology.

In this context Corollary 1.3 becomes

Proposition 5.5 (Universal Coefficient Formula). Let G be a group and A a G-module.
Then, for all n€ Z, there is a short exact sequence of abelian groups

0 — A""NG,A)® Z/g — H"(G,4; Z/q) — Tor(H"(G,A),Z/q) — 0.

Corollary 5.6. Let G be a group with ved(G) < oo and A a G-module. Then the
canonical map H"(G,A;Z7/)q) — H"(G,A;Z/q) induces an isomorphism for
n = ved(G) + 2 and a surjection for n=ved(G) + 1.

Proof. We have the following commutative diagram of groups:

0 — H"(G,A) @ ZJqg — H"(G,4;Z/q) — Tor(H"(G,A),Z/q) — 0
! ! .
0 — A"(G,A)® ZJg — H"(G,4:Z/q) —> Tor(H"(G,A),Z/q) —> 0

with exact rows; the vertical homomorphisms are the canonical maps. By K.S. Brown
[4] the first vertical map is surjective and the third vertical map is an isomorphism
for n — 1 = ved(G); furthermore, the first vertical map is an isomorphism still for
n — 1> ved(G). Whence the result by the five lemma. [

Corollary 5.7. Let G be a finite group and A a G-module. Then
H"(G.A4;Z/q) =H"(G,4; Z/q), n>2,
H™'(G,4;Z/q) = H(G,4;Z/q), n=>2,

furthermore the groups H='(G,4;Z/q), H'(G,A4;Z/q) and H'(G,A4;Z/q) are new and
enter into short exact sequences

0 — H\(G,A)® Z/g — H (G, 4;Z/q) — Tor(H~'(G,4),Z/q) — 0,
0— H (G,A)®Z/q — H"(G,4;Z/q) — Tor(H"(G,4),Z/q) — 0,
0— HG,4)® Z/g — H'(G,4;Z/q) — Tor(H'(G,4),Z/q) — 0.
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Using again the universal coefficient formula for a group G of order k, we see that,
for n€Z and x € H"(G,A4;7/q) we have k*x = 0. Whence the groups H"(G,A4;Z/q)
are finite when G is finite and 4 is a finitely generated G-module.

It is easy to check that Shapiro’s lemma holds for modg Vogel cohomology of
groups which states that, if H is a subgroup of finite index in a group G and 4 is an
H-module, one has an isomorphism

H*(H,4;Z/q) = H*(G,Z[G] ®z111 4; Z/q).

The proof is similar to the case of Vogel homology [11, Lemma 4.4].

We have a cup product, actually a composition product [4], on Vogel cohomology
H*(G,—) [11]. For ved(G) < oo, a fortiori for G finite, we recover the usual cup
product. We shall extend this cup product to mod g cohomology for groups with finite
virtual cohomology dimensions.

A group G is said to have periodic cohomology if there exists an integer d # 0
such that, for any n € Z, the functors H"(G,—) and H""¢(G,—) are isomorphic. In
case ved(G) < oo it is equivalent to the existence of an element u e H%(G,Z) which
is invertible in the ring H*(G,Z). Then [4] the cup product with u gives, for any ne Z
and any G-module A4, a periodicity isomorphism

ulU—:H"(G,A) = H™(G,A).
Note that, at least for ved(G) < oo, if G has periodic cohomology, the period d is

cven.

Theorem 5.8. Let G be a finite group, L. a complete resolution of Z for G, A and
B two G-modules. Then
(1) the cochain product U of Tate cohomology induces a cup product
H"(G.A)® H'(G,B:Z/q) ~H"""(G.4 2 B.Z/q)
given by
where f € Homg(L,,A4), and (g,h) € Homg(Mc(Ly, q)«, B)n;

(ii) for G with periodic cohomology of period d the cup product with ue H(G,Z7)
induces an isomorphism

H'(G,B; Z]q) = H""(G,B; Z/q)
for all n€ 7 and any G-module B.

Proof. (i) It is easily checked that one has the equality
o(f(g-h)=0f-(g.h)+ (=1)"f - d(g.h)

implying the correctness of the cup product.
(ii) To prove the periodicity the defining properties of the Tate cohomology cup
product are used [1, Theorem 7.1]. One gets the following commutative diagram
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of groups:

xq

-4 A"G,B) — H"(G,B;Z/q) — H"(G,B)

l ! |

- 2L G, B) — BTGB ZUg) — HMGLB) S

with exact rows and the vertical homomorphisms are induced by the cup product given
in (i). Since the periodicity holds for the Tate cohomology [1,4], it remains to apply
the five lemma. [

Remark 5.9. By the same way the periodicity theorem can be proved for groups with
ved G < oo having periodic cohomology.
Notice too that there is a cup product action of Tate cohomology on the right:

H"(G.B;Z/q) ® H?(G,A) > H""P(G,B ® 4;Z/q)
given by (g,h)- f=(g- f,h- f). In this case
0((g.h) - f)=0(g.h) - |+ (=1)"(g,h)- 6,

where (g,h) € Homg(Mc(Ly, q)«,B),, f € Homg(Ls,B),, and the mod g Tate cohomol-
ogy H*(G,B;Z/q) becomes an H*(G,Z)-bimodule for any G-module B.

From Theorem 5.8, we deduce that one has periodicity of the mod ¢ Tate cohomology
for finite cyclic groups having periodic cohomology of period 2 and for finite subgroups
of the multiplicative group of the quaternion algebra having periodic cohomology of
period 4. Moreover one has

Corollary 5.10. Let C,, be the cyclic group of order m, t a generator of C,. Then
for any C,-module A one gets

H*(Cp,A4;7)q) = {(a,d') | Na+ qa' =0, td =d'}/D(A® A4), ncZ,
AN C,,4;7/q) = {(a,d’)|Da+ qa' =0, Na' =0}/N(A B A), neZ

Kvilh N=1+4+t+- -+ E’”‘l, D =t — 1€Z[G] and where ~the homomorphisms
D:A®A - A A and N:ADA — A® A are defined by D(a,a’) = (Da + qd’,
—Na') and N(a,a’) = (Na + ga’, —Da").

Proof. Follows from Theorem 5.8(ii) and [16, Proposition 3.10]. [
Remark 5.11. The question of periodic cohomology for a wider class of groups has

been considered in classical cohomology in the context of “periodicity after £ steps”
[23,24].
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Theorem 5.12. Let G be a p-group whose order |G|= p™ divides q and A a G-module.
Then the following conditions are equivalent:

(i) H(G,A4;Z/q) =0 for some necZ.
(it) A4 is cohomologically trivial.

If in addition A is p-torsion-free, then (1) and (ii) are equivalent to
(ii1) A/pA is free over (Z/p)[G].

Proof. First suppose that 4 is p-torsion-free. According to [1, Theorem 9.2] it suffices
to show the equivalence of the following two conditions:

(i) H"(G,4;Z/q) =0 for some n € Z.
(iv) H"(G,4) =0 for two consecutive integers n.
(iv) = (i) if H(G,4) = H""'(G,A4) = 0, then by Theorem 5.5 H"t(G,A4;Z/q) = 0.
(i) = (iv) if H(G,4;Z/q) = 0, the homomorphism H"~'(G,4) 3 H"~1(G,4) is
surjective and the homomorphism H"(G,4) g "(G,A) 1is injective. Thus, for
x € H" '(G,A) there is an element y € H" (G, 4) with gy = x. On the other hand,
one has p"y =0 whence gy =0. If x € H"(G,A), the equality p"x =0 implies gx =0
and therefore x = 0.

The equivalence of (i) and (ii) for any G-module A4 is reduced to the previous case
by use of dimension-shifting. Take a short exact sequence of G-modules

0—A —-F—-4—0

with F free over Z[G]. Then one has the isomorphisms
H'(G,A) = H"(G,4") and H"(G,4;Z/q) = H"(G,4';Z/q)

for all n€ Z with 4’ torsion-free. [J

We end with a last example of extension of a classical property to Vogel cohomol-

ogy.

Proposition 5.13. Let G be a group and A a projective G-module. Then
H*(G,4;7/q)=0.

Proof. We take Ly =4 and L, =0 for n # 0 as a projective resolution of 4. [J
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