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Let (X;S;�) be a �-�nite measure spa
e and let (T

t

)

t2R

be an ergodi
 group of

measure-preserving transformations on X. We 
onsider various types of ergodi
 maximal

operators de�ned by
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; f 2 L(X);

where I

j

, j = 0; 1; 2; 3, are the following sub
lasses of the 
lass of intervals on the real

line

I

0

= f(a; b) : a < 0 < bg;

I

1

= f(a; b) : b = 0g;

I

2

= f(a; b) : a = 0g;

I

3

= f(a; b) : a = �bg:

Obviously, M

j

(f) �M

0

(f) �M

1

(f) +M

2

(f), j = 1; 2; 3.

Let

V

j

= ff 2 L(X) :M

j

(f) 2 L(X)g; j = 0; 1; 2; 3: (1)

(When we write V, it is assumed that it equals V

j

for some j, and it does not matter to

whi
h one.)

It is well-known that, for �nite measure spa
es, �(X) <1, if f 2 L logL, then f 2 V.

The 
onverse is true for positive fun
tions: f � 0; f 2 V imply f 2 L logL (see [3℄). On

the other hand, there exist integrable fun
tions outside L logL whi
h belong to V. It was

proved in [1℄ that for ea
h f 2 L(X) there exists a measurable fun
tion s with absolute

value one, s = �1, su
h that sf 2 V.

For in�nite measure spa
es, �(X) = 1, if f � 0 and f 6� 0, then f =2 V. If we do

not require f to be positive, then it may happen that f 2 V for a fun
tion not almost

everywhere equal to zero. This 
annot happen for the group of translations on the real

line, T

t

(x) = x+ t, x 2 R, and, furthermore, there exist examples of 
onservative ergodi


groups of measure-preserving transformations on in�nite Lebesgue measure spa
es su
h

that f 2 V imply f � 0 (see [1℄, Th. 2).

In general, the 
hara
terization of 
lasses (1) in any expli
it integral form is impossible

We 
laim the validity of the following

Theorem. For every ergodi
 group of measure-preserving transformations on any

�-�nite measure spa
e we have
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For the group of rotations on the unit 
ir
le T

t

(e

ix

) = e

i(x+t)

, this theorem was

proved in [2℄. In the same paper the theorem was proved in the dis
rete 
ase.

The equality of sets V

1

= V

2

means that the distribution fun
tions of variable � 2 R
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an be integrable only simultaneously. In spite of this, it may happen that for some

integrable f

1
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