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Abstract
The John-Nirenberg inequality is generalized to the ergodic case.

1. Introduction

Let (X, S, u) be a finite measure space, wW(X) < o, and 7 : X - X

be a measure-preserving ergodic transformation (see, e.g.,

definitions). For an integrable function f : X — R, f € L(X), the ergodic

sharp maximal function is defined as

n-1
!(x) = sup = T*x)- E
f*(x) iggnlé)lf( x)— E,(f, x)|,

where E,(f, x) = L Z:é f(T*x), and the ergodic BMO norm of f is
1 k=
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defined as (see [1])

I f ”BMO = esssup fﬁ- 2)

In the present paper we generalize the classical John-Nirenberg
theorem [5] to the ergodic case.

Theorem. There exist universal constants C; and Cy such that
for any finite measure space (X, S, u), measure-preserving ergodic

transformation T and f € L(X), we have

pax e X o | flx) - E(f)] > 2} < Clu(X)exp[ﬂ], ®3)
I Ismo

where E(f) = (l/u(X))_[deu and A > 0.

1t is sufficient to take constants C; = Ve and Cy = 1/4e.

Garsia [4] formulated and proved the John-Nirenberg inequality for
martingales and Pitt [7] generalized this inequality for submartingales.
We give a simple and transparent proof of inequality (3) depending on a
new method of transferring results on the real line to the general ergodic
setting developed in [2], [3]. For the sake of completeness, we give the

proof of the discrete version of John-Nirenberg theorem as well.
2. The Discrete Case

In order to deal with the discrete case, we consider non-negative

functions h : Ny —> R, defined on the set of non-negative integers. Let

Z be the collection of all “intervals” in Ny,
IT={:1=1,,=imm+1,.,n-1, m<n,m ne Ny}

For I € Z, let | I| = card(I) denote the number of elements in I, and

Er(h) = =" (k).

| I | kel
Suppose T is the set of all “intervals” I € Z for which |I|= 2P for

some p € Nj.
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The following lemma is the discrete version of the Calderén-Zygmund
decomposition and can be proved in a similar way as its continuous
analog.

Lemma 1. Let g:I > R,, where [ eI, and ke (E;(g),

maxj,.;8(k)]. Then there exist disjoint “intervals” I, c I,i=1,2, ..., n,
LiNIj = fori=j,suchthat I; € Ty, tkel: g(k)>rc Ul I, and
1 .
A< — glk)<2x, 1=12,..n
|Ii|,;A )

The following lemma is a discrete analog of the John-Nirenberg
theorem (see [8]).

Lemma 2. Foreach h : Ny - R, I € Ty, and A 2 0, we have

cardik € I : | h(k) - Ep(h)| > 1} < Ve I|exp[—;} 4)
4el 7 [[gpo
where
1
17 oo = sup 7y 2.1 hk) = Er(h)|
IeT hel
Proof. It suffices to prove (4) for A with

7 gm0 =1 ®)

so we will assume this.

Using Lemma 1 for function g(k) =|h(k)— Ej(h)|, k € I, and A = e,
the set {k e I:|h(k)— E;(h)| > e} (whenever it is not empty) can be
covered with disjoint “subintervals” I; € 75,1 =1, 2, ..., n, such that

1
e <
| 1; |

Z| h(k)- Ep(h)| < 2e foreachi=1,2, .., n
kel;

Hence

S EY S h) - By < 2w - )| < 1] @
=1

i=1 kel; kel
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(see (5)) and

| |Z|h(k) E;(h)| 2 |Ef,(h) - Ef(h)| foreach i=1,2, .. n (7)
i kel;

We suppose that I =: Ilo is the “interval” of level 0 and “intervals”

I, = Iil, i=1,2, .., n;, are of level 1, and we continue to construct

“Iintervals” of the next levels N = 2,3,.... Namely, having disjoint
“Intervals” IiN €Zy,1=1,2, .. ny, which satisfy that each IiN is a

subset of some IJN_1 , and

nN
ke I:|h(k)-Eg(h)| > 2eN} < | J 17, ®
i=1
Z|IiN|S—N|I| ©)
. e
1=1
and
|E1.N(h)_ E;(h)| < 2eN foreachi=1,2, .., ny, (10)

we use Lemma 1 for each I (whenever {k e I : | h(k) - E N (h)| = e}
# &), the function g(k) = | (k) - EI.N (h)|, k € IV, and A = e to identify

disjoint “subintervals” vy

ij €Zg,J=12, .. ny,, which satisfy

ny;
(ke IN :|nk) - By (R)| = e} CUI (11)
j=1

and

Q

| z | h(k) - EIN(h)| <2e foreach j=1,2, .., ny,.
keIN
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So, like (6) and (7)

nN; 1 "N;
Z|IL§V| < ;z z |h(k) - E n (h)]
=1 J=1 kery l
1 LN
<= > |hk)-En ()] < =| 1] (12)
e I; e
keIL.N
and
1
2e > — D |k~ By (h) 2 | By ()~ Epy (h) (13
i keIi]jV l ! L

foreach j =1, 2, ..., ny; -

If we now reindex all the intervals Iizjv, 1=1,2,..,ny, =12, ..,
ny., in arbitrary order and call them IiN+1, i=1,2, .., ny,1, then (12)

and (9) imply that
N +1 Na1 1 nN N 1
Z|Ii |SEZ|L’|SW|I|
i=1 =1

and (13) and (10) imply that
|E1.N+1(h)_ E;(h)| < 2e(N +1) foreachi=1,2, .., ny,.

Thus, (9) and (10) hold whenever we change N by N +1 in these

inequalities. Now we wish to show that the same happens with relation
(8) as well. Indeed, | h(k)— E;(h)| > 2¢(N +1) implies that k e I for

some i € {1, 2, ..., ny} (by virtue of (8)) and taking into account (10) we

can conclude that | A(k) — E N (h)| = 2e. Hence, by virtue of (11), k N+
for some i € {1, 2, ..., ny,;}. Thus (8) holds if we change Nby N + 1.

We have shown that conditions (8)-(10) will be satisfied by the
intervals of all level N in our construction process. Since I consists
of finite number of points, this process will be finite, i.e., there will
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be such M that {k e IM :|h(k)- E y(h)| > e} will be empty for each

ie{l,2 .., ny}. (Since each discrete “interval” consists at least one

point, we can estimate from (9) that M < log| I|.)

Now we are ready to prove (4), which obviously holds whenever
L € (0, 2¢).

If A > 2e is such that {k e I:|h(k)—E;(h)| > A} # &, then there
exists N such that 2eN < A < 2¢(N +1) and (8) and (9) hold. Hence

card{k € I : | h(k)— Ep(h)| > A} < card{k € I : | h(k)— E;(h)| > 2eN}

nN
< 1IN | < |1 |exp(-N)
i=1

A
< I|exp(—4—ej.
Thus (4) 1s proved. 0
3. The Proof of Theorem

By the ergodic theorem,

n-1
lim =Y f(Tx) = E(f) (14)
n—o n et
and
14 1
jﬂ;};l{f—E(nm(Tkx) = mu{l f-E(f)] > 2} (15)
fora.a. x € X.
For x € X, let
h.(k) = f(T*x), ke N,. (16)

Obviously, for each k& € N, we have (see (1))
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n-1
Fh) = sup T 3 | AT") - By ()
n> s

n-~k
m

and consequently | 7 [gyio = SUPen, FH(T%x).

By virtue of definition (2), w{f* > | f |gyo} = 0. Hence w(U) =0,
where U = J,_ T > | f |gmo) = ¥ € X : FA(T%) > | f Iy for some
k € Ny}, and for each x € X\U we have

I 2 Imo < 11/ lemo- a7

It 1s sufficient to prove that

7= B > 2} = Cx)emp{ o 22 a9

for each ¢ e (0, 1), where C; = Ve and Cy = 1/4e.

Fix any x € X for which (14), (15) and (17) hold (we can select such x

since, as it was discussed, almost all points satisfy these conditions).

Let n be an arbitrary positive integer so large that (see (14), (16))

n-1
%thae) - E(f)‘ = |Ey, () - E(f)| < &, (19)
k=0

where ¢ is the same as in (18). We can assume that n = 2?7 as well.
By virtue of (15), (16), (19), Lemma 2, and (17), we have
wll f = E(f)] > 1}

n-1
oux
= lim “(n : l;) 1 p-m()pay (%)

= lim @card{k € Ip ¢ | f(T*x) — E(f)] > &)

n—wo n

tim B cardfk < 1o, < |he(k) - E(F)] > 2}

n—owo n
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< lim sup@card{k € Ipp :|he(k)~ Ep, ()| > 1 —¢}
n n

n—wo

< lim sup nX) Cl| Iy p |exp[—MJ
now N 12 Igamo

< oxp| = 8)Cs
Ll ‘{ [ FTonto j
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