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ABSTRACT. Weconsider aboundary value problem of linear conjugation with theboundary condition
fr(t)=G(t)f “(t)+g(t), tel

where T'isasimple closed Carleson line, G(t) and g(t)aregiven functionson I', G(t) is piecewise

continuous, 0<m<|G(t)| <M <o, and g(t)e LP)(T). Asusual L")(T') denotes the Lebesgue

space with variable exponent. The sought function isrepresentable by the Cauchy integral with the

principal part at infinity and a density from Lp(')(F) . Additional restrictions are imposed at the

discontinuity points of the function G(t) asin theworksof other authors, whilein the present paper

they are lesser than those of other authors. The solutions of the problem are written explicitly.
© 2017 Bull. Georg. Natl. Acad. Sci.
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1. Denote by T" some simple closed Jordan line dividing the plane into the domains Dft and Dr . Itis
assumed that « € Dy . We will say that I" € R if the singular integral.

() )=p—1irjt_it)dt ®

generates a bounded operator in the Lebesgue space L, (F) , p>1. Suchlines are called regular, some-

times Carleson linesand writtenas I' e R.
In recent years, the operator (1) has been considered in nonstandard Lebesgue classes LP() (T).

ltissaidthat j e LPC)(T) if

oG )=l (O] <o,
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where j (t) isameasurablefunction, p(t) isacontinuousreal functionand 0< p< p(t)< p<oo, where

P and P are constants.
The norm on the above set of functions is defined as follows

||| "Lp(‘) =inf {I >0, Ip[jl—]ﬂ}_ @

The space LP() (T') has become interesting for mathematicians dealing with boundary value problems
after it was shown that by imposing certain conditions on p(t) we obtain the boundedness of the operator

@)in LPC),
Of thereal function p(t), t € I, itisrequired to satisfy the following conditions:
(@ If p=inf p(t), p=supp(t),then p>1,p<w;

st 1
(B)[p(t) - p(ty) g% where t T, t, T, [ty ~tp| < 7.

In.——
[t -t
For our consideration we will also need weight functions. We will say that W(t) is aweight and write
weWP)(T) if
wsw Hwt)(r) <Myl o1y M =const.

Let us consider the power function
A ay 1 1
rt)=[Jit-t* -=<ax<=, k=12..,n, tel,
k=1 p p
If p(-)=p=const, FeR, t, I, k=12,...,n, thenthefunction r eW, (T (seeeg.[1, p. 30)).
This result was extended to the space Lp(')(r). It is proved in [2] that if the Jordan line T e R, the

conditions (1) and the relations

<ay <—

— 1 —_
p(t) P'(t)

arefulfilled, then we have

"(t.) = K tel, k=12,...,
p'(t) o 1 K € 1 n €]

n
r (t):lk_[|t_tk|ak EWp( )(r) -
=1

2. Let asimple closed curve I' € R divide the complex plane into two domains D and Df, where

e D™ . Thedirectionon I', for which the domain D remains on the l&ft is assumed to be positive.
When considering a boundary value problem, usually the Cauchy type integral is used

(Kj )(z)::% jt_iz)dt. @

Wedenoteby K ( Dri) the class of functions @ ( z) that can be represented by theformula(4) in Dy
and Dy, respectively, and assume that j < L") (T).
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Furthermore, if ®(z)=d,(z)+ P(z),where ®(z)e Kp(,)(Dri) and P(z) isapolynomial, then as

usual we denote the class of such functions by K "BE
3. Wecall thefollowing problem aboundary value problem of linear conjugation: Find analytic functions
in Dﬁ which belong to the definite classes and, for t € I, satisfy the following condition
Q" (t)=G(t)d (t)+g(t), ©)
where G and g are given functions, m< |G (t)| <M , m= 0, whilethe sought function <I>(Z) belongsto the
preliminarily defined classes.

We will consider the problem formulated as follows: Find a function ®(z)e KP) when G(t) isa

n

piecewise continuous function on I" with discontinuity points {tk}k:1*

m<|G(t) <M, m>o0,
ge Lp(')(F). Theline I isassumed to be simple and closed and belonging to the class R, and satisfying

additional conditions at the points {tk }E: L
To formulate these conditionswe recall the result dueto Seifulaev [3] which wewritein the following form:

If T eR isaclosed Jordancurve, t; T, arg(z—to) , issome fixed branch on the plane cut along the line

'y, € Dr (T, isanopencontinuouslinewith endsaand b directed fromato b), thenthereexist thelimits

I_—arg(t—to) d “marg(t_to)

o Inft-t| = Inft—to|

In the present work, our requirements are somewhat larger, namely: for al discontinuity points of the

function G(t), i.e. at the points{t, }2—1 there exist one-sided limits

t—t t-t
arg( k) ;(r, lim arg( k) -

tLtQ ||n|t—tk|| B tostic |In|t—tk|| -k (6)
tel’ tel’

and, besides, for points t, there exist small arc-wise neighborhoods d,” € I and d, eIy  , forwhich

tk—1.t
we have

arg(t-t) = Ag[Inft-t,[+0O(1), tedy. @

The final formulation of the problem reads as follows: Find functions (D(z) € Krp( ) (Dﬁ) satisfying the

boundary condition (5) if I' isasimple closed line of the class R, G(t) is a given piecewise continuous

functionon T', g(t) e LP()(T) andtheline T at the discontinuity pointsof the function G(t) satisfiesthe

condition (7).
If I'=T,, G(t) is a continuous function on I", the condition (7) is fulfilled at the points a and b,

p( . )= p =const , we solved the problem of linear conjugation in [4]. For LPC ), it is shown in [5] that

corresponding singular operator is Noetherian when at the discontinuity points of the function G(t) the
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conditionsontheline I aremorerigid than (7). The problemwasfor thefirst timeposed in LP() somewhat
earlier in [6] and solved completely when unilateral tangents are given at the discontinuity points of the

function G(t).

If G(t) and g(t) are piecewise Holder and I isasmooth line, the problem isformulated and solved in

[7], [8] and other papers. These cases are called classical.

n

w1+ t €T, th,y =1 arethediscontinuous points of function G(t) . For the open

4. Let usassume {t, }
arcwiththeendsaand b we usethe notation I',, . We consider direction fromato b as positive. In notation

t — t, wemean that tendingisinside T ietel Also, t, >t astel

tlicyn itk fatk -

Denote
G(t, +0)=limG(t) and G(t,—0)=limG(t).

totg toty
To solve the problem (5) in the formul ation given above, following [9], [4] wewritethefunction G (t) in

theform

G(t)=Gy(t) G, (1), ®

where

G (t)=expwy(t), G,(t)=expw,(t),
Wy (t)+w, (t)=InG(t),

W, (t) :Z{InG(tk o)+ ING(t, +0)-InG(t, —0)

P (t=t) | (t tesa)s
k+1 7 *k

n
k=1
c (tk ,tk+1) is the characteristic function of the set {t tte Ftktk+1} .

By analogy with[10], wecall thefunction X (z) thecanonical functionfor G(t) if X (z)e K p(')(Dri),

X(z)e K (P (Dri) , where

and
X () =G(t) X (t).
If inaddition X* eWP()(T'), then X (z)iscalled afactor function.

Denote
[T(z-t)% ep(K nG)(2).  zeDf,
X,(z)= k=t <
(Z_ZO)N[%J (expKrInG;)(z), zeDr, ©)

X, (2)= (@pK; InG, )(2).
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Keeping in mind that the functionw, (t) is continuous, we have

Lemma 1. X, (z)isthe canonical function for G, (t)in the space L, (T) for v p>1, p=const.

One of the basic assertions used for the consideration of the problem (5) asit isformulated in Subsection
3is

Lemma?2.If T e R, the condition (7) issatisfied at the points {tk}::1 andfor ted, ,d, =" denotesa

small arc-wise neighborhood of the point t, e T", then we obtain

(Kwg )" (t) = My (1) [t )™

where k, areinteger numbers and

( p(tk))' isthe sameasin (3).

UsingLemma?2, we obtain

n

v thenthere exists e > 0 such

Lemma 3.1f T" e R and the condition (7) is fulfilled at the points {t, }
that X,(z)e Kp(')+e(DF) and X;'(z) e K(p('”e)y(DE) , Ny isthesameasin Lemma 1 and

N=DR (10)
k=1

To consider the case z < Dy , taking z, € D andthetransformation z = (z— zo)’l, we obtain an analo-

gous assertion for Dy . Also applying the formula (3) we obtain

Theorem 1. If T" € R and the condition (7) isfulfilled at the points {tk }::1, then we obtain the function

X, (z) isafactor function for G,(t) in Kp(‘)“e(D?) with the index

n
N=)N,
k=1
(N isthesameasin Lemma 2).

Theorem 2. If I" € R and the condition (7) isfulfilled at the discontinuity points of the function G(t)

which are everywhere denoted by {tk }n

E then the function

n

X(2)=[](z-t) " (expKInG)(2) (1)

k=1
or, whichisthe same,
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n

(z-t) " (expKInG)(2), ze Dy,
X(2)=1" . ”
(-2 3 2| (epkma)(a). zer 2
1\ 2~ %

isthe canonical function for G(t) in Kp(')+e(D$)vvithindex N (asusual theindexistheorder X (z) at

n
infinity), N isthesameasinLemma2and N =) N, .
k=1

5. Let usproceed to the solution of the boundary value problem (5) asit isformulated in Subsection 3. As
usua we denote

1 1
P:=§(| +8), Q::E(I -S).

The problem (1) is equivalent to solving the equation

A +GQ =g

in LP(") (T).

Consider the operator

A=PF +GQ .
Using the method well tested by many authors (see e.g. [11]) we approximate the continuous function

G, (t) by rational functions. This gives usthe possibility to show that for X =0 the operator Aisinvertible
inLP() (F) . Therefore the canonical function (10) constructed in Subsection 4 will bethe factor function for

G(t). Further it is easy to show that for the problem (5) the classical results hold true.
Finally, we have

Theorem 3. If T is a simple closed line of the class R, G(t) is a piecewise-continuous function on
I" with discontinuity points{tk }::1, g(t)e LP() (T), the line I" satisfies the condition (7) at the points

t,.k=12,...,n, thenthesolution (if any) of problem(5) inK p(')(1“) hastheform

<D(z)=X(Z)FI %dn%l(z)x(z), (13

where P, (z) isthe polynomial of the n-th degreefor n>0 and R,(z)=0 if n<O0.

If N >0, then the problem has N linearly independent solutions; if & =0, then the solution is unique;
if %<0, thenfor the solvability of the problem it is necessary and sufficient that the conditions

k
B 90 -0, k=01,...8-1

befulfilled.
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