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ON THE BEHAVIOUR OF SERIES, OBTAINED BY
TERMWISE INTEGRATION OF DOUBLE

TRIGONOMETRIC SERIES

O. DZAGNIDZE

Abstract. It is shown that for any 2π periodic in each variable
function f of two variables, summable on the square [0, 2π]2, in-
tegrating its double trigonometric Fourier series on the rectangle
[0, x]× [0, y] termwise gives a series that converges uniformly on
[0, 2π]2 to the integral

∫ x

0

∫ y

0
f(t, τ) dt dτ . Moreover, the con-

vergence of the series
∑∞

m,n=1
bmn
mn

, where bmn is the Fourier
coefficient of the function f for the sinmx sinny term, is ob-
tained and its sum is found.

ÒÄÆÉÖÌÄ. ÍÀÛÒÏÌÛÉ ÃÀÌÔÊÉÝÄÁÖËÉÀ, ÒÏÌ ÈÉÈÏÄÖËÉ ÝÅËÀ-
ÃÉÈ 2π ÐÄÒÉÏÃÖËÉ ÃÀ [0, 2π]2 ÊÅÀÃÒÀÔÆÄ ãÀÌÄÁÀÃÉ ÚÏÅÄËÉ
f ×ÖÍØÝÉÉÓ ×ÖÒÉÄÓ ÏÒÌÀÂÉ ÔÒÉÂÏÍÏÌÄÔÒÉÖËÉ ÌßÊÒÉÅÉÓ
[0, x]×[0, y] ÌÀÒÈÊÖÈáÄÃÆÄ ßÄÅÒÏÁÒÉÅÉ ÉÍÔÄÂÒÄÁÉÈ ÌÉÙÄÁÖ-
ËÉ ÌßÊÒÉÅÉ ÈÀÍÀÁÒÀÃ ÊÒÄÁÀÃÉÀ [0, 2π]2 ÊÅÀÃÒÀÔÆÄ∫ x

0

∫ y

0
f(t, τ) dt dτ ÉÍÔÄÂÒÀËÉÓÊÄÍ. ÂÀÒÃÀ ÀÌÉÓÀ, ÃÀÃÂÄÍÉËÉÀ∑∞

m,n=1
bmn
mn

ÌßÊÒÉÅÉÓ ÊÒÄÁÀÃÏÁÀ ÃÀ ÍÀÐÏÅÍÉÀ ÌÉÓÉ ãÀÌÉ,
ÓÀÃÀÝ bmn ÀÙÉÛÍÀÅÓ f ×ÖÍØÝÉÉÓ ×ÖÒÉÄÓ ÊÏÄ×ÉÝÉÄÍÔÓ
sinmx sinny ßÄÅÒÉÓÈÅÉÓ.

1. Introduction

There are well-known examples of trigonometric Fourier series of two
summable on [0, 2π] functions, of which one series diverges at any point
[1, Ch. V, §2], [9, vol. I, Ch. VII, §2] and the other series does not
converge in the metric of the space of summable functions on the same
interval [0, 2π] [1, Ch. VIII, §2], [9, vol. I, Ch. VII, §5]. At the same time,
the trigonometric Fourier series of all summable functions on [0, 2π] have
the remarkable property stated by the following Lebesgue theorem L.

2010 Mathematics Subject Classification. 42B05.
Key words and phrases. Double trigonometric Fourier series, integration.



32 O. DZAGNIDZE

Theorem L. [1, Ch. I, §10 and Ch. II, §9], [9, Ch. II, §8 and Miscel-
laneous Theorems and Examples to Ch. II]. If f is any 2π periodic func-
tion, summable on the segment [0, 2π], then the series obtained by inte-
grating its Fourier trigonometric series 1

2a0 +
∑∞

n=1 (an cosnx+ bn sinnx)
termwise on the segment [0, x], converges uniformly on [0, 2π] to the integral∫ x

0
f(t)dt (even if the latter series is divergent everywhere) and moreover∑∞
n=1

bn
n = 1

2π

∫ 2π

0
f(x)(π − x)dx.

In the present paper, the two assertions of Theorem L are generalized to
double Trigonometric Fourier series. In this context, we note that there is
a function of two variables that is 2π periodic in each variable and continu-
ous on the square [0, 2π]2 and whose double trigonometric Fourier series is
divergent everywhere in the sense of Pringsheim1 [3].

Our proof is based on the following well-known theorem of Hardy:

Theorem H. [6] If F is a continuous function of two variables that
is 2π periodic in each variable and of bounded variation on [0, 2π]2 in the
sense of Hardy2, then the double trigonometric Fourier series of F converges
uniformly on [0, 2π]2 to the function F .

We should note that various generalizations of Hardy’s theorem are given
in [4], [5].

2. Auxiliary Results

We begin by the following lemma, whose easy proof is left to the reader.

Lemma. Let f be a function that is summable on [0, 2π]2 and 2π periodic
in each variable. If

2π∫
0

2π∫
0

f(x, y) dx dy = 0,

1A double series is said to converge in the sense of Pringsheim if its partial rectangular
sums converge (see, e.g., [9, Ch. XVII].

2Let us consider the rectangle Q = {(x, y) ∈ R2 : a ≤ x ≤ b, c ≤ y ≤ d}, which is
decomposed into rectangles Qik = [xi ≤ x < xi+1, yk ≤ y < yk+1], where 0 ≤ i ≤ m−1,
0 ≤ k ≤ n − 1 and a = x0 < x1 < · · · < xm = b, c = y0 < y1 < · · · < yn = d. For the
finite function f given on the rectangle Q and for the system {Qik}, we compose the sum

Sf =

m−1∑
i=0

n−1∑
k=0

|f(xi+1, yk+1)− f(xi+1, yk)− f(xi, yk+1) + f(xi, yk)|. (1.1)

If there exists a finite number M > 0 such that Sf ≤ M for any system {Qik}, then f
is called a function of bounded variation in the Vitali sense on Q. If the function f of
bounded variation in the Vitali sense has an additional property that f(x, c) and f(a, y)
are the functions of bounded variations on the intervals [a, b] and [c, d], respectively, then
f is called a function of bounded variation in the Hardy sense [7, §254].
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then the function

F (x, y) =

x∫
0

y∫
0

f(t, τ) dt dτ − ya(x)− xb(y),

where

a(x) =
1

2π

x∫
0

dt

2π∫
0

f(t, τ) dτ and b(y) =
1

2π

y∫
0

dτ

2π∫
0

f(t, τ) dt,

is 2π periodic in each variable. Moreover, F (x, y) is zero on the boundary
of the square [0, 2π]2, that is

F (x, 0) = 0, F (0, y) = 0, F (x, 2π) = 0, F (2π, y) = 0

for all 0 ≤ x ≤ 2π and all 0 ≤ y ≤ 2π.
(2.1)

Suppose now that f is a function satisfying the conditions of the lemma
and consider the corresponding double trigonometric Fourier series3

f ∼ 1

2

∞∑
m=1

(am0 cosmx+ dm0 sinmx) + 1

2

∞∑
m=1

(a0n cosny + c0n sinny)+

+
∞∑

m,n=1

(amn cosmx cosny + bmn sinmx sinny+

+cmn cosmx sinny + dmn sinmx cosny) . (2.2)

Then clearly 1
2am0, 1

2dm0 and 1
2a0n, 1

2c0n are, respectively, the Fourier
coefficients of the functions

φ(x) =
1

2π

2π∫
0

f(x, y) dy and ψ(y) =
1

2π

2π∫
0

f(x, y) dx (2.3)

3

amn =
1

π2

2π∫
0

2π∫
0

f(x, y) cosmx cosny dx dy,

bmn =
1

π2

2π∫
0

2π∫
0

f(x, y) sinmx sinny dx dy,

cmn =
1

π2

2π∫
0

2π∫
0

f(x, y) cosmx sinny dx dy,

dmn =
1

π2

2π∫
0

2π∫
0

f(x, y) sinmx cosny dx dy.
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both of which are 2π periodic and summable on the segment [0, 2π]. Thus

φ ∼ 1

2

∞∑
m=1

(am0 cosmx+ dm0 sinmx)

and

ψ ∼ 1

2

∞∑
n=1

(a0n cosny + c0n sinny) .

(2.4)

Therefore

a(x) =

x∫
0

φ(t) dt, b(y) =

y∫
0

ψ(τ) dτ,

F (x, y) =

x∫
0

y∫
0

f(t, τ) dt dτ − y

x∫
0

φ(t) dt− x

y∫
0

ψ(τ) dτ. (2.5)

Moreover, it follows from Theorem L that
x∫

0

φ(t) dt =
1

2

∞∑
m=1

x∫
0

(am0 cosmt+ dm0 sinmt) dt, (2.6)

y∫
0

ψ(τ) dτ =
1

2

∞∑
n=1

y∫
0

(a0n cosnτ + c0n sinnτ) dτ (2.7)

uniformly on [0, 2π].

3. Main results

Theorem 1. Relation (2.2) implies that

x∫
0

y∫
0

f(t, τ) dt dτ − y

x∫
0

φ(t) dt− x

y∫
0

ψ(τ) dτ =

=
∞∑

m,n=1

x∫
0

y∫
0

(amn cosmt cosnτ + bmn sinmt sinnτ+

+cmn cosmt sinnτ + dmn sinmt cosnτ) dt dτ (3.1)

uniformly on [0, 2π]2 (in the sense of Pringsheim).
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Proof. According to Theorem H, if the function F (x, y) is defined as in (2.5),
then4

F (x, y) =
1

4
A00 +

1

2

∞∑
m=1

(Am0 cosmx+Dm0 sinmx)+

+
1

2

∞∑
n=1

(A0n cosny + C0n sinny)+

+
∞∑

m,n=1

(Amn cosmx cosny +Bmn sinmx sinny +

+Cmn cosmx sinny +Dmn sinmx cosny) (3.2)
uniformly on [0, 2π]2. Putting here x = 0 and y = 0, we obtain

1

4
A00 = −1

2

∞∑
m=1

Am0 −
1

2

∞∑
n=1

A0n −
∞∑

m,n=1

Amn. (3.3)

The coefficients in (3.2) are calculated by a theorem due to Tolstov [4, pp.
48–49] which for the function F defined by the equality (2.5) is formulated
as follows:

(1) the equality

F ′
x(x, y) =

y∫
0

f(x, τ) dτ − yφ(x)−
y∫

0

ψ(τ) dτ (3.4)

holds for almost all x and all y;
(2) we have

F ′
y(x, y) =

x∫
0

f(t, y) dt−
x∫

0

φ(t) dt− xψ(y) (3.5)

for all x and almost all y;
(3) the relations

F ′′
xy(x, y) = f(x, y)− φ(x)− ψ(y) = F ′′

yx(x, y) (3.6)

4Writing the function F from equality (2.5) in the form

F (x, y) =

x∫
0

y∫
0

w(t, τ) dt dτ

from equality (1.1) we have

SF =

m−1∑
i=0

n−1∑
k=0

∣∣∣ ∫
Qik

w(t, τ) dt dτ
∣∣∣≤m−1∑

i=0

n−1∑
k=0

∫
Qik

|w(t, τ)| dt dτ=
∫
Q

|w(t, τ)| dt dτ < +∞.

Moreover, the function F (x, 0) = 0 and F (0, y) = 0 are functions of bounded variation
on [0, 2π].
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holds for almost all (x, y).
In the first place we will prove the following equalities:

Amn =
bmn

mn
, Bmn =

amn

mn
, Cmn = −dmn

mn
, Dmn = −cmn

mn
(3.7)

(m,n = 1, 2, . . . ).

We have

π2Amn =

2π∫
0

[ 2π∫
0

F (x, y) cosmxdx
]

cosny dy.

According to the equality (3.4) we have
2π∫
0

F (x, y) cosmxdx =

= − 1

m

2π∫
0

[ y∫
0

f(x, τ) dτ − yφ(x)−
y∫

0

ψ(τ) dτ

]
sinmxdx.

Therefore

π2mAmn = −
2π∫
0

{ 2π∫
0

[ y∫
0

f(x, τ) dτ − yφ(x)−

−
y∫

0

ψ(τ) dτ

]
sinmxdx

}
cosny dy.

But
2π∫
0

[ y∫
0

f(x, τ) dτ − yφ(x)−
y∫

0

ψ(τ) dτ

]
sinmxdx =

=

2π∫
0

[ y∫
0

f(x, τ) dτ

]
sinmxdx− y

2π∫
0

φ(x) sinmxdx−

−
2π∫
0

[ y∫
0

ψ(τ) dτ

]
sinmxdx

and
2π∫
0

φ(x) sinmxdx =
π

2
dm0

(
since 1

2
dm0 =

1

π

2π∫
0

φ(x) sinmxdx
)
.
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Thus

π2mAmn = −
2π∫
0

{ 2π∫
0

[ y∫
0

f(x, τ) dτ

]
sinmxdx

}
cosny dy+

+
π

2
dm0

2π∫
0

y cosny dy +
2π∫
0

{ 2π∫
0

[ y∫
0

ψ(τ) dτ

]
sinmxdx

}
cosny dy.

Since
2π∫
0

y cosny dy = 0, (3.8)

we obtain

π2mAmn = −
2π∫
0

{ 2π∫
0

[ y∫
0

f(x, τ) dτ

]
cosny dy

}
sinmxdx+

+

2π∫
0

{ 2π∫
0

[ y∫
0

ψ(τ) dτ

]
cosny dy

}
sinmxdx ≡ −I1 + I2.

We have

I1 =

2π∫
0

{
1

n
sinny ·

y∫
0

f(x, τ) dτ
∣∣∣y=2π

y=0
− 1

n

2π∫
0

f(x, y) sinny dy
}

sinmxdx =

= − 1

n

2π∫
0

2π∫
0

f(x, y) sinmx sinny dx dy = − 1

n
π2bmn ,

I2 =

2π∫
0

{
1

n
sinny ·

y∫
0

ψ(τ) dτ
∣∣∣y=2π

y=0
− 1

n

2π∫
0

ψ(y) sinny dy
}

sinmxdx =

= − 1

n

2π∫
0

{ 2π∫
0

ψ(y) sinny dy
}

sinmxdx =

= − 1

n

2π∫
0

{
π

2
c0n

}
sinmxdx = 0.

Therefore
Amn =

1

mn
bmn (m,n = 1, 2, . . . ). (3.9)
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The other equalities from (3.7) are proved in an analogous manner. This
means that the double series from (3.2) has the form

∞∑
m,n=1

1

mn

[
bmn cosmx cosny + amn sinmx sinny−

− dmn cosmx sinny − cmn sinmx cosny
]
. (3.10)

Let us now prove the equalities (m,n = 1, 2, . . . )

Am0 =
1

m
βm − π

dm0

m
, Dm0 = π

dm0

m
− 1

m
αm,

A0n =
1

n
δn − π

c0n
n
, C0n = π

a0n
n

− 1

n
γn,

(3.11)

where

αm =
1

π2

2π∫
0

2π∫
0

yf(x, y) cosmxdxdy,

βm =
1

π2

2π∫
0

2π∫
0

yf(x, y) sinmxdxdy,

γn =
1

π2

2π∫
0

2π∫
0

xf(x, y) cosny dx dy,

δn =
1

π2

2π∫
0

2π∫
0

xf(x, y) sinny dx dy.

(3.12)

Since

π2Am0 =

2π∫
0

[ 2π∫
0

F (x, y) cosmxdx
]
dy

and
2π∫
0

F (x, y) cosmxdx =

= − 1

m

2π∫
0

[ y∫
0

f(x, τ) dτ − yφ(x)−
y∫

0

ψ(τ) dτ

]
sinmxdx,

we obtain

−π2mAm0 =

2π∫
0

{ 2π∫
0

[ y∫
0

f(x, τ) dτ−yφ(x)−
y∫

0

ψ(τ) dτ

]
sinmxdx

}
dy=
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=

2π∫
0

{ 2π∫
0

[ y∫
0

f(x, τ) dτ − yφ(x)−
y∫

0

ψ(τ) dτ

]
dy

}
sinmxdx =

=

2π∫
0

{
y

[ y∫
0

f(x, τ) dτ − yφ(x)−
y∫

0

ψ(τ) dτ

]∣∣∣∣y=2π

y=0

=

−
2π∫
0

y[f(x, y)− φ(x)− ψ(y)]dy

}
sinmxdx =

=

2π∫
0

{
2π

[ 2π∫
0

f(x, y) dy − 2πφ(x)−
2π∫
0

ψ(y) dy

]
−

−
2π∫
0

[yf(x, y)− yφ(x)− yψ(y)] dy

}
sinmxdx ≡ J1 − J2.

Furthermore

J1 = 2π

2π∫
0

2π∫
0

f(x, y) sinmxdxdy − 4π2

2π∫
0

φ(x) sinmxdx−

− 2π

2π∫
0

( 2π∫
0

ψ(y) dy

)
sinmxdx = 2π · π2dm0 − 4π2 · π

2
dm0 = 0,

J2 =

2π∫
0

{ 2π∫
0

yf(x, y) dy − φ(x)

2π∫
0

y dy −
2π∫
0

yψ(y) dy

}
sinmxdx =

=

2π∫
0

2π∫
0

yf(x, y) sinmxdxdy − 2π2

2π∫
0

φ(x) sinmxdx−

−
( 2π∫

0

yψ(y) dy

) 2π∫
0

sinmxdx =

=

2π∫
0

2π∫
0

yf(x, y) sinmxdxdy − π3dm0 .

We have thereby established the first equality in (3.11), whereas the other
equalities are proved analogously.
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We now use (3.3) to represent the right side of (3.2) as a sum A+B+C:

A = −1

2

∞∑
m=1

Am0 +
1

2

∞∑
m=1

(Am0 cosmx+Dm0 sinmx) =

= −1

2

∞∑
m=1

βm − πdm0

m
+

+
1

2

∞∑
m=1

[
(βm − πdm0)

cosmx
m

+ (πam0 − αm)
sinmx
m

]
=

= −1

2

∞∑
m=1

1

m
(βm − πdm0) +

1

2

∞∑
m=1

[
(βm − πdm0)

(
1

m
−

x∫
0

sinmtdt
)
+

+ (πam0 − αm)

x∫
0

cosmtdt
]
=

=
1

2

∞∑
m=1

[
(πdm0−βm)

x∫
0

sinmtdt+(πam0−αm)

x∫
0

cosmtdt
]
. (3.13)

Since

1

π

2π∫
0

yf(x, y) dy ∼ (αm, βm) and 1

π

2π∫
0

xf(x, y) dx ∼ (γn, δn), (3.14)

one can apply Theorem L to obtain

x∫
0

(
1

π

2π∫
0

τf(t, τ) dτ

)
dt− α0

2
x =

1

2

∞∑
m=1

x∫
0

(αm cosmt+ βm sinmt) dt,

y∫
0

(
1

π

2π∫
0

tf(t, τ) dt

)
dτ − γ0

2
y =

1

2

∞∑
n=1

y∫
0

(γn cosnτ + δn sinnτ) dτ

uniformly on [0, 2π], where

α0 =
1

π2

2π∫
0

2π∫
0

yf(x, y) dx dy,

γ0 =
1

π2

2π∫
0

2π∫
0

xf(x, y) dx dy.

(3.15)
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Since both series in the last two equalities are convergent, the series (3.13)
can be expressed as the sum of two series. Thus,

A =
1

2
π

∞∑
m=1

x∫
0

(am0 cosmt+ dm0 sinmt)dt−

−
x∫

0

(
1

π

2π∫
0

τf(t, τ) dτ

)
dt+

α0

2
x . (3.16)

Similarly, we find that

B =
1

2
π

∞∑
n=1

y∫
0

(a0n cosnτ + c0n sinnτ)dτ−

−
y∫

0

(
1

π

2π∫
0

tf(t, τ) dt

)
dτ +

γ0
2
y . (3.17)

Finally,

C = −
∞∑

m,n=1

Amn +
∞∑

m,n=1

[
bmn

mn
cosmx cosny + amn

mn
sinmx sinny−

− dmn

mn
cosmx sinny − cmn

mn
sinmx cosny

]
=

= −
∞∑

m,n=1

Amn +
∞∑

m,n=1

[
bmn

(
1

m
−

x∫
0

sinmtdt
)(

1

n
−

y∫
0

sinnτ dτ
)
+

+ amn

x∫
0

cosmtdt
y∫

0

cosnτ dτ−

− dmn

(
1

m
−

x∫
0

sinmtdt
) y∫

0

cosnτ dτ−

− cmn

x∫
0

cosmtdt
(
1

n
−

y∫
0

sinnτ dτ
)]

=

= −
∞∑

m,n=1

bmn

mn
+

∞∑
m,n=1

{ x∫
0

y∫
0

[
amn cosmt cosnτ + bmn sinmt sinmτ+

+ cmn cosmt sinnτ + dmn sinmt cosnτ
]
dt dτ+
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+
bmn

mn
− bmn · 1

n

x∫
0

sinmtdt− bmn · 1

m

y∫
0

sinnτ dτ−

− cmn · 1
n

x∫
0

cosmtdt− dmn · 1

m

y∫
0

cosnτ dτ
}
.

Therefore,

C =

∞∑
m,n=1

{ x∫
0

y∫
0

[
amn cosmt cosnτ + bmn sinmt sinnτ+

+ cmn cosmt sinnτ + dmn sinmt cosnτ
]
dt dτ−

− 1

n

x∫
0

(cmn cosmt+ bmn sinnt)dt−

− 1

m

y∫
0

(dmn cosnτ + bmn sinnτ)dτ
}
. (3.18)

Applying now (3.2) and (3.16)–(3.18) gives

F (x, y) = π · 1
2

∞∑
m=1

x∫
0

(am0 cosmt+ dm0 sinmt)dt+

+ π · 1
2

∞∑
n=1

y∫
0

(a0n cosnτ + c0n sinnτ)dτ+

+

∞∑
m,n=1

{ x∫
0

y∫
0

[
amn cosmt cosnτ + bmn sinmt sinnτ+

+ cmn cosmt sinnτ + dmn sinmt cosnτ
]
dt dτ−

−
[ x∫

0

(
cmn

n
cosmt+ bmn

n
sinmt

)
dt+

+

y∫
0

(
dmn

m
cosnτ + bmn

m
sinnτ

)
dτ

]}
−

−
x∫

0

(
1

π

2π∫
0

τf(t, τ) dτ

)
dt+

α0

2
x−
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−
y∫

0

(
1

π

2π∫
0

tf(t, τ) dt

)
dτ +

γ0
2
y. (3.19)

Then it follows from (2.5)–(2.7) and (3.19) that

x∫
0

y∫
0

f(t, τ) dt dτ = (π + y)
1

2

∞∑
m=1

x∫
0

(am0 cosmt+ dm0 sinmt)dt+

+ (π + x)
1

2

∞∑
n=1

y∫
0

(a0n cosnτ + c0n sinnτ)dτ+

+

∞∑
m,n=1

{ x∫
0

y∫
0

[
amn cosmt cosnτ + bmn sinmt sinnτ+

+ cmn cosmt sinnτ + dmn sinmt cosnτ
]
dt dτ−

−
[ x∫

0

(
cmn

n
cosmt+ bmn

n
sinmt

)
dt+

+

y∫
0

(
dmn

m
cosnτ + bmn

m
sinnτ

)
dτ

]}
−

−
x∫

0

(
1

π

2π∫
0

τf(t, τ) dτ

)
dt−

y∫
0

(
1

π

2π∫
0

tf(t, τ) dt

)
dτ+

+
α0

2
x+

γ0
2
y. (3.20)

In particular, putting y = 0 and x = 0 respectively in (3.20), we obtain

∞∑
m,n=1

x∫
0

(
cmn

n
cosmt+ bmn

n
sinmt

)
dt =

=
π

2

∞∑
m=1

x∫
0

(am0 cosmt+ dm0 sinmt)dt−

−
x∫

0

(
1

π

2π∫
0

τf(t, τ) dτ

)
dt+

α0

2
x (3.21)
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and
∞∑

m,n=1

y∫
0

(
dmn

m
cosnτ + bmn

m
sinnτ

)
dτ =

=
π

2

∞∑
n=1

y∫
0

(a0n cosnτ + c0n sinnτ)dτ−

−
y∫

0

(
1

π

2π∫
0

tf(t, τ) dt

)
dτ +

γ0
2
y. (3.22)

Hence (3.20) can be rewritten as follows:
x∫

0

y∫
0

f(t, τ) dt dτ = y
1

2

∞∑
m=1

x∫
0

(am0 cosmt+ dm0 sinmt)dt+

+ x
1

2

∞∑
n=1

y∫
0

(a0n cosnτ + c0n sinnτ)dτ+

+
∞∑

m,n=1

x∫
0

y∫
0

[
amn cosmt cosnτ + bmn sinmt sinnτ+

+ cmn cosmt sinnτ + dmn sinmt cosnτ
]
dt dτ. (3.23)

We now immediately see, using (2.6) and (2.7), that (3.23) and (3.1) are
equivalent. This completes the proof of Theorem 1. �

Theorem 2. 5 If f is any 2π periodic in each variable function, summable
on the square [0, 2π]2, and if

f ∼ a00
4

+
1

2

∞∑
m=1

(am0 cosmx+dm0 sinmx) + 1

2

∞∑
n=1

(a0n cosny+c0n sinny)+

+

∞∑
m,n=1

(
amn cosmx cosny + bmn sinmx sinny+

+ cmn cosmx sinny + dmn sinmx cosny
)
, (3.24)

then the equality
x∫

0

y∫
0

f(t, τ) dt dτ =
a00
4
xy +

y

2

∞∑
m=1

x∫
0

(am0 cosmt+ dm0 sinmt)dt+

5This result was announced in the author’s paper [2].
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+
x

2

∞∑
n=1

y∫
0

(a0n cosnτ + c0n sinnτ)dτ+

+
∞∑

m,n=1

x∫
0

y∫
0

[
amn cosmt cosnτ + bmn sinmt sinnτ+

+ cmn cosmt sinnτ + dmn sinmt cosnτ
]
dt dτ (3.25)

is fulfilled uniformly on [0, 2π]2.

Proof. It is clear that the series on the right side of (3.24) without the first
term a00

4 is the Fourier series of the function f1(x, y) = f(x, y) − a00

4 and
that f1(x, y) satisfies the conditions of the lemma. The desired result now
follows from (3.23) on replacing f(x, y) by f1(x, y). �

4. Corollaries

Taking into account (3.7) and (3.8), (3.3) can be rewritten in the following
form:

1

4
A′

00 +
1

2

∞∑
m=1

1

m
βm − π

2

∞∑
m=1

1

m
dm0+

+
1

2

∞∑
n=1

1

n
δn − π

2

∞∑
n=1

1

n
c0n +

∞∑
m,n=1

bmn

mn
= 0, (4.1)

where A′
00 is calculated for the function f1 = f − 1

4 a00, provided that f
does not satisfy the condition of the lemma. To calculate the coefficient, we
must use the functions

a1(x) = a(x)− 1

4
a00x, b1(y) = b(y)− 1

4
a00y, F1(x, y) = F (x, y)+

1

4
a00xy

and then we get the equality A′
00 = A00 + a00π

2.
Note that each one-dimensional series in the left-side of (4.1) is convergent

by the following well-known equality

∞∑
n=1

bn
n

=
1

2π

2π∫
0

λ(u)(π − u) du,

where

λ ∼ a0
2

+

∞∑
n=1

(an cosnu+ bn sinnu).
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Specializing to the present situation and using (3.14), we obtain

∞∑
m=1

1

m
βm =

1

2π

2π∫
0

(
1

π

2π∫
0

τf(t, τ) dτ

)
(π − t) dt , (4.2)

∞∑
n=1

1

n
δn =

1

2π

2π∫
0

(
1

π

2π∫
0

tf(t, τ) dt

)
(π − τ) dτ , (4.3)

∞∑
m=1

1

m
dm0 =

1

2π

2π∫
0

(
1

π

2π∫
0

f(t, τ) dτ

)
(π − t) dt , (4.4)

∞∑
n=1

1

n
c0n =

1

2π

2π∫
0

(
1

π

2π∫
0

f(t, τ) dt

)
(π − τ) dτ . (4.5)

Corollary 1. In the circumstances above, we have:
∞∑

m,n=1

bmn

mn
= −1

4
(A00 + a00π

2)− 1

2

∞∑
m=1

1

m
βm +

π

2

∞∑
m=1

1

m
dm0−

− 1

2

∞∑
n=1

1

n
δn +

π

2

∞∑
n=1

1

n
c0n , A00 =

1

π2

2π∫
0

2π∫
0

F (x, y) dx dy. (4.6)

Corollary 2. For any function of two variables that is 2π periodic in
each variable and summable on the square [0, 2π]2, we have:

∞∑
m,n=1

(
cmn

mn
sinmx− bmn

mn
cosmx

)
= −

∞∑
m,n=1

bmn

mn
+

+
1

2

∞∑
m=1

(Am0 cosmx+Dm0 sinmx−Am0), 0 ≤ x ≤ 2π, (4.7)

∞∑
m,n=1

(
dmn

mn
sinny − bmn

mn
cosny

)
= −

∞∑
m,n=1

bmn

mn
+

+
1

2

∞∑
n=1

(A0n cosny + C0n sinny −A0n), 0 ≤ y ≤ 2π. (4.8)

Proof. By the relation (3.14), the right hand-side of (3.21) equals to

π

2

∞∑
m=1

x∫
0

(am0 cosmt+ dm0 sinmt)dt−
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− 1

2

∞∑
m=1

x∫
0

(αm cosmt+ βm sinmt)dt =

=
1

2

∞∑
m=1

x∫
0

[(πam0 − αm) cosmt+ (πdm0 − βm) sinmt]dt =

=
1

2

∞∑
m=1

x∫
0

(mDm0 cosmt−mAm0 sinmt)dt =

=
1

2

∞∑
m=1

(Am0 cosmx+Dm0 sinmx−Am0).

But the left hand-side of (3.21) can be written in the form
∞∑

m,n=1

(
cmn

mn
sinmx− bmn

mn
cosmx+

bmn

mn

)
,

whence it follows – since the series
∑∞

m,n=1
bmn

mn is convergent – that the
equation (4.7) holds. In a similar way, one can shows that the equation
(4.8) also holds. �

Corollary 3. The equation (3.25) can be used to determine functions
from their Fourier coefficients almost everywhere on [0, 2π]2. In order to do
this, it suffices to integrate the double trigonometric Fourier series whose co-
efficients are the given ones term-by-term over [0, x]× [0, y]. Then the mixed
partial derivative of the function so obtained equals to the given function
almost everywhere (also see (3.6)).
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