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on Generalization of one euasivariational Inequality
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{BSTR{CT The unilateral quasivariational inequality (the so-called Implicit
Signorini Problem) for a second order elliptic coeicive iorm is stated in moregeneral terms. also with bilateral boundary restrictions. The similar problem is
also considered with domain unilateral and bilateral restrictions with Neumann
condition on boundary. The unique sorvabirity of these probrems is proved. For theunilateral problems the same is proved in the noncoeicive case.

Key words: implicit Signorini problem. quasivariational inequaliry unilateral and
bilateral restrictions, supersolution, coercivitv properry-.

Let f)cR' be a bounded domain rvith the boundary f, v be the outward normal to e.
ve c',: H'(f))and H'(r-)be the rear Soborev spaces. The norm in oltoi*.i"r";;;r'ili;:
Let us define the bilinear form on rhe space HIlf:;^ar1e) as foliows:

(/(,/ \') - lo,, ^:'a:-a, ' fo,lvdx+ lanuvdx.
; oxtcxt d Or, ,j "

a,i.a1,as.r*(R,) a44i41. plEl,, 0 = const>0, y( e R,, (t)
do)ao, ao =conit>0.

Suppose that the form (l) is coercive, i. e.,

tt(r.t.u) -" ll,,ll;. ct-L.t)nst>0, V ue Hl1e7. e)
Define the following operators:

1nusO
dve ,7t " '&,

As it is known, if ueut(e) and AueLr(ei then da .ar-j(a) and the following
eva

Green formula is true [l]:

atu.v)=1 +.''\, l.4u,dx\r^v^ I J
\ ^ ll o

I

Here (', ). ir the relation of duariry between rhe spaces HrF) ana a ,(r)
Let us state an irnplicit Signorini problem as a quasivariational inequality, considered

by l-ions, Bensoussan and Mosco Il].
Find zz such that

ue K(tr); a(u,v- u)> If O*u)dx, f e Lr(A),V v eK(u). (5)
f)

vv e a'(ei). (4)
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r' - >f -

Remark l. Here and in u'har iilt'
' .". -l:c understood almost e\en',tle:

,',.r problem (5), (6) the solrabil{
iurther we generalize this prctL'ltm

r r,' rre grve one definition.
Definition. Let fe Lr(A):
', \\'e say that ve Hl(fJ) is '-src=r

a (v ,d) > 
J,r 

,,".
a

I

-, we say that 1,rl e Hllf i r. '-

,cw = "f .. It'

a(w ,O) - i' ,o.
o

.: -0, we simply write "superschl

Let us state the implicit Signt'rnnr
. r:: Ih€ variational inequaliq t:, ..t:

I
Ktu)=] ve Hr1o1. r'.>i-

t

- --:i --' is a supersolution.
i: can be Proved, that q=l is : >-i

j:-iralization ofthe Problem tj . 't
Sct the problem (5), (6) wi:: :r:

treK(tr), a(u,v-u)> i'
."

{

K (tr1 =\v e Hl(f2)., > =--
For the problem (5), (6) the e:ua.li

- . 3\\ of Green formula (4), ::+ b
: ^::in restriction involved in ::e i'e'

Problem (8), (9) can be gen::a-.2,
-. S ) can be considered on the set

I

K(rr)-'l r eHl(Q). t'.--
Here ( is a suPersolution tcr.'

Problems (5),(6); (5),(7): ( I '. al e
::: Hydrostatics. TheY €XPr€SS itlrT
--.ain or on boundary.

ln the proof of the existence ::lC

.0) the following general lem:lr: .s

,r{a1={,.4'reil,

A(x.?) = -L !1,,,+l. f o, ! * o^,
,l_,4*,( '&, ) A Ax, "u'
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K(u)=l v e Ht(o), v lr>h-(#.r) l. ,.re H2(r\rp>0. (6)

t \d'n l')
Remark l. Here and in what follows, the inequalities between Lr(Q) or Zr(f) func-

mrr> lre understood almost everywhere.
ior problem (5), (6) the solvability was known [1], the uniqueness is proved in [2].
Further we generalize this problem and afterwards we set it with domain restrictions.

fur ue give one definitjon.
Definition. Let fe L"(Q);

1 r rve say that ve Ht(Q) is fsupersolution,

a(v,d), ff Oa.,
o

I

:, we say that w. allr; is fsupersolution,

A'tl=f; LYlr=w,

a(w,O). [f Oa*, Y 0e
O

I: F0, we simply write "supersolution".
Let us state the implicit Signorini problem (5),

:,rJ€r rhe variational inequality (5) on the set

O e Ht(o), O>0.

if

Hr(e), dlr>0.

(6) in more general terms,

(1)

t.e. con-

(7)

(21
I

I

t

. (3)
I

I

lwing

*:ere ,j is a supersolution.
It can be proved, that fil is a supersolution, i.e., the problem (5), (7) represents the

eeneralization of the problem (5), (6).

Set the problem (5), (6) with domain restrictions.

ue K(u), a(u,v-4> If O_ u)dx, f e L2(Q),Yv eK(u). (8)

f)

K (u\ =\, . ut(Q). v >s - a(u.Q) in Q I s.O e at(e).6>0. (9)

Forthe problem (5), (6) the equality Au:f inthe distributional sense is proved. Thus,

:: r ierv of Green formula (4), the boundary restriction in the set (6) is similar to the

.:,r::ain restriction involved in the definition of the set (9).

Problem (8), (9) can be generalized as the problem (5), (6), i. e., variational inequal-

:. r 8) can be considered on the set
t,Ktu)=\v eH (f2),, >s-a(u,il( in al s,(,de a'(a),0>0. (10)

Here { is a supersolution too.

Problems (5),(6); (5),(7); (8),(9) and (8),(10) have physical meanings in Thermostatics

and Hydrostatics. They express control of temperature (fluid pressure) regulated in do.

nain or on boundary.
In the proof of the existence and uniqueness theorems for problems (5), (7) and (8),

,10) the following general lemma is very essential.

[ (4)

I

I
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Lemma. Let and u,. i:1,2 be solutions of the

fol I ov, ing variat ional inequal ities.

a,={rerrrlo;, v>hi inal
(o, = tv e all{-ly, ,lr>h,})

Yv e K,,

i = 1,2,

lf h fh) is an .f ,-f .-supersolution, then u,-u, is an /',-fr-supersolution as well.
Remark 2. Since the form (l) is coercive. then the variational inequalities in Lemma

have a unique solution (see e. g. [3]) .

This lemma gives us oppor"tuniry to prove the following
Theorem l. Problems (5), (6); (5), (7), (8), (9) ond (8), (10) hwe unique solutions

wh.ich are stable with respect to the data and to the coefficients of the form (l).
We can considerthe problems (5), (7) and (8), (10) in the noncoercive case, i. e., for

the fonn (l) without condition (2). If the essential supremums of the data f,h,g are finite,
then the unique solvability of the problems (5), (7) and (8), (10) are proved.

Set the problems (5), (7) and (8), (i0) with the bilareral resrrictions:

feL,(A),YveK(u), (11)

(.):-. u;:.J

:olLlllLrn Lr: .l-:

,r> |

t'

lr =i

ll*r : il-.3

f, e L.(t)), h,e Hlfoi 
[r, 

. 
";t.)),

u,e K,, a(u,,v-ui) 2 l/ 0-")at,
o

ue K(u). a(u,v-r)> I/O_ u)dx,

O

K(u\={ ,.r trr). 8.(# .r),r,,tr, ,-(#,),r 
}

t^\lCu \

\ u* ''/. 'u'
l

( 12)

(13)

h,g,e,{.,le H? (f), g > eiuo> h, ( and ry are supersolutions, where ao is the solu-

tion of the following variational inequality

use H1(O), g >uolr>h, a(uu,v-ao) > Vf"_ tto)d.\, Vv e 11r(f:), g>vly2h.
f)

State the same problerr with dornain restrictions:

tre K(u), a(u,v-u)2

K(u)={r.ri'1o;, s+ a(u,a)q2 v> h -a(u,a)( in o \ l,rr
( 16)a(u,a)>

h.g,o,Y.(,qe nr(ei)

!/0-,ta,,
o

feh(A),YveK(u). (14)

lroa,,
o

s-tto*;,o-ru>n lLaar(
OO

L

in A, ( and E are supersolutions.
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t rr &€ solurion of the following variational inequalify

u,{r-,! -u.) > {,r1r' _ uo)dx, vv e HI(ey, g+ lfadxs > v >h- tfaa*5,
C)f)()

uo e Hr1f2;, g* llad*s > uo >h- lrca*5.
f)

l'in*e is also proved a lemma similar to the above one, which gives us an oppoftunity
pr:'.r *e tbllouing
Tltqrem 2. Tltt, problems

t
:
r
It
t

lnma

I

lions

I

f, for
hite,

.trq r2ipcct to the data

(1 1)-11 j1 and (14)-(16) hove unique solutions which are
and to the cofficients of the forn (l)
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