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ON THE BEHAVIOUR OF SERIES, OBTAINED BY
TERMWISE INTEGRATION OF DOUBLE
TRIGONOMETRIC SERIES

O. DZAGNIDZE

Abstract. It is shown that for any 27 periodic in each variable
function f of two variables, summable on the square [0, 27r]2, in-
tegrating its double trigonometric Fourier series on the rectangle
[0, 2] x [0, y] termwise gives a series that converges uniformly on
[0,27]% to the integral [ [Y f(t,7)dtdr. Moreover, the con-

oo

. bran . .
vergence of the series me:l o where b,., is the Fourier
coefficient of the function f for the sinmzsinny term, is ob-

tained and its sum is found.
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1. INTRODUCTION

There are well-known examples of trigonometric Fourier series of two
summable on [0, 27] functions, of which one series diverges at any point
[1, Ch. V, §2], [9, vol. I, Ch. VII, §2] and the other series does not
converge in the metric of the space of summable functions on the same
interval [0, 2] [1, Ch. VIII, §2], [9, vol. I, Ch. VII, §5]. At the same time,
the trigonometric Fourier series of all summable functions on [0, 27] have
the remarkable property stated by the following Lebesgue theorem L.
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Theorem L. [1, Ch. I, §10 and Ch. II, §9], [9, Ch. II, §8 and Miscel-
laneous Theorems and Examples to Ch. II]. If f is any 27 periodic func-
tion, summable on the segment [0,2m], then the series obtained by inte-
grating its Fourier trigonometric series %ao + 302, (a, cosnz + by, sinnax)
termwise on the segment [0, x], converges uniformly on [0, 27] to the integral
fox f(#®)dt (even if the latter series is divergent everywhere) and moreover

Yooty = L [T () (7 — w)da.

In the present paper, the two assertions of Theorem L are generalized to
double Trigonometric Fourier series. In this context, we note that there is
a function of two variables that is 27 periodic in each variable and continu-
ous on the square [0, 27]? and whose double trigonometric Fourier series is
divergent everywhere in the sense of Pringsheim' [3].

Our proof is based on the following well-known theorem of Hardy:

Theorem H. [6] If F is a continuous function of two wvariables that
is 2 periodic in each variable and of bounded variation on [0,27])? in the
sense of Hardy?, then the double trigonometric Fourier series of F converges
uniformly on [0,27]? to the function F.

We should note that various generalizations of Hardy’s theorem are given
in [4], 5.

2. AUXILIARY RESULTS
We begin by the following lemma, whose easy proof is left to the reader.

Lemma. Let f be a function that is summable on [0, 27)? and 27 periodic

in each variable. If
27 27

[ [ t@yydzay=o.

0 0

LA double series is said to converge in the sense of Pringsheim if its partial rectangular
sums converge (see, e.g., [9, Ch. XVII].
2Let us consider the rectangle Q = {(z,y) ER? :a < x < b, ¢ <y < d}, which is
decomposed into rectangles Qi = [2; < & < Tit1, Yb < Y < Yrt1), where 0 < i <m—1,
0<k<n—-landa=zg<z1 < - <Tm=bc=y<y1 < - <yp =d. For the
finite function f given on the rectangle @ and for the system {Q;}, we compose the sum
m—1n—1
Sp=30 3 1f@ir1ykr1) = F(@ir1,uk) = F(@i Yrgr) + F(@i y)|- (1.1)
i=0 k=0
If there exists a finite number M > 0 such that Sy < M for any system {Q;x}, then f
is called a function of bounded variation in the Vitali sense on Q. If the function f of
bounded variation in the Vitali sense has an additional property that f(x,c) and f(a,y)
are the functions of bounded variations on the intervals [a, b] and [c, d], respectively, then
f is called a function of bounded variation in the Hardy sense [7, §254].
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then the function

x

://yf(t,T)dth—ya(x)—:cb(y),
0 0

x Yy

27r/dt/fﬁTdT and  b(y) /dT/ftT

is 21 periodic in each variable. Moreover, F(xz,y) is zero on the boundary
of the square [0,27]?, that is

F(z,0) =0, F(0,y) =0, F(x,2r)=0, F(2m,y)=0
forall 0 <x <27 and all 0 <y < 27.

where

(2.1)

Suppose now that f is a function satisfying the conditions of the lemma
and consider the corresponding double trigonometric Fourier series®
1 o0 o0
~3 Z Ao COSME + dpo Sinma) + 3 (agn cosny + cop sinny) +

m=1 m=1

oo
+ g (@mn cOS MT COS MY + by sinME SIN NY+
m,n=1
+Cmn cOSMx sinny + dpp Sinma cosny) . (2.2)
Then clearly %amo, %dmo and %a(m, %Con are, respectively, the Fourier

coefficients of the functions
27

- %/f(w,y)dy and  ¥(y) = %/f(m,y) dx (2.3)
0

0

3
27 27
1
Amn = —2// (z,y) cosmz cosny dz dy,
0 0
1 27 27
bmn:—2//f(x,y)sinmxsinnydxdy,
T
0 0
1 27 27T
cmn:—2//f(x,y)cosmxsinnydxdy,
T
0 0
1 27 271
dmn:ﬁ//f(w,y)sinmazcosnydacdy.
s
0 0
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both of which are 27 periodic and summable on the segment [0, 27]. Thus

©~ (@mo cOs Mx + dypo Sin ma)

DN | =
gk

and (2.4)

l\)\»—t

o0
Z agp, cosny + cop, SInNY) .
Therefore

@) = [e®rdt. b) = / b(r)dr,
0

F(Jc,y):j]f(t,r)dth—y/wtp(t)dt—x/yw(T)dT. (2.5)
0 0 0 0

Moreover, it follows from Theorem L that

x

et -
0
0/ W(r)dr

uniformly on [0, 27].

oo

N

m=1

/ (amo cosmt + dypo sinmt) dt, (2.6)
0
y

M\»—A
HMS

/ agpn COSNT + Cop SinnT) dr (2.7)
10

3. MAIN RESULTS

Theorem 1. Relation (2.2) implies that

T Y x Y
//f(t,T)dthfy/go(t)dtfx/d)(T)dT:
0 0 0 0
[e'e] z Y
Z // Ayn COS Mt COSNT + by sSin mit Sin T+
m,n= 10 0

+Cmn cosmi sinnT + dy,, sinmt cosnt) dtdr - (3.1)

uniformly on [0,2x]? (in the sense of Pringsheim).
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Proof. According to Theorem H, if the function F(x,y) is defined as in (2.5),
then?

1 1 =
F(x,y) = 1 5 Z Ao cosmx + Do sinmz) +
1 o0
5 Z (Agp, cosny + Coy, sinny) +

+ Z (Ayn cosma cos ny + By, sinma sinny +
m,n=1
+Cpmn cosmzsinny + D,y sinma cosny)  (3.2)

uniformly on [0, 27]?. Putting here z = 0 and y = 0, we obtain

ZAOO =3 Z Amo — 3 ZAO" - Z Avin. (3.3)

m=1 n=1 m,n=1
The coefficients in (3.2) are calculated by a theorem due to Tolstov [4, pp.
48-49] which for the function F defined by the equality (2.5) is formulated

as follows:
(1) the equality

mmw:/ﬂaﬂm—wm—/wﬂm (3.4)
0 0

holds for almost all x and all y;

(2) we have

%mmz/fmwm—/wwﬁ—ww> (3.5)
0 0

for all  and almost all y;
(3) the relations

Ey(x,y) = f(2,y) — () = ¢(y) = Fy (2, y) (3.6)

“Writing the function F from equality (2.5) in the form

F(:L‘,y):/z/yw(t,T)dth
00

from equality (1.1) we have

m—1n—1

SF—ZZ)/w(tTdth‘<ZZ/\wt‘r)|dth /|w(t7|dtd‘r<+oo

10k0/_ zOkOQ

Moreover, the function F(z,0) = 0 and F(0,y) = 0 are functions of bounded variation
on [0, 27].
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holds for almost all (z,y).
In the first place we will prove the following equalities:

b ve d 7 7
Amn:ﬂ B _amL7 Cmn:_ﬂv D __CmL (37)

’ mn — mn —
mn mn mn

(myn=1,2,...).

We have
2 27

7% A :/ {/F(w,y) cosmx dx | cos ny dy.
0 0

According to the equality (3.4) we have

27

/F(:z:, y) cosmz dx =

0
2m

= 7711/{ yf(x,T) dTyga(x)/yz/J(T) dT:| sin ma dx.
0 0 0

Therefore

s

T2m A, = — /{/T[/yf:deT—yso()
0

y
- /¢(7') dT:| sinma dm} cosny dy.
0

But . y
[ e
O/LO/];x 4 ]Smmxdm_ 0/<p(:v) sinmaz dz—
- { T dT:| sinmx dx
- / / v(r)

2 2

1 1
/ap(m) sinmx dx = gdmO (Since 3 Ao = — / o(z) sinma dac).
™

0 0
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21 27 Y

T2mAy, = —/{/ [/f(a:,r) dT:l sinmxdm}cosnydy+

0 0 0
27 2 2T

Yy
+72Tdm0/ycosnydy+/{/ [/1/1(7')d7’] sinmzdx} cosny dy.
0 0 "0 0

Since
27

/ycos nydy =0, (3.8)
0

we obtain

27 27

y
M A, = —/{/ [/f T, T d7':| cosnydy} sin max dz+
0 0 0
2

2m ™

Yy
+/{/[/1/1 dT] cosnyaly}Slnm:cd;glerI2
0 0 0

27 Y 27

1 =27 1
I :/{ sinny./f(x,T)dT‘y _/f(%y)sinnydy} sinmz dr =
n n

0 0 0

We have

1
:—f//f(gc,y)Sinmmsinnyd:zcdy:—77r2bmn7
n
00

2m
y=2m 1

- — /1/J(y) Sinnydy} sinmz dx =

2

] e
0

27 2

:—/{/¢ smnydy}blnmxdx—

0
2

1
= —/{ﬂc()n}sinmzdx =0.
n 2
0

Therefore

n
0
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The other equalities from (3.7) are proved in an analogous manner. This
means that the double series from (3.2) has the form

[eS)
1
g — [bmn COS I COS NY + Ay SIN M SIN NY—
mn
m,n=1

— dpn COSMT SINNY — Cppypy SIN T COS ny] . (3.10)

Let us now prove the equalities (m,n =1,2,...)

1 d d 1
Amo = *ﬁm_ﬂ'lo7 Do :ﬂ'ﬂ - — O,
1 Con, aon 1
AOnzf(Sn*ﬂ'iv COn:Tri**’Yna
n n n n
where
1 27 27
am = —5 yf(x,y)cosmaz dx dy,
T
0 0
27 27
Bm = =5 yf(z,y) sinma dx dy,
T
o 2 (3.12)
1
Yo = 7//aff(x,y) cos ny dz dy,
T
0 0
1 27 27
Op = ?//zf(x,y) sinny dz dy.
™
00
Since
2w 27
72 Amo = / {/F(%y) cosmxd:r} dy
0 0
and
2
/F(:L‘,y) cosmz dr =
0
1 27y Y
= _E/ {/f(x,r) dr — yo(x) —/1/)(7) dT:l sinmz dx,
0 0 0
we obtain
27 27 Y Y
—12mAmo :/{ flz,7) dT—ygo(x)—/@/J(T) dT:| sin mx dm}dy:
0o 0 0 0
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77 27 y

{/[/fxrdT—y(p /w dT:| }smmxdm—
0 0
2 y

T

O/{y[o/yfmT_W - fue e[

- /y[f(w, y) —p(z) — ¢(y)}dy} sinma dr =
0

2 2m 2m

Y S ]

0 0 0
2w

~ [11e.) ~ vo(@) — yoto) dy} simma de = J, — Jy.

0
Furthermore

27 27 2

/f x,y) sinma dr dy — 472 /gp(m)sinmmdaz—
0 0

1 =27

O\:‘w o\
N

2
/w )Sinmﬂ?d$=2ﬁ'ﬂ2dm0—4ﬂ'2'gdmozov
0

27 2m 27

/yf z,y)dy — o(x )/ dy/y¢(y)dy}sinmxdm

0 0 0
2m 2T

yf(z,y)sinma dx dy — 2m> / o(z) sinma de—
0 0

27 27

b/yi/} dy) /smmxdx:

2

/yf x,y) sinma de dy — 7d g -
0

—N

O\§ o\l:\l.?

0\2‘3 7 N

We have thereby established the first equality in (3.11), whereas the other
equalities are proved analogously.
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We now use (3.3) to represent the right side of (3.2) as a sum A+ B+ C:

A= —% i Ao + % i(Amo cosmx + Do sinma) =
m=1 m=1
N ;mi:l {(ﬂm 71_dmo)(‘,osrmv + (ramo am)smr;nx] _
= _% mi; %(ﬁm wdmo) + ;miz [(ﬁm Tdmo) (7711 O/xsmmt dt)

+ (mamo — am) /cos mt dt} =

0

%i [ﬂdmoﬂm)/smmtdt+(ﬂamo am)/cosmtdt] (3.13)
= J )
Since
2m 27
%/yf(%y) dy ~ (am, Bm) and %/xf(x,y) dx ~ (Yn, 0n), (3.14)
0 0

one can apply Theorem L to obtain

x

/G
e

uniformly on [0, 27], where

m=1

1 [
(t,7) dr)dt—O;Oa::22/(amcosmt+5msinmt)dt7
0
Yy

[
[

100
(t,7) dt)dT—QyZQZ:

n=1

/(’yn cosnT + Op sinnt) dr
0

21 27
ap = 7//yf(w7y)d:vdy7
00 (3.15)

Yo = %//fcf(w,y)dxdy
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Since both series in the last two equalities are convergent, the series (3.13)

can be expressed as the sum of two series. Thus,

1
A= 3 Z / o cOs Mt + dyyo sin mt)dt—

SOECDIEE

0

Similarly, we find that

l\D\»—~

n=1

(o)
T g / Aoy, COSNT + Cop SinNT)dT—
0

(3.16)

(3.17)

Yy 27
1
/</tft7'dt>dr+ Y.
T 2
0 0
Finally,
C=- Z Apn + Z [mn €OS M cos Ny + —— sin ma sin ny—
mn mn
m,n=1 mn=1
mn . Cmn .
— —— cosmxsinny — —— sinmax cos ny
mn mn
= — Z Apn + Z [bmn ( - /sinmtdt) ( - /sinm’dr)—i—
m n
m,n=1 m,n=1 0 0
@ y
+amn/cosmt dt/cosm' dr—
0 0

Y

1 xr
—dmn ( —/sinmtdt) /cosanT—
m
0

0

xT 1 y
_Cmn/cosmtdt< —/sinnrd7'>] =
n

0 0

o0
bmn
= — —_— amn cosmt cosnt + by, sinmt sinmr+
mn
m, n_l

m,n=1

+ Cimn COSMESINNT + diyy Sin mit cos n7 | dt dr+
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x Yy
b 1 1
+ 2 by — /sinmtdt — b - — /sinm'drf
mn n m
0 0
x Yy
1 1
— Cmn - — | cosmtdt —d,,, - — | cosnTdr ;.
n m
0 0
Therefore,

OO
C= { / / Ayn COS Mt COSNT + by sSin mt sSin nT+
m,n=1 0 0

+ Cpm, COS Mt SINNT + dopy, SID ME COS m'} dtdr—

1

- = /(cmn cos Mt + by sinnit)dt—
n

0

1
m

y

/ rm COS VT =+ by, SID nT)dT}. (3.18)
0

Applying now (3.2) and (3.16)—(3.18) gives

1 « ,
F(z,y)=m- 3 Z /(amo cos mt + dy,o sin mt)dt+
0

+ Cinp COSMESINNT + dyyy Sin Mt cos n7 | dt dr—

b
(Cm" cosmt + —= sin mt) dt+
n n

y
+ —— cosnT + — sinnt |dr| p—
m m
0

|
| —
O\H
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— /y (i 7tf(t, 7) dt) dr + % y. (3.19)
0

0

Then it follows from (2.5)—(2.7) and (3.19) that

z oy
//ft7dtd7-7r+y
0 0

y
/(aon cosnT + cop sinnT)dr+
0

—_

x
o0
Z / Ao oSt + dppo sinmt)dt+
m=1 0

+ (m+x)

N —
NgE

Il
—

n

z Y

oo
+ Z { / / [amn cos mt cos nT + by, sinmtsinnr+
0 0

m,n=1

+ Cmn COs Mt sinnt + d,y,y, sin mt cos nT] dtdr—

binn
L/ ( cosmt + - smmt) dt+
(5 oo -
0/1(717 ZTTf(t’T)dT>dto/y(71r Zth(t,T) dt)d¢+

7o
— — .2
+ 2x+2y (3.20)

In particular, putting y = 0 and x = 0 respectively in (3.20), we obtain

n b
Z T cosmt + =2 sinmt |dt =

mnl

o0
= g Z /(amo cos mt + dyo sinmt)dt—
0

/(i/rf(t,r)d7'>dt+oéox (3.21)
0 0
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and

m

y
Z cosnt + — sinnTt |dr =
m
0

o U
™ .
=5 E (aon cosnT + con sinnT)dr—
0

—/y<7lr/tf(t,7')dt>d7'+ T (3.22)
0 0

Hence (3.20) can be rewritten as follows:

T Y o T

1
//f(t,T) dtdr =y 3 Z /(amo cos mt + dimo sinmt)dt+
00 m=17

y
1 o0
+ 1z 3 221 /(aon cosnT + cop sSinnt)dr+
n=10

oo z Y
+ Z / / [amn cosmt cos Nt + by, Sinmt sinnr+
0

m,n=1 0

+ Crn COSMESINNT + dppy, SID ME COS nT] dtdr. (3.23)

We now immediately see, using (2.6) and (2.7), that (3.23) and (3.1) are
equivalent. This completes the proof of Theorem 1. (Il

Theorem 2. ° If f is any 27 periodic in each variable function, summable
on the square [0,27)?, and if

1 & 1 &
[~ Zﬂ + 3 Z (amo cos ma+d o sinma) + 3 Z(aon cos ny—+cop, sin ny )+
m=1 n=1
oo
+ Z (amn €os mx cosNY + by, sinme sin ny+
m,n=1
+ Cmn cCOsMz sin ny + diyy, Sin max cos ny) , (3.24)
then the equality
T Yy o x
a
// flt,m)dtdr = % xy + g Z /(amo cos mt + dyo sin mt)dt+
0 0 m=17

5This result was announced in the author’s paper [2].
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IOO
5.

n=1

(apn cosnt + co, sinnt)dr+

O\H O\..ce

Yy
/ [amn cosmt cos Nt + by, Sinmt sinnr-+
0

+ Crn COSMESINNT + dppyy, SID ME COS m'] dtdr (3.25)
is fulfilled uniformly on [0,27]?.

Proof. Tt is clear that the series on the right side of (3.24) without the first
term “4¢ is the Fourier series of the function fi(z,y) = f(z,y) — “3° and
that fi(z,y) satisfies the conditions of the lemma. The desired result now
follows from (3.23) on replacing f(z,y) by fi(x,y). O

4. COROLLARIES

Taking into account (3.7) and (3.8), (3.3) can be rewritten in the following
form:

4 2 — m 2 =
11 T 1 = b
a *677,** - mn ﬂ*v 41
JrQZn 22n60+z mn 0, (41)
n=1 n=1 m,n=1

where Aj{, is calculated for the function f; = f — aoo, provided that f
does not satisfy the condition of the lemma. To calculate the coefficient, we
must use the functions

1 1 1
a1(x) = a(x) — 7 doos bi(y) = bly) - 7 G00Y; Fi(z,y) = F(z,y)+ 7 G0y
and then we get the equality A), = Ago + agom>.
Note that each one-dimensional series in the left-side of (4.1) is convergent

by the following well-known equality
00 2m
Z;— / (u)(m — u) du,
n=1 0

where

A~ — —i— Z ap, cos nu + by, sinnu).



46 O. DZAGNIDZE

Specializing to the present situation and using (3.14), we obtain

0 27 27

Z;L m: (i/rf(tm)ch)(ﬂ'—t)dt,

7°° 1 17 102#

;nan—%o/(%/tf( )it ) (- )

00 1 1 27 1 27

;Edmozﬁ <O/f(t,7)d7>(7r—t)dt,
2

Corollary 1. In the circumstances above, we have:

= b 1 11 |

Omn _ 24 H_ N2 4N 2
Z mn 4( 00+ aoo™”) QZmﬂ JrZZm 0
m,n=1 m=1 m=1

2w 27

_,Z On Zlcon, AOO——// (x,y) dz dy.

(4.6)

Corollary 2. For any function of two variables that is 2w periodic in

each variable and summable on the square [0,27]?, we have:

(o] o0
Cmn . bmn bm,n
E —— sinmx — — cosmx | = — E —+
mn mn mn
m,n=1 m,n=1
1 o0
+ B E (Ao cosmz + Do sinmez — Appg), 0 < a < 2w,
m=1
[ee] oo
mn . bmn bmn
E —— sinny — —— cosny | = — E —+
mn mn mn
m,n=1 m,n=1

L\DM—*

o0
Z Aon cosny + Copsinny — Apy,), 0<y <2m.

Proof. By the relation (3.14), the right hand-side of (3.21) equals to

g Z /(amO cos mt + dpo sinmt)dt—
m=17
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1 o
) Z /(am cosmt + By, sinmt)dt =
0

1 (o]
3 Z (Ao cosma + Do sinma — App).

m=1

But the left hand-side of (3.21) can be written in the form

o0
Cmn . bmn bmn
—— sinmx — —— cosmx + — |,
mn mn mn

m,n=1

whence it follows — since the series Z:rinzl l;;fﬂ is convergent — that the
equation (4.7) holds. In a similar way, one can shows that the equation

(4.8) also holds. O

Corollary 3. The equation (3.25) can be used to determine functions
from their Fourier coefficients almost everywhere on [0,27]2. In order to do
this, it suffices to integrate the double trigonometric Fourier series whose co-
efficients are the given ones term-by-term over [0, z] x [0,y]. Then the mized
partial derivative of the function so obtained equals to the given function
almost everywhere (also see (3.6)).
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