Proc. A. Razmadze Math. Inst. 132 (2003), 141-142

L. EPHREMIDZE

On a Relationship Between the Integrabilities of Various Ergodic
Maximal Functions

(Reported on 30.06.2003)

Let (X,S,u) be a o-finite measure space and let (T%)icr be an ergodic group of
measure-preserving transformations on X. We consider various types of ergodic maximal
operators defined by

1
M; (1) :fé‘%m‘ A/ [Ty dt], £ e Lex),

where Z;, 7 = 0,1,2,3, are the following subclasses of the class of intervals on the real
line

To = {(a,b) : a < 0 < b},
T = {(a,b) : b= 0},
Z> = {(a,b) : a = 0},
Zs = {(a,b) : a = —b}.
Obviously, M;(f) < Mo(f) < M1(f) + M2(f), j =1,2,3.
Let
Vi ={f € L(X): M;(f) € L(X)}, j=0,1,2,3. (1)

(When we write V, it is assumed that it equals V; for some j, and it does not matter to
which one.)

It is well-known that, for finite measure spaces, pu(X) < oo, if f € Llog L, then f € V.
The converse is true for positive functions: f >0, f € V imply f € Llog L (see [3]). On
the other hand, there exist integrable functions outside L log L which belong to V. It was
proved in [1] that for each f € L(X) there exists a measurable function s with absolute
value one, s = %1, such that sf € V.

For infinite measure spaces, u(X) = oo, if f > 0 and f # 0, then f ¢ V. If we do
not require f to be positive, then it may happen that f € V for a function not almost
everywhere equal to zero. This cannot happen for the group of translations on the real
line, Ty (z) = ©+t, x € R, and, furthermore, there exist examples of conservative ergodic
groups of measure-preserving transformations on infinite Lebesgue measure spaces such
that f € V imply f =0 (see [1], Th. 2).

In general, the characterization of classes (1) in any explicit integral form is impossible

We claim the validity of the following

Theorem. For every ergodic group of measure-preserving transformations on any
o-finite measure space we have

Vo=V1=Vy=V3
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For the group of rotations on the unit circle T;(ei*) = e“(z+8) | this theorem was
proved in [2]. In the same paper the theorem was proved in the discrete case.
The equality of sets V1 = Vo means that the distribution functions of variable A\ € R+

A= p(Mi(f) > A) and A= u(Ma(f) > A)

can be integrable only simultaneously. In spite of this, it may happen that for some
integrable f

/ ((M1(f) > A) = (M2 (f) > N)| dX = 0.
0
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