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ABSTRACT. Quaternions discovered by W. R. Hamilton made a great contribution to the progress
in noncommutative algebra and vector analysis. However, the analysis of quaternion functions has
not been duly developed. The matter is that the notion of a derivative of quaternion functions of a
quaternion variable has not been known until recently. The author has succeeded in improving the
situation. The present work contains an account of the results obtained by him in this direction. The
notion of an H-derivative is introduced for quaternion functions of a quaternion variable. The existence
of an H-derivative of elementary functions is established retaining the well-known formulas for the
corresponding functions from complex (real) analysis. The rules on the H-differentiation of a sum, a
product, and an inverse function are formulated and proved. Necessary and sufficient conditions for
the existence of an H-derivative are established. The notions of C*-differentiation and C?-holomorphy
are introduced for quaternion functions of a quaternion variable. Three equivalent conditions are
found, each of them being a necessary and sufficient one for C2-differentiation. Representations by an
integral and a power series are given for C?-holomorphic functions. It is proved that the harmonicity
of functions f(z), z- f(2), and f(z) - z is the necessary and sufficient condition for a function f to be
Fueter-regular.
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1. Introduction

The highly important theory of holomorphic (analytic) functions of a complex variable with com-
prehensive applications to various problems of natural sciences proved to be a serious motive for
finding analogous theories for functions of three and more real variables. It turned out that, following
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Frobenius (see [80, p. 117]), such analogous theories did not exist at all for functions of three real
variables.

Pursuing the purpose of finding a similar theory for functions of four real variables, W. R. Hamilton
(1805-1865)! made a truly brilliant discovery by introducing quaternions in science ( [1, 16, 17, 29]).
He dedicated the last twenty two years of his life to the construction of the quaternion theory (see [116,
p. 212]).

In 1837, J. Bolyai (1802-1860) in Leipzig submitted his remarkable work that forestalled Hamilton’s
finding to the prize competition, but the jury passed a negative decision. That unfortunate event badly
affected the psychological health of Bolyai (see [16, 17]).

1.1. Fundamental properties of quaternion numbers (see [24, 80]). The quaternion (con-

stant) units g, i1, 42, i3 introduced by Hamilton obey the conditions iy = 1, z% = z% =145 = 10213 = —1,

and the multiplication table

N

i1t = —i9%1 = 43, 1oty = —iglo =11, 4301 = —i1l3 = 3. (1.1)
The diagram below helps memorize this “multiplication table”: the product of any two numbers from

the set {i1,42,43} is equal to the third number with sign “+” if the direction of rotation from the

first multiplier to the second is clockwise and with sign “—” in the opposite case. We see that the

multiplication of quaternions is not commutative: the product depends on the order of factors.

/’

AN

Fig. 1.

Quaternions are numbers of the form
a + biy + cig + dig, (1.2)

where a, b, ¢, and d are real numbers.
The addition and multiplication rules for two quaternions

q:a+bi1+ci2+di3,
qd =d +biy + iy +d'is,

are respectively

¢+q =(a+d)+O+b)i+(ct+)iz+(d+d)is=4q +q, (1.5)
q¢' = (aa’ — bt — e — dd") + (ab' + ba’' + cd' — dc')iq
+ (ac’ + ca’ + db' — bd')ig + (ad' + da’ + bc’ — cb')is. (1.6)

It is easy to verify that the real number aa’ — bb' — ¢’ — dd’ is the real part of the products of ¢¢’ and
/
qq.

!The name William Rowan Hamilton, professor of the Dublin University, President of the Irish Academy of Sciences
in 1837-1846, is well known in mechanics, physics, and astronomy not only in connection with quaternions. The great
scientist never ceased his tireless search for a higher form of complex numbers. His efforts were crowned with success
and on October 16, 1843, while walking to attend the session of the Academy of Sciences in Dublin, he stopped on the
Brougham bridge and cut with a knife the multiplication formulas of quaternions on the stone balustrade (see [29, p. 29]
and [86]). A few years after 1843, the memorial plaque [71, p. 515] was installed at the place on the bridge across the
channel, where Hamilton experienced a sudden inspiration.
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Although multiplication of quaternions does not satisfy the commutativity property, it is associative:

(1192)q3 = q1(q293). (1.7)
The quaternion
q=a—biy —ciy —dig (1,8)

is said to be conjugate to the quaternion (1.3).
It is obvious that the sum of conjugate quaternions is a real number. The products ¢g and gq are
also real:

GG =7qq = a®+b*+ 2+ d> (1.9)

The number (a® + b + ¢ + d*)'/2 is called the modulus of the quaternion q and is denoted by |q|.
So,

qq =79 = lqI*. (1.10)
Hence, using Egs. (1.7) and (1.12), we have
el =@ )@ @) =a e & G =ale &0 =ales =lelad = |elPlal
Therefore
lq1g2| = |q1] lg2|- (1.10")
A straightforward calculation shows that the conjugate to the sum is equal to the sum of conjugates,
q1 + g2 = qq + Q. (1.11)
while the conjugate to the product is equal to the product of conjugates taken in reverse order:
7192 = q2 " q- (1.12)

Since the product of quaternions depends on the order of cofactors, we must separately consider
the following two equations:

P = qi, (1.13)
Tqo = q1; (1.14)

here g2 # 0. A solution of Eq. (1.13) is called the left quotient of ¢; and g2 and is denoted by x;, while
a solution of Eq. (1.14) is called the right quotient z,. It is easy to obtain the formulas

1 _

= w g2 - q1, (1-15)
1 _

T, = W q1 - Go- (1.16)

Taking q; = 1, we see that each quaternion go # 0 has the inverse quaternion g, /|q2|?, which is denoted
by gy L. Therefore,

1
1
¢ = —=175. 1.17
2 |2|2 2 ( )

The uniqueness of solutions of Egs. (1.13) and (1.14) can also be formulated as follows: if ab; = abs
or bya = bya for a # 0, then by = bs.

Furthermore, each point (zq, 1, z2, x3) of the real four-dimensional Euclidean space R* is associated
with the quaternion z = g + z1i1 + T2is + x3i3 with norm |z| = (23 + 22 + 23 + m§)1/2. Hence the
space R? is identified with the quaternion division algebra H.
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1.2. On quaternion functions. The property of a quaternion function f(z) = ug(z) + ui(z)i; +
ug(2)iz + ug(2)i3, where uy(z) are real functions, to possess a finite limit, or to be continuous, or to
have a finite partial derivative with respect to a real variable x,, is equivalent to the same properties
of all functions u,(2).

It is natural to construct the theory of quaternion functions using the scheme by which the theory of
holomorphic functions of one complex variable is constructed provided that this scheme is realizable.

We can indicate the following three methods of construction of the theory of holomorphic functions
of one complex variable.

1.3. Derivative method. This method is based on the notion of a derivative as the limit of a ratio
of the increment of a function to the increment of an independent variable.

Due to the noncommutativity of multiplication of quaternions, such an approach to a quaternion
function f(z) leads to two different notions of the derivative: the right derivative A(z) in the form of
two equivalent equalities [84]

}lli_>rr10[f(z—|—h)—f(z)]-h_le(z), Af=Ah+e1, € —0, h—0, (1.18)

and the left derivative B(z), which is expressed by the equivalent equalities

}lLiL%h_l [f(z+h) = f(2)] =B(z), Af=hB+ey, e —0, h—0, (1.19)

if the corresponding limits exist.

It turns out that only the functions ¢(z) = az + b possess the right derivative, only the functions
¥(z) = za + b possess the left derivative, and the functions x(z) = rz + b have the unilateral equal
derivatives A = B, where a and b are any quaternion numbers and r is a real number (see [99]).
Subsequently, the same result was also established in works of other authors (see, e.g., [5, 25, 64]).

We also mention the following remarkable formula established in [64] under the assumption ¢?+d? >
0:

(a + biy + cig + ng)n = ay, + byl + cpis + dpis, (1.20)

where the real numbers a,, b,, ¢,, and d, are defined by the equalities

o= 0= VB + (@AY

by = \/LZ @ avE" — @+ VA i,

= =3 [ VA - VB i (121)
e % 5 l@= VA — @t iE)] i

and
A=b+cE+d%

1.4. Polynomial method. Consider the polynomial p(z,y) = > Apy n2™y" of two real variables

m,n

x and y with complex coefficients A, n = mn + iBmn, 2 =—1.

By virtue of the equalities

1 1
x = 2(z+z), Yy = 22(2 z)

we obtain the polynomial p*(z,Z) of the complex variables z = z + iy and Z = = — iy.

The polynomial p*(z,Z) is a function of only one variable z if and only if the well-known Cauchy—
Riemann condition are fulfilled.
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However, a similar approach to polynomials of real variables zg, 1, 2, and z3 with quaternion
coefficients does not yield a desired result (see [129]). The matter is that the real coordinates zj, of the
quaternion z = xg + x1i1 + 2i2 + w3i3 are expressed through z by the Hausdorff formulas (see [74]):

xo = — (2 —i121) — igzig — i32i3), x1 = — (2 — 11211 + igzi9 + i32i3),
4 411 (1 22)

o (Z + 11211 — 12210 + ’igzig), xs3 (Z + 21211 + 19219 — ’igzig)

T i T i
without using the conjugate quaternion z = xy — x1i1 — Talo — x313.

Note that alongside with these Hausdorff formulas we can also apply, as is easy to verify, the
formulas

1 1
xTo = 5(34‘2), xr1 = 5(i1§—2’i1),

1 1 (1.23)
To = 5 (igf — Zig), xr3 = 5 (igf — Zig)

which, in contrast to the case of complex-valued functions, are not essential.

1.5. Gradient method. Looman [91] and Menchoff [100] proved that a continuous function f(z)
in a domain G is holomorphic in G if and only if f(z) satisfies in G the Cauchy—Riemann condition

fe(2)+ify(2) =0, z=x+iy

(see also [117, p. 75]). Later, Tolstov showed that the assertion of Looman and Menshoff remains
valid if the continuity of the function f(z) is replaced by its boundedness in G (see [133]). Hence it is
clear that the Cauchy—Riemann condition is very important for the function f(z), z = = + iy, to be
holomorphic in the domain G.

Fueter developed a similar method for quaternion functions based on conditions of differential nature
that were analogous to the Cauchy—Riemann conditions for functions of one complex variable.

In [54], Fueter introduced the following definition.

A quaternion function f(z) of the quaternion variable z = x¢ + x1i1 + x2i2 + z3i3 that possesses
continuous partial derivatives f; , f;,, fi,, and f;_ in a domain G C H is said to be right-regular in G
(notation f € F(QG)) if the condition

o f
=0 1.24
o (1.24)
is fulfilled in G; similarly, f(z) is said to be left-reqular if the condition
o f
— =0 1.25
0z ( )
is fulfilled in G; here the quaternion gradient operators 0,./0z and 0;/0z are defined by the equalities
0, 0 0
— = ——+ — i1+ =G+ —1 1.26
0z  Oxp + 0x1 nt 0xa Ehl Ozx3 " (:20)
0 0 0 0 0
L i ——4ig— +ig——. (1.27)

9z Oz Ox1 Oxs Oxs

If f € FT(G)N F~(G), then, according to Fueter, the function f is said to be regular in G (notation
f € F(G)).

Fueter’s definitions were subsequently refined by Schuler [119] who weakened the assumption of the
continuity of first-order partial derivatives of the function f(z) to the differentiability (according to
Stolz) of f.

If we introduce into consideration the Laplace operator

2 2 2 2
0 0 9 + 9 (1.28)

N
O} * ox? * oz ox¥’
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then we obtain the equality
Af =8.(0:f) = a(drf), (1.29)

which can be easily verified. Hence it follows that functions that are right- or left-regular in a domain
G C H in the Fueter sense are also harmonic, i.e. satisfy the Laplace equation Af = 0.

Hence we can conclude that functions 1, (z) = 2", which are important for analysis, do not belong
to the union F*(G) U F~(G). For example, A(z?) = —4 since

22 = (a:% — x% — x% - x%) 4+ 2x071%1 + 2T0T210 + 2T0T313.
Even the function v (z) = 2, although it is harmonic, does not belong to this union.

Thus, the following problem arises: Is it possible to indicate for quaternion functions a differentiation
property satisfied by power functions 1, (z) = 2" (n = 0,1,2,...)7 The commutativity property of
these power functions is obvious.

This problem is solved positively for the basic Hamilton elementary functions

2", n=0,1,2,..., (1.30)
2 .3
e —1—1—2—1—2——1—%4- (1.31)
2 4
cosz:l—z —i—%—---, (1.32)
, 23 25
sinz =z — §—|—§+ (1.33)

and for the logarithmic function In z.

In the present work, for quaternion functions of a quaternion variable we give the notion of an
H-derivative, which exists for all functions mentioned above.

We recall here the opinion of Shilov on the existence of a theory of functions of a quaternion variable
(see [124, p. 385]). It concerned the dream of Hamilton to create a theory of a quaternion variable,
but the hopes that had been put on quaternions did not come true.

In Secs. 3 and 6 we establish the rule of H-derivation and the necessary and sufficient condition
of existence of an H-derivative, which is an analog of the Cauchy-Riemann condition for a complex
function of one complex variable.

Furthermore, the notion and the condition of C?-differentiability and C2-holomorphy (C2-analyticity)
of quaternion functions with respect to two independent complex variables are given (see Sec. 7).
In addition, an integral representation and a representation by a power series are obtained for C2-
holomorphic quaternion functions.

The property of a quaternion function to be right- or left-regular according to Fueter is characterized
through the C2-holomorphy of its two complex components, which are functions with respect to two
independent complex variables.

Further, we proved that a function f is Fouter-regular if and only if the functions f(z), f(z) -z and
z - f(2) are harmonic. It is established that if f and f? are harmonic functions, then the equality

3
> (f)?
k=0

is fulfilled. In the complex case, the last equality implies that either of the functions f and f is
holomorphic.

Some relations between the functions 2", cos z, sin z, and e* are established (see Sec. 13) using the
variable imaginary unit quaternion I, with property I? = —1 (see [71, p. 349]).

The concluding part of the paper (Sec. 14) is dedicated to the applications of quaternions.
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2. H-Derivative and Its Existence for Elementary Functions

The theory of holomorphic (analytic) functions of one complex variable is based on the notion of
a derivative of a complex function with respect to its complex argument. Every elementary function
of a complex variable has such a derivative. These derivatives are generalizations of the derivatives of
the corresponding functions from real analysis. Quaternions, the appearance of which gave a mighty
stimulus to the progress of algebra, are generalizations of complex values a+bi with 2 = —1. However,
the development of the analysis of quaternion functions was hampered by the lack of the notion of
a derivative with good properties. Recently, the author has succeeded in improving the situation by
obtaining the results to be discussed below.

Definition 2.1. A quaternion function f(z), where z = xo + x1i1 + T2ia + x3i3, defined in some

neighborhood G C H of a point 2° = x + 2%i1 + 2%is + 2%is, is said to be H-differentiable at 2° if

there exist two sequences of quaternions Ap(2°) and By(z") such that > Ap(2°)Bi(2°) is finite and
k

the increment f(2° + h) — f(2°) of the function f(z) can be represented as follows:

FEO ) = F(2°%) = Ap(z%) - b Bi(2") + w(=°, ), (2.1)
k
where o 0 »|
%%T[ =0 (2.2)

and 2°+h € G. In this case, the quaternion . Ay (2)By(2°) is called the H-derivative of the function
k
f at the point 2° and is denoted by f'(z"). Thus,
FI(20) = Ap(2") Bi(2"). (2.3)
k

The uniqueness of the H-derivative follows from the fact that the right-hand side of (2.3), if it exists,
is just the partial derivative f] (2°) of f(2) at 2° with respect to its real variable.
In the sequel, the symbol o(h) will denote any function w(z°, h) satisfying (2.2).

Remark 2.2. Note that the same definition still makes good sense for any mapping between Banach
algebras. Moreover, all the proofs of our results remain valid (except for Proposition 3.4, which still
remains valid if we take ¢ to be invertible in a neighborhood of 2°) since in that case only those
properties of H are required, which any Banach algebra has.

We will show that the basic elementary functions are H-differentiable.
Proposition 2.3.
(2" =nz""' forn=0,1,2,... and for z € H. (2.4)
Proof. First, we show that the following equality holds for n =1,2,.. .
(z+h)" = 2" = 2" h4 2" 2he 4+ 23R 4 4 2h2" 2 R o(h). (2.5)
For n =1 it is obvious. Assuming now that it is valid for n = k, we find
(z+ h)FTE M = (2 4 B) (2 + B)F — 2R HE
= (z+Rh) (" + 2+ 25 2he o 2h2F T R 4 o(R)) — 2T
= 2P 4 R4 P e o 22022 4 kR h2R 4 o(h)) — 2R
= PR 2 e 4 2P TPR 4 22RR T 4 2k RER 4 o(h).
Then it follows from (2.3) and (2.5) that

(Zn)/ — Zn—l .1 _|_Zn—2 . Z—|—Zn_3 X 22
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Thus, we have proved by induction that (2) = nz""! for all n =0,1,2,....

In order to proceed further, we need the following lemma.

Lemma 2.4. The following equalities and estimates are valid for |h| < 1:

(z+h)?2 =22  zh+hz

2l =T T
h3_ 3 2h h h 2
(z+h) @z +ZZ+Z+A3,
3! 3!
(z+h)t =2t 23h+ 2%hz + zh2? + h23
= +A47
4! 4!
(z4+h)® —2°  2*h+ 23hz + 22h2? + zh23 + h2t
= +A57
5! 5!
and so on, where
L.y 2
Angh Aol <|hl7, A2 =o(h);
1
Az = (zh® + hzh + h*z + h?),
2‘;’ 2 3
| A3 <§(|leh| +|h[%)
23 23 1
“hA(1 4 |R]) < = B 1
RE h2(1+ |h 2 - > 1;
37 LR+ R]) < 5y 12 || T for |z| = 1;

Ay = % <22h2 4 zhzh 4 2h22 + 2B3 + h22h + hzhz + hoh? + h222 + h2zh + b2 + h4),
24
Al < 57 (1= 02 + [ 1B + J*)
1
1 — Al

24 2 2 24 2
IR B+ [B2) < = [P for |2 <1,

1
1 —1n|

24 2 2 2 24 2 2
L2 R+ B+ RP) < S 122 P for |2 = 1;

1
45 = <z3h2 + 22hah + 22022 + 2203 4 2hah + zhahz + sheh? + 2h22% + 2h22h

+ 2032 + zh* + h23h + h2®hz + h2?h? + hzhz? + hzhzh + heh3 2+
 heh3 4+ h228 4+ R222h + h2zhe + h22h2 + h322 1 R3zh 4 Rz & h5),
25
sl < = (12 B2 + 1212 B + |2] |0} + B°) <

1
1Al

25 25
= |h|* (1 + B + A + |B]*) < o |h|? - for |z| <1,

<
1

1 —1n|

25 25
=7 2 1B (L4 [l R+ (BP) < 5 12 [Bf? - for |zl =1,
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and so on,

— Al 5 for
Al < n!

2" _
2" ?[n? -

for

Therefore

|Af? -

> A4l <

n=3 |h|2 .

and the series

converge by the ratio test (see [98]). Thus,

for any fized finite quaternion z.
Proposition 2.5. The following equality holds:

(e*) = e~

Proof. The equality
22 23
6 =1 + z + Iy —|— 5 + -

implies that, for any h € H,

2 _ 3_
Z+h_zzzh+(z+h) (z+h)

2] <1,

|z] > 1.

(2.7)

3 4
+h)t -
)

e

2! 3!

and applying Lemma 2.4 to the right-hand side of this equality, we obtain

1 1
—h+2| (zh+hz)+§(z2h+zhz+hz2)+

Therefore

Z .. )h+(1 +3,+—2+ )hz

3!
1
(3

z+h z
e 5 +

= (142

z
+ot

1
1 (z3h + 2%hz + zhz2? + hz3) +

2

§+

-+ o(h).

)hz2 +---+o(h) (2.8)
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and hence

) =14+=++—=+

21 31 4l
z 22 23
toytg Tt
22 Z3
TR T
z3
+ot
2 3
z z z
2 3
_ FLELE L
—1+1!+2!+3!+ =e". O

Proposition 2.6. The following equality holds:

(sinz) = cos z. (2.9)
Proof.
. . (z+h)3  (2+h) AR
sin(z+h) —sinz = (2 + h) — 31 + = —---—z+§—5+---
_ (z4+h)? -2 (z4+h)>—-2°
o 3! - 5! -
1 1
=h— = (Ph+ zhz + hz®) + = (z*h + 2°hz + 2°hz® + zh2® + he*) + -+ o(h).
3! 5!
Therefore,
, _ 22 24 z 23 22 2t
Sln(z+h)—smz:h—|—(—§+§)h+zh<—§+a)+h(—§+§)—|—---+o(h).
Hence
oY — 1 22 z 23 22
G =1-grgra(-grg) Fra
_ 2224 22 2
DR T R TR TR
22 2
—1—5—1—]—--:005,2. U

Similarly, we can prove the following assertion.

Proposition 2.7. The following equality holds:
(cos z) = —sin z. (2.10)

3. Calculation of H-Derivatives
The rules for calculating H-derivatives are identical to those derived in a standard calculus course.

Proposition 3.1. Let f and ¢ be two functions defined in a neighborhood of 2° € H. If both functions
f and ¢ are H-differentiable at 2°, then

(i) both cf and fc are H-differentiable at 2° for all ¢ € H and
(ef)(2°) = cf'(2),  (fo)'(z") = f'(z")

R

9
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(ii) f + ¢ is H-differentiable at z° and
(f +9) (") = /(") + ¢'(z%);
(iii) fo is H-differentiable at z° and
(f) (%) = /(")) + f(2)' (z°).

Proof. The proof of (i) is obvious.
Since f and ¢ are H-differentiable at 20, there are representations

FE"+h) = f(2°) =D AphBy + o(h),
k
0(2° + ) — (2% = Z CxhDy, + o(h).

Then
(F+o) 0 +h) = (f+0)(2°) = [f(° + h) = f(2°)] + [0(z° + h) — ©(2")]
=Y AhBig+ Y CxhDy + o(h),
k k

and hence

(f +¢)( ZAkBk+ZC’ka = ¢ (29).

This proves (ii).
Next, since

FE+h)e(2" + h) — f(2°)e(2")

= [fE2+R) = F(D)] (2" + h) + F(2°) [0(2" + h) — o(2%)]
- [Z AxhBy + o(h)] 0(2° + 1) + f(2°) [Z CyuhDy + o(h)}
k

= [Z AphBy, + o(h)} . [gp(zo) + Z CrhDy, + o(h )} + f(z [Z CyhDy + O(h)]
k

k
= (D AkhBi)p(=") + F(°) Y CkhDy + o(),
k k

it follows that
= (D" By (") 0Dk = £ + S )
k

this proves (iii). O

The following two assertions are obtained immediately.

Corollary 3.2. If fi, fa, ..., fu are H-differentiable functions at a point 2°, then their product fifo--- fn
is also H-differentiable at 2° and we have

(fif2- fa) (2%
= [0 fu(Z) + A FEDf3(°) - fu(Z0) A+ 4 f1(20) - e (D) £ (20). (31)

Corollary 3.3. If a function f is H-differentiable at a point 20, then f™ is also H-differentiable at 2°
foralln=1,2,... and we have

() = FEOTHE) + FEOFEOT2E) 4+ DR, (3-2)
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Proposition 3.4. If a function ¢ is H-differentiable at a point 2° and if o # 0 in a neighborhood of
20, then® 1/ is also H-differentiable at z° and

(3) ) =~ )

(3.3)

Proof. First, we prove that the equality
' =g - e)e (@ -e)a -6 (a - e’ (3.4)

holds for any two nonzero quaternions ¢; and g2. Indeed, since ¢; ! is the inverse of ¢; and q5 Lis the
inverse of ¢y, we obtain

G- ) (@ —e)a' —a (o - e’
=(1-q'e)e (@' —1)—('a-D6' =@ —a)lae —1) (@ as —a')
= ('aen' - —a o) (6 an - ),
as desired. Setting ¢(z° 4+ h) and ¢(z") in the equality, we obtain

1 1
AR )
~{-= s [ 4 1) = o) L [l 4 1) = )]
e(2%)  p(z0+h) (29 ©(2°)
Then we have
1 1 1 0 ou 1
— =— z+h)— ez
EE R R e Rl
1 0 0 1 0 0 1
+————|p(z" +h)—p(z p(z" +h) —p(z
@y P =] oy [ =GOl Sy
1 1 1
el [Z Ch k+o(h)} o o =~ [chh k} oy o)
Hence N 1 1 1 1
Z) (20 = — D S -0 (29) - . O
(5) =g [0 gy = —emy ¢ o
Corollary 3.5. For z # 0 we have
(™) =mz™t, om=—-1,-2,.... (3.5)
Proof. Setting n = —m and applying Propositions 2.3 and 3.4, we obtain
m\/ 1y 1 ny\/ 1 1 n—1 1 —n—1 m—1
— _ —_ —_— = — _ = — = . ‘:‘
Corollary 3.6. For an arbitrary constant ¢, we have
1\ 1
(c—z) - (c—2)?’ e (36)

Corollary 3.7. If quaternionic functions f and ¢ are H-differentiable at a point 2° and ¢ # 0 in a

neighborhood of 2°, then the functions f - — and — - f are also H-differentiable at 2° and we have
¥

L . L
p(2°) (2°) (2°)

2Recall that each nonzero quaternion g # 0 has a unique inverse inverse determined by the formula (1.17).

(F2) 0 = 1) g F0)

. (3.7)
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and

1 ,zOZ_L. '(59Y . 1 20 1 f(2°
(57) ¢ 3G o FE) + oy S, (3.8)

p(2° () p(2)
Proposition 3.8. Let a function f(z) be defined in some neighborhood of a point 2° € H and let

a function F(w) be defined in some neighborhood of the point w® = f(2"). Assume that f is H-
differentiable at 2° and F is H-differentiable at w®. If F'(w®) = 3 Ay By, then the composite Ff is
e

H-differentiable at 2° and we have

(2% = Af'(z°) By (3.9)
k

Proof. Let z be in the neighborhood of 2°. We set w = f(z). Then

F(w) — F(uw®) = ZAk(w — w®) By, + wi (w, w),
k

F(2) = (%) = Cj(z = 2°)Dj + wa(2°, 2),
J
and using these presentations, we calculate

FUE) = FUGE) = 3 AT () = FE)Br+ (), £(2)
k
_ ZAk<ZC =D, ) Bt olh) + (), )

= ZZAkC] Z — Z D]Bk + O(h) _|_w1(f(20),f(z)).
k J

But since
w1 (£ (), f()) _ Jwr(f(2), f(2))] |w —w” 0
|z — 29| |w — wO| |z — 20| 220 7
we have
(FrY") =YY A0D;B; = ZAk(Z chj>Bk =3 Af'(0)By. O
E o k J k

For the particular case F'(w) = w", using (2.5), in addition to equality (3.2) we obtain the following
assertion.

Corollary 3.9. If a function f is H-differentiable, then
" = P (3.10)
4. H-Derivative of the Quaternion Logarithm Function

A quaternion w is called the logarithm of a finite quaternion z # 0 if z = ¢%; in this case we write
w=Inz.

In order to define the H-derivative w’ = (In z)’, we first note that the H-derivative of the left-hand
side of the identity z = e!™# exits and is equal to 1 by Proposition 2.3. Applying now Proposition 3.8
to the right-hand side and taking into account (2.8), we obtain

w o w? , 1w w? '
12(1+ +o7 T )-w+( togtr T )w-w
3 3!
1w w? ro2
+<3,+4,+§+~--)-w.w +o o (4)
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Thus, the H-derivative w’ = (In z)’ satisfies Eq. (4.1).

Remark 4.1. If ww' and w'w were equal to each other, then we could write w-w', w?-w', ... instead
of w' -w,w -w?, ..., and then Eq. (4.1) would take the form
w? , w? ,ow? o wd wt ,
1= (tgtg+ ) v+ (Gt ) wH(Grpragt) v
2 3
(1+w+w—+%+ >-w’:e“’-w':elnz'(lnz)’:z'(lnz)/.

So, we can obtain the classical formula

(Inz) = -, (4.2)

1
z
which is well known in the case of a complex variable z

5. Necessary and Sufficient Conditions of Continuity or Differentiability
of Functions of Several Real Variables. Criterion of C"-Differentiability

A quaternion function f(z) = wug(2) + u1(2)i1 + u2(2)ia + us(2)iz of a quaternion variable z =
xo + w191 + x2iy + 303 is continuous or differentiable at a point 2° = a:8 + a:(l]z'l + l’gig + a:gz'g (with
respect to the set of real variables (zg,x1,22,23)) if and only if all real functions ug(z) possess this
property at the point 2. Hence the corresponding results recently obtained by the author will be
formulated only for real functions of many real variables. We need these results for our further
discussion.

A function of many variables will not have the continuity or differentiability property only because
it has the same property with respect to each independent variable.

Functions with this drawback at individual points have been known since the late 19th century, and
on the massive set since the 20th century. Namely, the following statement is valid.

Statement A (see [134, pp. 432-433]). There exists a function of two variables that is discontinuous
at almost every point of the unit square and continuous with respect to every variable at every point
of that square.

These and similar problems were studied, for example, by Z. Piotrowski (see [114]).

Here the problem consists in finding out whether there exists or not any property of a function with
respect to an independent real variable and whether the fulfillment of this property for all independent
variables will be the necessary and sufficient condition for the continuity or differentiability of the
function itself.

In formulating the main results, we use the following notation: = = (x1,...,z,), ° =

a:(:ng) = (z1,... ,:Ek_l,acg,xkﬂ, cee sy Ty).

5.1. Continuity conditions. A function f is said to be strongly partial continuous with respect
to the variable x;, at a point 20 if the equality

lim [f(x) = f(z(2}))] =0 (5.1)

x—x0

is fulfilled, and f is called separately strongly partial continuous at the point x° if f is strongly partial
continuous at z¥ with respect to every variable, i.e., Eq. (5.1) is fulfilled for all k = 1,2,...,n

Theorem 5.1 (see [37, 38] and [40, pp. 20-25]). For the continuity of the function f at the point x°,
it is necessary and sufficient that it possess separately strong partial continuity at x°.

The expression
fla) = fa(ap)) for |z; — ]| < ¢jlay, —afl, j # K,
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depending on the variables x1, ..., x,, is called an angular partial increment of the function f at the
point 2° with respect to the variable x},, corresponding to the collection ¢ = (¢1,...,Ck_1,Chi1,---,Cn)
of positive constants.

The angular partial continuity of the function f at the point z° with respect to the variable x;
means the fulfillment of the equality

lim — [f(z) = f(z(2}))] =0 (5.2)
Tp—Ty
|zj—af|<cjlap—af)]
J#k
for every collection ¢ = (¢1,...,¢Ck—1,Ckt1,--.,Cn) Of positive constants.

The function f is called separately angular partial continuous at a point z° if with respect to every
variable the function f possesses the property of angular partial continuity at the point ¥, i.e., if
Eq. (5.2) is fulfilled for all ¥ = 1,...,n and for every collection ¢ = (¢1,...,Ck—1,Ckt1,---,Cpn) Of
positive constants.

Theorem 5.2 (see [37, 38] and [40, pp. 25-27]). For the continuity of the function f at the point x°,
the necessary and sufficient condition is the separately angular partial continuity at «°.

If in the definition of angular partial continuity we set ¢; = 1 for all j # k, then we have the
nonintense angular partial continuity at the point z° of the function f with respect to the variable x}.

Theorem 5.3 (see [40, pp. 27-28]). For the continuity of the function f at the point x°, the necessary

and sufficient condition is the separately nonintense angular partial continuity of the function f at the
0

point x*.

5.2. Angular partial derivative and an angular gradient. The existence of all ordinary partial
derivatives, i.e., of ordinary gradients of the real function f at the point 2z, does not imply the
differentiability of f at the point z°. Even the function, possessing a finite gradient at the point z,
may be discontinuous at 2¥. Such are, for example, most of the functions of two variables at the point
(0,0) as indicated in Piotrowski’s work [114].

It is remarkable that this fact can be realized at all points of a set whose plane measure is arbitrarily
near to the total measure.

Statement B (see [134, Sec. 4]). For every positive number p < 1, there exists a function F defined
on the square
Q={yery0<s<1, 0<y<1}),

possessing finite partial derivatives of all orders at all points of QQ, and, simultaneously, being discon-
tinuous on a certain set E C Q of the plane measure 2.

We say that a function F' has an angular partial derivative with respect to the variable x; at the
point 2% (notation fék(aco)) if for every collection ¢ = (c1,...,¢Ck_1,Ck11,--.,Cn) Of positive n — 1
constants, there exists the independent of ¢ finite limit

f(z) — f(z(a}))

! 0y :
. (27) = lim — . (5.3)
Tp—T, T xk
|zj—aF|<cjlzy—a])]
J#k

The existence of f7 (z") implies the existence of the partial derivative f; (z°) and the fulfillment
of the equality f; (2°) = 1z, (2°). To show this, we must set in (5.3) z; = a:? for all j # k.

The existence of the angular partial derivative does not, in general, follow from the existence of the
ordinary partial derivative. If fék (20) is finite, then the function f with respect to the variable z;, has

the property of angular partial continuity at the point 2°.
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If there exist finite fé (), k = 1,...,n, then we say that the function f possesses an angular
k
gradient at the point 2° and write

anggrad f(z°) = (fél (%), ... ,fén(xo)).

Theorem 5.4 (see [37, 39] and [40, pp. 60-64]). A function f is differentiable at the point z° if and
only if anggrad f(z°) is finite. The total differential df (x°) of the differentiable at the point z° function
f admits the following representation:

df (2°) = fh (a°) day .
k=1

Theorem 5.5 (see [39] and [40, p. 65]). A function f is differentiable at the point x° if and only if
the nonintense angular partial derivative

f(x) — f(z(a}))

ngf(mo) = lim 0
zp—) Tp — X,
|zj—af|<|z)—a})|
J#k

s finite for allk =1,...,n.

Corollary 5.6 (see [39] and [40, p. 65]). The finiteness of all ngf(aco) implies the finiteness of all
fék (2°) and the fulfillment of the equalities

L (%) =D; f(2"), k=1,...,n, (5.4)
df (%) = Dy, f(2°) day. (5.5)
k=1

5.3. Strong partial derivatives and strong gradients. We say that a function f possesses the
strong partial derivative with respect to the variable zj at the point 2 (notation f{xk] (20)) if there

f@) = f(a(a)

exists a finite limit

/ 0y _ 1z
(@) = lim, P (5.6)
We say that a function f has the strong gradient at the point z° (notation strgrad f(z)) if for
every k = 1,...,n there exist finite f[’xk} (2°); in this case we write
strgrad f(2°) = (fl,,)(=°), -, [, (@) (5.7)

If there exists strgrad f(z%), then there exists anggrad f(2°), and the equalities strgrad f(z°) =
anggrad f(z") = grad f(z°) hold.
Consequently, we have the following assertion.

Theorem 5.7 (see [37, 39], and [40, p. 77]). The existence of the finite strgrad f(z°) implies the ea-
istence of the total differential df (z°) and

strgrad f(z") = anggrad f(z") = grad f(z"). (5.8)

If grad f(z) is continuous at the point 2°, then we have the equality strgrad f(z°) = grad f(2°)
(see [40, p. 75]).

Moreover, the existence of the finite strgrad f(z%) does not imply, in general, the continuity of
grad f(x) at the point 2°. However this fact can be essentially strengthened as follows.

Theorem 5.8 (see [40, p. 76]). There exists an absolutely continuous function of two variables that
has almost everywhere both a finite strong and a discontinuous gradient.
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Proposition 5.9 (see [37, 39] and [40, p. 77]). The finiteness of anggrad f(z°) or, equivalently, the
existence of df (z°) does not imply the existence of strgrad f(z°).

For example, the function A(zy,x9) = |21 - 2|*/? is differentiable at the point 20 = (0,0), but
strgrad A(z") does not exist.

The differentiability of the function \(z1,x2) = |z1 - 22/>/3 at the point z° = (0,0) is a simple
corollary of our next statement.

Proposition 5.10 (see [39] and [40, p. 66]). Assume that o, j = 1,...,n, are positive numbers.
Then the condition

ol +as 4+ +a, >1 (5.9)
is mecessary and sufficient for the everywhere continuous function

Q(@1, .. ) = o™ w2 fa | (5.10)
to be differentiable at the point z° = (0,...,0).

In particular, the function y(z1,...,2,) = |21| - - - |z,|)* is differentiable at the point z if and only
if a>1/n.

If oy +as+---+a, <1, then all nggo(xo) are denied the existence.

This result was later strengthened by G. G. Oniani who proved that the finiteness of a strong
gradient is an essentially stronger property than the differentiability.

Theorem 5.11 (see [109, 110]). For arbitrary n > 2, there exists a continuous function f :[0,1]" —
R such that the following conditions hold:

1. f is almost everywhere differentiable;
2. f is denied having almost everywhere a finite strong gradient.

The next theorem is an improvement of Theorem 5.11.

Theorem 5.12 (see [12, Theorem 4]). For arbitrary n > 2m there exists a continuous function f :
[0,1]" — R, which is almost everywhere differentiable but is everywhere denied having a finite strong
gradient.

As is known, functions of bounded variation in the Hardy or Arzela sense have the differentiability
property almost everywhere, i.e., have a finite angular gradient almost everywhere.

As to the existence of a strong gradient, the functions belonging to the Hardy and Arzela classes
behave differently.

Theorem 5.13 (see [11, 12]). Ewvery function f : [0,1]" — R of bounded variation in the Hardy sense
has a finite strong gradient almost everywhere.

Theorem 5.14 (see [12, Theorem 3]). For arbitrary n > 2, there exists a continuous function f :
[0,1]" = R of bounded variation in the Arzela sense that is denied having a finite strong gradient.

The results obtained by the author make it possible to classify functions according to the properties
of their gradients.

Theorem 5.15 (see [40, p. 80] and [43, p. 99]). The class of functions with continuous gradients at
a point 2V is strictly contained in the class of functions with finite strong gradients at the point 2°, and
the latter class of functions is strictly contained in the class of functions with finite angular gradients

at the point z°. The latter class coincides with the class of differentiable functions at z°.

Remark 5.16. The notions of angular and strong gradients were generalized by L. Bantsuri who
introduced the notion of a gradient that respect to the basis and in particular established the relationship
between the differentiability and the existence of the gradient which he himself had introduced (see [9,
10] and [43, p. 99]).
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5.4. (C"-Differentiability criterion.

Theorem 5.17 (see [41]). A function f is C"-differentiable at a point z € C™ if and only if the
condition

fo,(2) +if; (2) =0 (5.11)
or, equivalently,
D, f(z)+1iDg, f(z) =0 (5.12)
holds for all k =1,...,n, where z = (z1,...,2n) and zx = T + Yg.

This theorem implies the following classical assertion.

Hartog’s Main Theorem (see [41, p. 17]). A function f, holomorphic (analytic) with respect to
each variable in an open set G C C", is C"-holomorphic (C™-analytic) in G.

6. Necessary and Sufficient Conditions for the H-Differentiability
of Quaternion Functions

Now let us examine how the H-differentiability of a quaternion function f(z) = ug(2) + u1(2)i1 +
uz(z)ia + us(2)is of a quaternion variable z = x¢ 4 w141 + x2is + x3i3 is related to the existence of a
differential df (z) (with respect to real variables xq, x1, z2, and x3).

Since partial angular derivatives are derivatives with respect to real variables (see Eq. (5.3)), the
conditions of differentiability for real, complex, and quaternion functions are written in one and the
same form.

It then follows that for the differentiability of a quaternion function f at a point z = xg+x1i1+x2i2+
x313, the necessary and sufficient condition is the existence of the finite partial angular derivatives

7 = (w0)g, +i1(u)zy +ia(w2)s, +is(us)z,, k=0,1,2,3.
Moreover, if f is differentiable at z, the following equalities hold for its differential df(z):

df (2) = f4,(2) dwo + f5,(2) dxy + f5,(2) dwg + f5,(2) das,

df (z) = dug(2) + i1 duy(2) + ig dug(z) + i3 dus(2). (6-1)

Theorem 6.1 (see [44]). If a quaternion function f is H-differentiable at a point z = xg + 141 +

Toly + w3is, then f is differentiable at the same point z and its partial angular derivatives féo(z),

f3,(2), 13,(2), and f3 (z) can be expressed in terms of the H-derivative f'(z) = 37 Ak(2)By(z2) as
k

follows:

(2) = S ADB) = 1), (6.2)
8(2) = DA, (6.3)
(2) = S A Bul2), (6.4)
() = 2 AisBi(2) (6.5)

Moreover, we have

df(z) =Y Ap(2)dz Bi(2). (6.6)
k
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Proof. Since dz = dxg + i1dzy + iadwg + isdrs and there exists the H-derivative f’(z), the increment
f(z+dz) — f(2) can be represented as in Eq. (2.1). Thus we have

flxo + dxo,x1 + dz1, 22 + dxo, 3 + d23) — f(20, 21, T2, T3)

= dwo Y Ar(2)Bi(2) + d1 Yy Ap(2)i1 Bu(2)
k k

+ dxg Z Ak(Z)igBk(Z) + dIL’g Z Ak(z)igBk(Z) + o(dz).
k k

It follows that f is differentiable at the point z and the following equality holds:

df(z) = dwg > Ap(2)Bi(2) + day Y Ap(2)i1 Bi(2)
k

k

+dg Y Ap(2)iaBi(z) + dzs Y Ap(2)isBi(2). (6.7)
k k

Thus, Eq. (6.6) is fulfilled. Now, by virtue of Eq. (6.1), we obtain Eq. (6.2)—(6.5) from (6.7). O

Remark 6.2. Fquality (6.7) can be interpreted as follows. As in the classical case, the differential
df (z) of the H-differentiable function f is linear with respect to the differential dz of the independent
variable z.

Theorem 6.3. If a quaternion function f is differentiable at a point z and its partial angular deriva-
tives fz (2), f3,(2), f3,(2) and f (2) can be expressed in the forms (6.2)—~(6.5) for some quaternions
Ag(z) and By(z), then f is H-differentiable at the point z and

f'(z) =Y Ap(2)Bi(2). (6.8)
k

Proof. By the differentiability of f at z, we have
f(z+dz) — f(z) = df (z) + o(dz),
which, when compared with (6.1), yields
fz+dz) — f(z) = éo(z) dxo + f;f;l(z) dxy + féz(z) dzxo + f;}s(z) dzs + o(dz).

Now multiplying both sides of Egs. (6.2)—(6.5) by the real numbers dxg, dz1, dzo, and dxs, respectively,
and adding the resulting equalities, we obtain

flz+dz) = f(2) = Ag(2)dzBy(2) + o(d2),
k

which means that the H-derivative f/(z) exists and Eq. (6.8) holds. O

Combining Theorems 6.1 and 6.3, we obtain the following assertion.

Theorem 6.4. The existence of the differential df (z) of a quaternion function f and its representation
in the form

df (z) =) Ag(2)dzBy(2) (6.9)
k
are equivalent to the existence of the derivative f'(z) and its representation in the form

f'(z) =Y Ap(2)Bi(2), (6.10)
k

where z = xg + 111 + Toio + x3i3 and dz = dxg + i1dxy + iadxg + izdxs.
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Proof. Since the existence of the differential df(z) is equivalent to the existence of partial angular
derivatives fi (2) and its representability as in Eq. (6.1), one concludes from (6.9) that

= Ap(2)imBr(2), do=1, m=0,1,2,3,

and
f(z4dz) — ZAk )dzBy(z) + w(z,dz), (6.11)
where
. |w(z, dz)|
1 —0. 12
4230 |dz| 0 (6.12)

Now (6.10) follows immediately from (6.11) and (6.12).
Conversely, if f/(z) exists and (6.10) holds, then Eqgs. (6.11) and (6.12) also hold, from which we
conclude that df (z) exists and Eq. (6.9) is fulfilled. O

Corollary 6.5 (see [44]). When xo = 0 = x3 and ug = 0 = us, one has a complex function f(z) =
u(z) + iv(z) of a complex variable z = x + iy. In this case, Eq. (6.9) has the form
df (z) = ¢(z) dz = c(2) dx + ic(z)dy,

where c(z) = > Ax(2)Bg(2), from which we obtain the equalities
k

fa(z) = clz),  [fi(z) =ic(2).
Thus we have

fi(2) +ify(z) = 0. (6.13)

Note that Eq. (6.13) is a necessary and sufficient condition for the complex function f to be C!-
differentiable at the point z (see [1, pp. 85 and 65] and [41, p. 15] when n = 1). Moreover, we obtain
the well known equalities

f'(2) = fi(2),  f'(z) = —ifj(2)

for the derivative f’(z).
Corollary 6.6 (see [44]). For the quaternion z = xg + w141 + x2ie + 2313, we have

dz" =2""Vde + 2" %dz 24+ 2"3de - 22 4 zdz - 2V 4 dr - 2V
foralln=0,1,2,....
Proof. According to Eq. (6.2) we have

(") =2 4R A b2 R 2 = (6.14)
for all n =0,1,2,.... Combining this with (6.6) gives the desired result. O

Corollary 6.7 (see [44]). For the partial derivatives of the functions fn(z) = 2", n=0,1,2,..., with
respect to real variables xp, k =0,1,2,3, we have

(2", = 2" i 2" i a2y 2T g 2T (6.15)

Proof. Tt suffices to apply (6.2)—(6.5) to (6.14) and take into account that the existence of partial
angular derivatives implies that partial derivatives with respect to one and the same variable exist
and are equal to one another. O
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7. (C?-Differentiability of Quaternion Functions
and Their Representation by Integrals and Series

Introduce the complex variables z; = xg 4+ z1%1 and zo = x9 4+ x3i1; then the quaternion z can be
written in the form

z =21+ 2919 (71)
or, briefly, z = (21,2). Hence the four-dimensional real Euclidean space R* is identified with the
two-dimensional complex space C? having points z = (21, 22).

The conjugate quaternion zZ = xg—x141 —T2io —x3i3 has the form Z = Z1 — 2919, where z1 = zg—x141.
We also have the equality

2919 = 1222. (72)

Therefore, z1 + 29t = Z1 — i9Z2. The equality z = 0 is equivalent to two equalities z; = 0 and zo = 0.
The product zw of two quaternions z = z1 + 29t and w = w; + wais is defined by the formula
2w = (21w — Waz2) + (waz1 + 2911 )io

(see [80, p. 37]). In particular, for the complex variables z; and z2 we have

z129 = 2971, 21 €CL, 25 eChL (7.3)
The set of all points z = (21, z2) € C? with the property
Iz = 2°| < &,
where
2l = llzall + llz2ll,  Nlzall = lwol + |@a],  [[z2ll = [w2] + |xs],

is called the d-neighborhood of a point 2% = (29, 29) € C2%; we denote it by U(z°,6). We also denote
by the symbol U(z") the neighborhood of a point z° in general.
Similarly to Eq. (7.1), the function u = f(z) takes the form

f=fi+ faia, (7.4)

where

J1(z1, 22) = uo(21, 22) + t1u1 (21, 22),
fa(z1, 22) = ua(21, 22) + f1us(21, 22).
It can be easily verified that the existence of an angular partial derivative 0f/0%) of a quaternion

function f with respect to a variable xj, is equivalent to the concurrent existence of the angular partial
derivatives 0 f1 /07y and 0fa/07) of the complex functions f; and fy with respect to the same xy, and

the equality
of 0f  Ofs .
< = == < 12, k:0717273, 7.5
8xk 8mk + 8xk "2 ( )
holds, where
Oh _Ouo ,, Om
T T
Ofs  Oug . Ous
< = 5= T 7=
8:L‘k 8:L‘k ! 8:L‘k
Moreover, the differentiability of a quaternion function f at a point z is equivalent to the differen-
tiability of the complex functions fi; and f5 at z, and we have the equality

df () = df1(2) + dfa(2)iz, (7.8)

(7.6)

(7.7)

where

df1(z) = dup(z) + i1dui(z), dfa(z) = dua(z) + i1dus(z). (7.9)



7.1. C?-Differentiability of quaternion functions.

Definition 7.1 (see [45]). A quaternion function f(z) = fi1(z) + fa(2)ie, 2 = (21,22) = 21 + 2919, is
said to be C2-differentiable at a point 2° = (29, 29) = 20 + 294y if there exist quaternions dy + djiz and

dy + dbia, such that the equality

P2 = Flz0) = 35 (o — ) (o + i)
lim =1 =0 (7.10)

z—20 ”Z — ZOH

18 fulfilled. In this case, we the sum
2
Z 2 — 29)(dy + dyiz) (7.11)
k=1

is called the C2-differential of the quaternion function f at the point 2°.

Theorem 7.2 (see [45]). A quaternion function f(z) = f1(2) + fa(2)iz is C2-differentiable at a point
O if and only if one of the following three conditions holds:
(i) the complex functions fi(z) and f2(2) are C*-differentiable at the point 2°;
(ii) the equalities

of of

axo( )+ i1 1( 0) =0, (7.12)
8f af
hold,
(iii) the equality
0 0

df (2°) = dz 851 (2) + dz 8,52 (29) (7.14)

holds, where
of _oh  Of, Of _0h  0f, (7.15)

< = 5= <1 (31
8Z1 621 621 b 622 8Z2 8Z2
and for the complex function g(z1,z2) of two complex variables z1 and zy the formal angular

partial derivatives 0g/0z1 and 0g/0zy with respect to z1 and zo are defined by the equality
99 dg . 9y 99 _1,0g . 9y

S — , o= (== - ). 7.16

0z1 (8330 83:1) 079 <8m2 “ 8x3> ( )

(see [41]).

Proof. (i) Equality (7.10) is equivalent to the fulfillment of the following two equalities:

() — A1) — 3 deen— =)

I A=l = 1

L2 =2 : T
fa(2) = fa(2°) = Zd'(k—zk)

Jim, Iz — ZOH =0 (7.18)

which are equivalent to the C2-differentiability of the complex functions fi(z) and fa(z), respectively,
at the point 20 (see [41, Eq. (3.2)]).

(i) According to the statement (i), the C2-differentiability of a quaternion function f = fi + faio
at a point 20 is equivalent to the C2-differentiability of the complex functions f; and fo. On the other
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hand, the C2-differentiability of the complex function f; at the point 2 is equivalent to the fulfillment
of the equalities (see [41, Eq. (3.1) or Theorem 5.10])

df1 df1 df1 df1

8%0( )+ 181(2)20, 81’2( )—|- 183( )IO. (7.19)
Similarly, for the complex function fs we have

Of2 df2 Of2 Ofs

8$()+161()—0 83:()+183( %) =o. (7.20)

If we premultiply Eqgs. (7.20) by i2 and add the resulting equalities with Eqgs. (7.19), then we obtain
Egs. (7.12) and (7.13).

(iii) Again, by virtue of the statement (i), the C2-differentiability of the quaternion function f is
equivalent to the C2-differentiability of the complex functions f; and fo. But the complex function f;
is C2-differentiable at a point 20 if and only if the following equality holds:

2
df1(2°) = % (2°) dz (7.21)
=1k

(see [41, Eq. (3.7)]).
Similarly, the complex function fo is C2-differentiable at a point z° if and only if the equality

dfs(z Z 8f 2 (2%) dz (7.22)
is valid.
Using (7.3) we can rewrite Eqs. (7.21) and (7.22) as follows:
of1 of1 0fs df2
— = . 2
dfi = d18 +d282 dfs = dz; a + dzo 822 (7 3)

Hence we obtain the equality

Ay + dfyin = dzy QLT F20) ) OUH A fola)
821 82'2

from which by virtue of (7.8) we obtain Eq. (7.14). O

Remark 7.3. The equivalence of the C?-differentiability of a quaternion function f = fi + faia to
the concurrent C2-differentiability of its complex components fi and fa (see the statement (i) of The-
orem 7.2) has no analogs for the C!-differentiability in a domain. That fact follows from the fact that
a Cl-differentiable real function in a domain is necessarily constant in this domain.

Theorem 7.4. The C2-differential of a quaternion function f is equal to the differential of this func-
tion.

Proof. For the coefficients dj, and dj; that are involved in Eqgs. (7.17) and (7.18), the following equalities
hold (see [123, p. 31]):
o

! 0
Eyn (%), k—a—zk(?«’ )-
But for a C2-differentiable complex function, the partial derivative with respect to the variable z is
equal to its angular partial derivative with respect to the same zj (see [41, Eq. (2.1)]). Therefore, the
C2-differential of the function f = f; + fais defined by Eq. (7.11) at the point 2" is written as

2 of
;dzk 95, (29).

By virtue of Eq. (7.14), the last expression is equal to df(z°). O

di =
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7.2. (C?-Holomorphy of quaternion functions.

Definition 7.5 (see [45]). A quaternion function f(z) = f1(2) + fo(2)ia is said to be C2-holomorphic
at a point 2° or in a domain D C C? if f is C2-differentiable in the neighborhood of 20 or at every
point of the domain D.

Proposition 7.6. A quaternion function f(z) is C2-holomorphic at a point 2° or in a domain D C C?
if and only if one of the conditions (i)—(iii) of Theorem 7.2 holds in a neighborhood of 2° or at every
point of the domain D.

In particular, we have the following assertion.

Proposition 7.7. The C2-holomorphy at a point or in a domain of a quaternion function f(z) =
f1(2) + f2(2)iz is equivalent to the concurrent C%-holomorphy at the same point or in the same domain
of the complex functions f1(z) and fa(2).

7.3. Integral representations of C2-holomorphic quaternion functions.

Theorem 7.8 (see [45]). Let a quaternion function f(z) = f1(2) + fa(2)iz be C2-holomorphic in a
domain D C C2, which is the Cartesian product of simply connected domains D1 C C' and Dy C CL.
Then at any point z = (21, 22) the representatz’on

d
flo1,20) = = / / ¢ dtl L2 f(ty,t2) (7.24)

— z1)(t2 — 22)

18 fulfilled, where I'y and I'y are any closed paths i D1 and Do, respectively, which envelop the points
z1 and z9.

Proof. By Proposition 7.7, we have the following equalities (see [123, p. 28]):
(t1,t2)
fl(Zl,Zg 47‘1’2 // fl 1 2 dtl dtg, (725)

tl —Z1 t2 —Zg)

'y I'y
Ja(t1,t2)
dty dts. 7.26
fal,22) = // i (7.26)
'y I'y

By virtue of Eq. (7.3) we can write

fi(ti,te) dty dte = dty dts fi(t1,t2),  fa(ta,t2) dty dty = dty dity fa(ta,ta).
Hence, from Egs. (7.25) and (7.26) we obtain the equality
. 1 dty dto .
filer, 2) + falz1, 22)i2 = =5 / =) =2 [f1(t1,t2) + falta, ta)in],
o0y
which is equivalent to Eq. (7.24). O

Theorem 7.9 (see [45)). If a quaternion function f(z1,22) = f1(21, 22)+ f2(21, 22)i2 is C2-holomorphic
in the Cartesian product D1 x Dy of simply connected domains D1 C C' and Dy C Cl, then its partial
derivatives fL, and f;z are also C2-holomorphic quaternion functions in Dy x Dy C C2.

Proof. According to Proposition 7.7, the C2-holomorphy of a quaternion function f implies the C2-
holomorphy of the complex functions f; and fo defined by Egs. (7.25) and (7.26). Therefore, their
partial derivatives

oA A dp

62'1 ’ (92'2 ’ 821 ’ 822
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are C2-holomorphic complex functions in Dy x Dy. Thus, Eqs. (7.19) and (7.20), which hold for the
functions f1 and fs, are also valid for the partial derivatives

dh A
8Z1 ’ 822 ’ 821 ’ 822 '
Hence it follows that, as was shown in the proof of Theorem 7.2, these partial derivatives satisfy

Egs. (7.12) and (7.13), i.e., are C?-holomorphic quaternion functions by virtue of the statement (ii) of
Theorem 7.2. O

7.4. Representation of C2-holomorhic functions by power series.

Theorem 7.10 (see [45]). Let a quaternion function f(z) = f1(z) + f2(2)ia be C2-holomorphic in a
domain D C C?, which is the Cartesian product of simply connected domains D1 C C' and Dy C CL.
Then at any point z = (21,22) € D from the neighborhood of 2° = (29, 28) € D the representation of

f by the power series
[e.e]

flzr,m) = ) (21— 2))™ (22 — 29)"Cmn (7.27)

m,n=0
18 fulfilled, where the quaternion coeﬁ?cients Ccmn Of the function f are defined by the equalities

dty dtsy
mn — , , 2
‘ ~4r? // (t; — 20)mHL(ty — 2Q)nt1 F(t1,t2) (7.28)

'y 'y

am+nf(zl72,2)) )
zl—zl'

92102 (7.29)

m!nlc,, = (

zzzzg

Proof. By Proposition 7.7, the complex functions f; and f, are C?-holomorphic or, equivalently,
CZ-analytic in the domain D. Hence we have the equalities
[o.¢]
fi(z1,22) = Z Yemn(z1 — 2™ (20 — 29)", (7.30)
m,n=0
[o¢]

falzr,z2) = D Pemn(zr — )" (22 — )", (7.31)

m,n=0

where the complex coefficients of the functions fi and f; are given by the formulas (see [123, p. 49])

fi(ti,t2)
s / / g dh (7.32)
fa(ti,t2)
e // (tp — 2D)mT1L(ty — 2Q)ntl dt dt- (7.33)
I'y T’

Using (7.3) and the equality fi + faia = f, from (7.30)—(7.31) and (7.32)—(7.33) we obtain respec-
tively Eqgs. (7.27) and (7.28).
As to Eq. (7.29), it is obtained from the well-known formulas (see [123, p. 31])

O™ f1(t1, b
m!n!lcmn = <#)t1 =20

m n
min?c _<—8m+”f2(t1,t2))
T =\ T aepory =
2=29
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taking into account the equalities

4 _of Of, df _0fi  Of,

- Gz, W9 92, O
dZ1 821 8Z1 2 dZQ 8Z2 8Z2 2
8. Properties of Right- and Left-Regular Functions of Two Complex Variables
8.1.  As was mentioned above, a differentiable (with respect to a set of real variables (zg, 1,2, x3))

quaternion function f(z), where z = x¢ + x1i1 + z2i2 + 313, is right-regular (see (1.24)) in a domain
G C H if it satisfies the condition _
o f

=0
0z
and is left-regular (see (1.25)) in G if it satisfies the condition
of
et 2 A—
0z

But we know (see Sec. 5) that the differentiability of f is equivalent to the existence of its angular

partial derivatives
af af af of
8%\0 (Z)7 aal (Z)7 822 (Z)7 8%\3 (Z)J z 6 G

Therefore, a quaternion function f(z) is right-regular in a domain G C H if and only if it satisfies in
G the condition

O f
=0 8.1
5 (8.1)
and left-regular if and only if it satisfies in G the condition
of
— =20 8.2
8/2\ ) ( )
where we assume that
0y 0 0 0 0
A~ — a~_ — — — 5 8.3
0z  0xg + 0Ty 1+ 0o 2+ 073 ' (8.3)
0, 0 .0 R, .0
J2_ 7 — — . 8.4
02 " 03 om P om, ! Pom 54

Now we can write the operators d,/0% and 0;/0Z using the function f; and fo, where fi(z1, 22) +
fa(z1,22)i2 = f(z1,22) and 21 = xg + 9121, 22 = T2 + i123. Equality (8.3) takes the form

onf _Of ani . <3f1 ofa . )i1+ (afl of2 . ) N (3f1 ofa . )Z.3

92 oz 0z \om 03, 93, 0w, )" T oz, T am
LOh L Oh, Oh . Oh.  0f. Oh . Oh 0.

%o | 0z1 L 07y © 01y 0 0z © 0% 0 0%y | Oy
_0fi | Ofr. oft | Of1 . \. 0fx  0fr . \. 0fs  0fs .
5 Tom T (a@ * 9% in)ia + (afo 07, in)iz (8352 075 ).

Taking into consideration the equalities Z1 = xg —i122 and Zo = x9 — 123 and introducing the notation
ofi  0Of1 ofpr 0ft  0h of
— = =2—=, —+ =1 =2-=,
0zg 0z ' oz 032 033 | 0%
o _Oh, _ 0k 0k 0f. _,0f
9z 0z ' T0z 01a 0m3 1 0%

we have

071 0%y

0Zo 0z

O, f _2[8f1 Oft . | Ofs . afz] :2[(8f1 8f2> + <8f1 +%)ig].

— =2|—= t+ =12+ <12 — <
0z

8.5
0z1 0z 0z, 0% (8.5)
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Therefore, Eq. (8.1) is equivalent to the system of equalities (see Sec. 7)
Oh _0f 0A _ 0
6/5\1 8%\2 ’ 8%2 8%\l .
Proposition 8.1. If the second component fao(z1,22) of a quaternion function f(z1,22) = fi(z1,22) +

fa(z1,22)i2 is a complex function equal to zero in a domain G C H, then the right-reqularity of the
complex function f(z1,22) = fi1(21, 22) is the property of its C2-differentiability in G.

(3.6)

Proof. Since fo(z1,29) = 0 for all (21, 22) € G, the system (8.6) implies that the system

0 0

4 =0, i =0 (8.7)

071 0%Z9
is fulfilled in G. But the complex function fi(z1,22) is C2-differentiable in G if and only if the
conditions (8.7) are fulfilled (see [41]). O
Corollary 8.2. The fulfillment of the conditions

o grf 1
fa(z1,22) =0, 55 =0 (8.8)

i G implies the fulfillment of either of the following two conditions:
(1) the function fi(z1,22) is C2-differentiable in G (see [41]);
(2) the equality
of of
dfi = =d —d .
If1 a5, P11 55, 1 (8.9)
is fulfilled in G (see [41]).

Furthermore, the system (8.6) implies the following assertions.

Proposition 8.3. If the complex functions fi(z1,22) and fy(21,22) are C2-holomorphic in G with
respect to (z1,22), then the quaternion function f = fi + foio is right-reqular in G.

Proposition 8.4. If a quaternion function f(z1,22) :jl(zl,zg) + fa(z1, 22)io is right-regular in the
domain G, then the complex functions fi(z1,22) and fo(z1,20) simultaneously are or are not C2-
holomorphic in G with respect to (21, z2).

8.2.  The assertions given below clearly show that the properties of right- and left-regular functions
are, generally speaking, different.
For the operator 0;f/0%z we have
of (3f1 Ofs > . <afl Ofs ) . (3f1 Ofs > . <afl 0o >
oz 0w ) T\ am "o, 2 T\ as, T am, ) T\ as; T o

_ (9 . 3f1> ( oft . 3f1> (3f2. : 8f2.) . Ofs . . Ofa .

= (8550 + 11 97, + (22 07y + 13 974 + 970 129 + 11 971 19 ) + 12 55, 29 + 13 974 9.
If we perform the substitution

0z

i, Uiy (PR O, (O
3 201, 8/.%\0 2 2 8/.%\0 ) 1821 201 821

and take into account the fact that the conjugate to the derivative with respect to a real variable of
a complex function is equal to the derivative of its conjugate function, then we obtain

glf_(afl .3f1)+.<%_.3f1)+.<3?2 3_?2)_1_( dfs 8_72)

=< — | 5= T U < 2| =< 1 < 12
0z 0Ty 0Ty 079 073

:2[<%_8_72) +2-2<%+‘9_72)]

071 0z9 0%y 0z,

— 11 5=
61‘0 61‘1

— 11 5=
81‘2 81‘3
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(note that at the end of the procedure we have used the equality tito = tot;, t; € C, ty € C). Thus,
the equality 0;f/0z = 0 is equivalent to the system

9z1 0z, 0% 0z

This system gives rise to the following assertions.

(8.10)

Proposition 8.5. If a quaternion function f = f1 + faoio is left-reqular in the domain G and the
complex function fi is C2-holomorphic with respect to (21,%2), then this complex function fy is C2-
holomorphic with respect to (z1,%2).

Proposition 8.6. If complex functions fi and fo are C2-holomorphic in G with respect to (z1,%2),
then the quaternion function f = fi1 + fois is left-reqular in G.

Proposition 8.7. If a quaternion function f = fi1 + fais is left-reqular in the domain G, then the
complex functions f1 and fy simultaneously are or are not C2-holomorphic in G with respect to (z1,%2).

9. On Harmonic and Regular Functions

9.1. We already know (see Sec. 1) that if a quaternion function f(z) of a quaternion variable
z = xg+ X191 + Tole + x3ig is right- or left-regular in a domain G C H, then it is a harmonic function
in this domain G, i.e., a function f is a solution in G of the Laplace equation
Af =0, (9.1)

where the Laplace operator A is defined by the equality
82 82 82 82
st taigt oy
ox3 Oz 023 Ol

Since (9.2) contains partial derivatives with respect to the real variables xg, 1, z2, and x3, Eq. (9.1)
is equivalent to the following system of equalities in G:

Aug(z) =0, Auyi(z) =0, Auy(z) =0, Auz(z)=0, (9.3)

A= (9.2)

where
f(2) = uo(2) +ui(2)in + ua(2)ia + us(2)is, 2z = xo+ 101 + 2iz + w3i3. (9.4)
Therefore, if the quaternion function (9.4) is right- or left-regular in a domain G C H, then its

components (i.e., the real functions ug(z), u1(2), u2(2), and ug(z)) are harmonic functions in G.
The following assertion is easy to verify.

Proposition 9.1. If a real function u(z) is harmonic in a domain G C H, then the function
Fo ou ou | ou . ou

= amo aml 11 — a—m2 19 — 8—x3 13 (95)

is reqular in G.

The following assertion is remarkable.

Theorem 9.2 (see [54]). If a real function ug(z
then there exist harmonic in G real functions uq(

f(2) =uo(z) + ui(2)ip + ua(2)ia + usg(2)is (9.6)

) is harmonic in a simply connected domain G C H,
z), uz(2z) and us(z) such that the quaternion function

is reqular in G.

As we already know (see Sec. 1), the power functions 1, (z) = 2" are not harmonic functions, but
the functions Az™ are such. Namely, the following assertion is valid.

Theorem 9.3 (see [54]). Functions Az", n=0,1,2,..., are reqular and, therefore, harmonic in any
finite domain G C H.
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9.2.  If a quaternion function f(z) is different from zero in a domain G C H, then the equality

% f=1 9.7)
is fulfilled in GG. Hence, using the equality
(0 VD)o, =y Y+ 0 Ui, (9-8)
we have N )
(7). F+5 fu=0
(%);k-fik—i—%'ﬂck i = 0.
Therefore,

i(%);k frint = (fok Zk): : (9.9)
k=0

Proposition 9.4. The right reqularity of a quaternion function f that differs from zero in a domain
G C H is equivalent to the fulfillment of the equality

31w
Z (?) Feig=0 (9.10)
k=0 Tk
n G.
Similarly, when f(z) # 0, z € G, from the equality f % we have
, 1 1N
fo 5 +5(3), =0 (9.11)

(szka)._Jrizkf(%);k —0. (9.12)
k=0

Proposition 9.5. The left regularity of a quaternion function f that differs from zero in a domain
G is equivalent to the fulfillment of the equality

3
1\’
S i f- (?) =0 (9.13)
k=0 ok
in G.
9.3. From Eq. (9.9) we obtain

(P G, e (G, o o

ie.,
(%)Zwk K 2(})/ ka + f kawk -
Therefore,
3 B 3 /

[ZG)I ]'f+2Z( ) ka+fZ ey =0 (9.14)

k=0 hk k=0
In addition, we have

(%);k = _% o % (9.15)
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Now Eq. (9.14) takes the form
3 3 3
1N\ 2 1 1
[Z<?) } .f_?ngfck.?.fék+?Zf;’kwk:0, (9.16)
k=0 Rk k=0 k=0
Furthermore, Eq. (9.11) implies

P g+ 8 (5), 20 (5), +1-(5)) =0,

> T 1 v ) ikwk (9.17)
k=0 f k=0 f Tk k—0 f TETk

Equalities (9.14), (9.16), and (9.17) give rise to the following assertion.

Theorem 9.6. If a quaternion function f differs from zero in a domain G C H and both its inverse
function f~1 and f itself are harmonic in G, then the equalities

3. 1\
Z (?)xk fL=0, (9.18)

k=0
> 1
k=0
3
r(Ly
o= =0 (9.20)
are fulfilled in G.
9.4.  One can easily prove the following equalities:
3
Az f(2) =2 in- fo, + 2 A(f), (9.21)
k=0
3
A(f(z)-2) =2>  fr, ik +A(f) - 2. (9.22)
k=0

From Eq. (9.21) we obtain the following two assertions.

Proposition 9.7. If a quaternion function f(z) defined in a domain G C H is left-regular in G, then
the function z - f(z) is harmonic in G.

Proposition 9.8. If quaternion functions f(z) and z- f(z) defined in a domain G C H are harmonic
in G, then the function f(z) is left-reqular in the domain G.

Similarly, from Eq. (9.22) we also obtain two assertions.

Proposition 9.9. If a quaternion function f(z) defined in a domain G C H is right-reqular in G,
then the function f(z) -z is harmonic in G.

Proposition 9.10. If quaternion functions f(z) and f(z)-z defined in a domain G C H are harmonic
in G, then the function f(z) is right-reqular in the domain G.

Therefore, the function 5 (z) = 22 is not harmonic since the function v;(z) = z does not belong to
the union F*(G) U F~(G) (see Sec. 1).

Remark 9.11. Propositions 9.8 and 9.10 generalize to the case of quaternion functions the well-
known assertion from the theory of of complex functions of one complex variable z = x + iy given by
the equality

A(zh(2)) = 2(hl, + zh;) + zA(h). (9.23)
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9.5.  For a quaternion function f given in a domain G C H we consider the function ¢ = f2 = f- f.
Then we have the relations

3

A=A - f+F-AF)+2) (f)% (9.24)

k=0

and

from which we obtain the following assertion.

Proposition 9.12. If quaternion functions f and f? defined in a domain G C H are harmonic in G,

then the equality
3

> ()2 =0 (9.25)
k=0
18 fulfilled in G, i.e., the sum of squares of partial derivatives of the function f is equal to zero.

Remark 9.13. From the theory of complex functions of one complex variable z = x + iy we know
that the fulfillment of the equality (f.)% + (le/)Q = 0 in the domain D implies that either of the two

functions f and f is holomorphic in D.
9.6. If f(2) = up(2) + ui(2)i1 + ua(2)iz + us(2)is, then
F2(2) = =1F ()P + 2u0(2)f (2). (9-26)
Indeed,
2= (ug —u? —ul — ug) + 2upu1tt + 2ugusis + 2ugusis

= (u§ — ui — u3 — u3) + 2ug(u1is + uais + uszis)

= (ug —ui = uz — uz) +2uo(f — uo) = —(ug + i +uj +u3) + 2uof = —|fI* + 2uof.
9.7.  Equalities (9.21) and (9.22) imply the following theorem.

Theorem 9.14. A function f is Fueter-reqular if and only if the functions f(z), f(z)-z, and z- f(z)
are harmonic.

10. Integral Properties of Regular Functions
The following integral properties of right- and left-regular functions were established by Fueter.

Theorem 10.1 (see [54]). Let quaternion functions f(z) and (z) be respectively right- and left-
reqular in a domain G C H. If G is a closed and smooth surface in G that bounds a simply connected
domain, then the following equalities are fulfilled:

[ raz o, (10.1)
/ﬂzwg)zo, (10.2)

[ 1@z =0 (10.3)

where
dZ = (cos ap + i1 cos a1 + 19 cOS ag + i3 cos az) ds

and o, is the angle formed by the positively directed Ox,,-axis and the outward normal drawn at a
point z € o and ds is a surface element of the corresponding unit sphere in H.
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Theorem 10.2 (see [54]). Let a quaternion function f(z) be right-reqular in a domain G C H. Then
at every point 2° € G the equality

1
0y _ 0y—1
1) =55 /f(z) dzZ A(z — 2°) (10.4)
is fulfilled for any closed and smooth surface o which is homothetic to the point 2°.

11. Quaternions and Vector Algebra

The discovery of quaternions motivated various studies in mathematics and physics. Owing to
quaternions, a fruitful trend appeared in mathematics, namely, vector algebra. Below we give a brief
account of the relationship between the product of two vector quaternions and the scalar and vector
products of two respective vectors from a three-dimensional vector space (see [80]).

Every quaternion z = xg + x141 + X2l + x3i3 is the formal sum of a real number ¢ and a vector
x111 + x2i2 + x3i3 (in a three-dimensional space we have the Cartesian coordinate systems and iy,
i2, and 73 are unit vectors starting from the origin and directed along the coordinate axes) which is
directed from the origin to the point (z1,z2,x3). Recall that it was Hamilton who used the term
vector for the first time in 1845 (see [116, p. 276]).

The number xq is called the scalar (or real) part, while the expression z1i1 + xois + x3is3 is called
the vector (or imaginary) part of the quaternion z.

Let us consider two vector quaternions

2= aliy + ahio + ahis, 27 = aliy + alis + 2his. (11.1)
From the rule of multiplication of quaternions we obtain the equality
22 = —(aha + hal) + ahel) + (e — hellis + (ahal — 2halin + (o] — ahal)is  (112)
Hence it is clear that the scalar part with the minus sign of the product 2’2" is the scalar product of
the vectors 2’ = (2, x5, 25) and 2" = (2f, 24, «%), which is denoted by (2/,2") , i.e.,

(2, 2") = 22 + 2hal + xhak. (11.3)

The vector part of the product 2’2" is the vector product of the vectors 2’ and z”, which is denoted
by [/, 2"]. Thus,

(2, 2] = (ahaly — alyay)in + (aha] — ahah)ia + (ahay — et is. (11.4)
Therefore, for the product of the vector quaternions 2’ and 2” we have the equality
22 = () + [, 2. (11.5)

Thus, the scalar and vector products of three-dimensional vectors are parts of the product of the
corresponding two vector quaternions. This shows the importance of quaternions especially in view
of the fact that the operations of scalar and vector multiplication underlie such an important area of
mathematics as vector algebra, having various applications both in mathematics and in physics.

Here we draw attention to the following fact. Given the right-hand side of Eq. (11.3) and anyone
of the vectors from its left-hand side (say z”), there exists an infinite set of vectors 2’ that satisfy
Eq. (11.3).

Similarly, given the right-hand side of Eq. (11.4) and a vector 2", there exists an infinite set of
vectors 2’ that satisfy Eq. (11.4).

Along with this, Eq. (11.5) shows that for its given right part and given z”, the unknown vector 2’
is the right quotient obtained by dividing [2/, 2] — (2/, 2”) by 2”, which is equal to

, 1

= o ()T (116
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Finally, it should be said that any rotation of a three-dimensional space about the origin can be
given by means of some quaternion ) with norm 1. The rotation corresponding to () transforms
the vector 2/ = (), ), 2%) to the vector Q2'Q! (see [34]). Here Q! denotes as usual the inverse
quaternion to @, i.e., such that QQ~! = 1.

Various applications of quaternions will be discussed in the concluding section of this work.

12. Information on Other Properties of Quaternions

We will use the notation 2’ = w141 + x9is + w3i3 for the vector part of the quaternion z = g +
T111 + X919 + T3i3.

1°. The equality

(2")? = -2 (12.1)
is valid. Indeed, 2’2/ = 2/(—2') = —(2)2.
20, For the quaternions
21 = To + X101 + Tole + X303, 22 = Yo + Y101 + Y2i2 + y3is (12.2)
the inequality
|21 + 22| <21 + [22] (12.3)

holds.
Proof. We have the relations

|Z1 + Z2|2 = (21 + ZQ)(Zl + 22) = (21 + Zg)(zl —1—52)

_ _ _ _ 2 ) _ _
= 2121 + 21%2 + 2221 + 2222 = |21]7 + |22]° + 21Z2 + 2271.

But
3
2%+ 2971 = 2Toyo + T1Y1 + oy + Tays) =2 D Ty (12.4)
k=0
and
3 3 3
1/2 1/2
2%+ 27| <2 |akl lukl < 2(2@“%) : (Zy;%) = 2|z1]|22]-
k=0 k=0 k=0
Therefore,
2
|21 + 2] < [z ? + |2al? + 2021 22| = (loa] + |22])” O
3°. The equality
2h2h = 252 (12.5)
is fulfilled for the vector parts 2] and z) of the quaternions (12.2).
Proof. By the formula (1.12) we have
Aeh =2 2 = (—#)(—21) = %2 O
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4%, The equality

(z120) P =2t o2y, 21 #£0, 2 #£0, (12.6)
or, equivalently,
1 1 1
— =" 21 # 07 22 7& 07 (127)
Z1%9 zZ9 2

is fulfilled.
Proof. By virtue of the formulas (1.17) and (1.12) we have

1 1 1 o 1 _ 1 _ 1 1 O
— = 521 = 5 "R22 "% = ——5 'R2' 5kl = 2 - Z
2122 |azof 2122 22| |21/ 2
5. The equality
1 1 1 1
___:_(Z2_Zl)_7 21 7507 z27é07 (128)
21 22 21 22
holds.
Proof. By the formula (1.17) we have
1 1 1 _ 1 _
P (22 — 21) = Tl Z1(22 — 21) PG
1 1 1 _ 1 1 1 1 1 .
= Z129 zZ9 — Z1z zZ9 = zZ1 — 29 = — — —.
21 T 2P AR T P T P T P T T A
6°. The equality
1 1 1 1
= _ — - — — —_ 12.9
o) = () S (12,9
holds.
Proof. Multiplying Eq. (12.8) by (—1) we obtain
1 1 1 1
- == — _. 12.10
o, (21 — 22) > (12.10)

By virtue of (12.8) the left-hand side of this equality is equal to
1 1
Z_g (21 — ZQ) Z_l .

Thus, Eq. (12.9) is fulfilled. O

Remark 12.1. Fquality (12.9) implies that we cannot reduce both of its parts by zy — zo. Otherwise
we would obtain the equality z1z9 = 2921 which is not fulfilled at all.

70. The equality
—|2|? + 2z (12.11)
is fulfilled for the quaternion z = xy + x111 + T2io + x3i3.
Proof. We have the relations
22 = (28 — 2% — x2) + 2202191 + 2woweis + 2707303
= (¢f — o] — a3 — 23) + 2x0(z1i1 + w9ia + w3i3)
= (af — 2} — 23 — a3) + 2x0(2 — @)

= — (28 + 2% + 23 + 23) 4+ 2x02 = —|2> + 2202. O
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89. The equality

1.
L bt 224l 1—Zz for 2 #1, (12.12)
n for z=1
holds.
Proof. For z # 1 we have
(I—2)A+z4+224 42" =ldz+- 2" g2 =
and
A+z+224 42" Nl —2) =142+ 2" o220 v v =1 "

Therefore, the first row in Eq. (12.12) is valid, while the validity of the second row from above is
obvious. O

9Y. If |z| < 1, then we have the equality

izk S (12.13)

1—2’
k=0
which is a consequence of Eq. (12.12).

10°. Let us define all quaternions which will commute with the given quaternion z = xg + x191 +
Tolo + x3iz. Assume that the sought quaternion is

L = yo + y1i1 + y2i2 + y3is.
Then from the equality zL. = Lz we obtain the equalities xoy1 = T1y2, 3y1 = x1y3, and T3ys = x2ys,

l.e.
vi_ v _ s

T T2 T3
If we denote the common value of these equalities by A\, which is a real number, then we have y; = Axq,
Y2 = Az, y3 = Ax3. Therefore, L = yo + A\(z — x9) = (yo — xoA\) + Az. Hence

L =r+ryz, (12.14)

where r; and 7y are any real numbers.

11°. We want to know for which z = x4 2141 + 2is + x3i3 the equality
11261 = 2 (12.15)
is fulfilled. We have
1201 = i1(x0 + 191 + Tols + T313)11 = —xo — T141 + Taia + T3i3.
The equality
—xo — X111 + Toiz + X303 = To + X191 + T2iz + 303
will be fulfilled for zg = 0, 1 = 0, and any real xo and x3. Therefore, the equality
i1(xoia + x3i3)i; = x2is + X303 (12.16)
is valid for any real xo and x3.
12%. For the vector parts 2] and 2z} of quaternions (12.2) we have the equality
22y = —2hz (12.17)

if the scalar part of the product 2]z} is equal to zero.
This statement follows from Eq. (11.2) if we replace there 2’ by 2] and 2" by 2.
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13% (A. Hurwitz, see [77]). The equality

z(ab)z™! = zaz™! - 2b27! (12.18)
holds.
Indeed, by the formula (1.16) we have
1
zaz ™l 2bz7l = za — 7 2bz7 ! = z(ab)z 7t

|22

Remark 12.2. Now it becomes possible to prove the formula (see [42])

1 )/ o 1, 1
)0 = - () —— 12.19
(5) =5 ¥ (1219
only after the author proved (see [42]) the following equality (see the formula (12.9) above):
1 1 1 1
— _ — = - - 12.2
o (21 — 22) ol (21 — 22) o (12.20)
Thus the inequality
1 1 1 1

Z1 22 zZ9 21
“transforms to the equality” as a result of “intrusion” of the difference zo— z1 in the role of a multiplier
between 1/zo and 1/z1 in both parts of this inequality. In this context, a question arises as to the
physical nature of this statement—in the author’s opinion this topic is interesting to investigate.

13. Interrelations between the Functions 2", cos z, sinz, and ¢e*

Let us consider a nonzero quaternion z = x0 + x1i1 + T2l + x3i3, z # 0. Since

T T
z:|z\(ﬁ+‘zl| P ‘i2+| ‘23> |z| = (x0+m1+x2+x)1/2>0,
and )
T . T3 .
(—0) +( i+ 2 +—3Z3( =1,
|| || \ZI ||
there exists a real number 6 such that 0 < 6 < 7 and
T
— =cosf (13.1)
||
and )
ﬂz’ﬁﬂz‘ﬁﬂz’g‘ — sind. (13.2)
|| || ||
We rewrite the last equality in the form
|:L‘1’i1 + 919 + 1‘3’i3| = |Z| sin 6 (13.3)

or, equivalently,

\/m = |z|sin 6. (13.4)
On the other hand, we have
2111 + X212 + x30
T10) + Tty + 2303 = W 141 T 212 T T3t3
m

)22 02 , T2 : x3 ,
=TT g o ot e ot a5 )
\/a:l—l—a:2+x3 T+ 25 + 235 VT + 25+ 25
Assuming that the quaternion z is not a real number, we introduce the notation (see [71, p. 349])

I, = L1 . T2 . T3 (13.6)

Vi + 23 + 23 Vi + 23 + 23 V@i + 23 + 23

(13.5)
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Then we have the equalities

z=x0+ Ly 2% + 23 + 22, (13.7)

z = |z|(cos @ + I, sin@). (13.8)
It is obvious that
I, =1 (13.9)
and by the formula (9.26) we have
I? =—1. (13.10)

Therefore, I, is a variable quaternion collective imaginary unit (as different from Hamiltonian constant
imaginary units).
It is obvious that
I,=-1,="L. (13.11)
The equalities
P=—1, I*=1, [Inftm_pm 1<m<4, n=12..., (13.12)

are obvious. Similarly, we obtain the equalities

zZ =m0 — L\/2? + 2% + 22, (13.13)
Z = |z|(cos @ — I, sinb), (13.14)
2t =22 (w0 — Ly/2? + 23 + 32), (13.15)
27t =|z|7 (cos @ — I, sinb). (13.16)
From Eq. (13.7) we obtain
z- I, = —\/2? + 22 + 2% + 2oL, (13.17)
I z=—\/a3 + x5 + 2§ + w0l (13.18)
and, therefore,
z-I,=1,-z. (13.19)
Furthermore,
(z'Iz)Q:z-Iz-z-Iz:z-Iz-Iz-z:—zz, (13.20)
(I - 2?=IL-2-1,-2=2-1, - 1, -z = —2°. (13.21)
The following equalities are fulfilled by virtue of Eq. (13.19):
(4L =242 2+ 17 =22+22 -1, — 1, (13.22)
(z+L)z—-1)=22-I"=2*-1. (13.23)

Remark 13.1. The well-known formula
(t1 +t2)? =12 + 21ty + 13
from complex analysis for the square of a sum does not hold in general for quaternions. Indeed,
(i1 +i2)? = (i1 + d2) (i1 + i2) = 0] + d1da + i2i1 + 15 = i1 + 13 = —2,

i3+ 2iqiy + i3 = —2 4 2i3 = 2(i3 — 1).
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If a and b are real functions of some variables, then the equality
(a+ I,b)* = a® + 2abI, — b* (13.24)

holds. Indeed,
(a+ I,b)* = (a+ I.b)(a + I.b) = a® + abl, + abl, + I’V* = a* + 2al, — b*.

Furthermore,
la + b = Va? + b2

As a matter of fact, by the formulas (1.10), (1.11), and (13.11) we have
la + Lb]> = (a + L.b)(a + I,b) = (a + Lb)(a — I.b) = a® — abl, + abl, — b*I* = a® + b°.

For the functions z", e* cosz, and sinz defined by Egs. (1.30)—(1.33) we formulate the following

(13.25)

propositions, in which r is a real function of some variables.

Proposition 13.2 (A. Moivre’s formula (see [24, p. 21))).
(13.26)

(cosr + I, sinr)" = cosnr + I, sinnr

This formula can be proved by induction.
(13.27)

Proposition 13.3. The equality
"= = cosr + I sinr

holds.
Proof. Using Eqgs. (13.10) and (13.12), from Eqgs. (1.31)—(1.33) we obtain
2 3 4
rl, _ ___T_ T__
e =1+rl, 51 3!Iz+4!
22 2t o )
(1—5—0-5—---)—|—(7“—E—I—E—---)Izzcosr—l—fzsmr. O

Proposition 13.4. The equality
s = cosz+ I, sinz (13.28)

18 fulfilled for any quaternion z which is not a real number.

Proof. We have
2 Jo 1 45
+ Iz g -
5
O

zl, _ _Z__ < <
e R T

2 4 3
<l—r—+r——--->+Iz(r—%+%—---) =cosz+ I, sinz.

(13.29)

Proposition 13.5. The equalities
e *1s = cosz— I, sinz

are fulfilled under the conditions of Proposition 13.4.

Proof. From Eq. (1.31) we have
_ (—21,)2 1 1
e e =121, + 2!2 +§(_le)3+a(—»2[z)4+"'

1 1 1
=1—-1,-2+ o (z[z)2 — 3 (zIz)2(zIz) + i (ZIZ)2(ZIZ)2 4
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Now, using Eq. (13.20) we obtain

—zI, 2 1, 1 2 2
e :1—ZIZ—§+§ZZIZ+I(—Z)(—Z)+"'
22 24 2 2P
(=g gm) g e )
=cosz — I,sinz
O
Proposition 13.6. The equalities
1
cosz =5 (e7# 1= elz), (13.30)
1
sinz = B I(e #1= — e*l2) (13.31)

are fulfilled under the conditions of Proposition 13.4.

Proof. Equality (13.30) is obtained by adding Egs. (13.28) and (13.29). Next, by subtracting
Eq. (13.29) from (13.28) we obtain

21,

e*ls — e7#1: = 9], sin 2.

From this, taking into account (13.10), we have

L(e#T: —e7#1:) = _25in 2
and 1
—L(e s —e* ) =gin 2. O
Proposition 13.7. The equality
2=z, 0<6 <, (13.32)

holds for any nonreal quaternion z.
The proof of Proposition 13.7 is based on Egs. (13.8) and (13.27).

Proposition 13.8. The equalities
el =1, =1 (13.33)
obtained from (13.27) are fulfilled under the conditions of Proposition 13.7.

Proposition 13.9. The equality
(erle)n = enri (13.34)
18 fulfilled under the conditions of Proposition 13.7.
Proof. From Egs. (13.27) and (13.26) we obtain
(e"=)" = (cosr + I, sint)" = cosnr + I, sin nr. (13.35)

On the other hand, from Eq. (1.31) we obtain

el =14 nr- I, - %n2r2— %n?’r?’-lz—l—---
= (1—1(117“)2—1—1(117“)4—---) +1 (nr—l (nr)3+~')
2! 4! : 3!
= cosnr + I, sinnr.
Thus,
cosnr + I sinnr = eIz, (13.36)
Now Eq. (13.34) follows from (13.35) and (13.36). O

995



Proposition 13.10. The equality
2" = |z|"em (13.37)
18 fulfilled under the conditions of Proposition 13.7.
The proof of Proposition 13.10 is based on Egs. (13.32) and (13.34).

Proposition 13.11. For real numbers 6 and b we have
e(9+w)lz — 69‘12 . ew'lz = ew'lz . 66'12. (1338)

Proof. Using the formula (13.27) we have
e — cos(0 4 1) + I, sin(f + ¢) = cos O cos 1) — sin O sintp + I, sin 0 cos 1 + I, cos O sin ).
On the other hand,
(cosf + I, sinf)(cos) + I, sint)) = coscostp — sinfsiny + I, sinf cosp + I, cos O sin .

Therefore,
GRSV SCN BT ST RSN A -

Corollary 13.12. For any real ¥ we have
eVl eV — g7Vl ¥l — (13.39)

Remark 13.13. In the complex analysis of one complex variable, the equality e 712 = el -2 is valid
for any complex numbers t1 and ta. A similar equality does not hold in quaternion analysis. Indeed,
if in the formula (13.27) we assume that xo =0, x1 =1, x9 =0 =x3, and r = 1, then I, = i1 and

et =cos1+i;sinl.
Similarly,

e? =cos1+igsinl.
Ifzg=0,21=1, 20 =1, 23 =0, and r = V2, then

7 1. + 1 .

= —=i1+ =12

V2 V2

and

.y i1+ iy . o
eittiz — V2L _ o5 /2 ¢ sin V2 # 't - e2.

V2

14. Applications of Quaternions

14.1. Vector analysis. Historically, the first important application of vector quaternions is given
by Eq. (11.5), according to which a three-dimensional vector can be uniquely defined if we know its
scalar and vector products on another given three-dimensional vector (a vector quaternion). In this
case, the unknown vector is the left or the right quotient obtained by dividing the four-dimensional
vector by another vector (see Eq. (11.6)).

The case of two-dimensional vectors is exceptional! For such vectors, the operations of multiplication
and division are introduced as multiplication and division of appropriate complex numbers of the form
a + bi, where a and b are real numbers and i* = —1!

The condition i> = —1 allows one to solve any first-order equation, i.e. an equation, where the
coefficient of the unknown is nonzero. This result is achieved by multiplying the equation by a
conjugate constant value with respect to the coefficient of the unknown, this coefficient being obviously
not equal to zero.

Possibilities of generalizing an algebra of vectors to dimensions higher than two are few in number.
The matter is that according to the Frobenius theorem the system of complex numbers a+ bi with i? =
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—1 is the only possible extension of the field of real numbers with all the addition and multiplication
laws remaining preserved.

But if we reject the commutative property of multipliers, then there will be one more possibility
to consider four-dimensional vectors (the system of Hamilton quaternions) having the associative
property (q1g2)q3 = q1(g2g3), but q1g2 # g2q1.

If we also give up the associative property, then we will have eight-dimensional vectors (Cayley
octaves) with weak associativity variants (uv)v = u(vv) and v(vu) = (vv)u.

Therefore, complex numbers and quaternions are an ultimate possible extension of the notion of a
real number with the basic properties of the field of real numbers preserved.

Thus, W. R. Hamilton made a truly outstanding contribution to the elaboration of the fundamental
principles of modern operational calculus. For Hamilton’s bibliography, see the book [115, pp. 262
269].

Physicists, mechanical experts, and technologists have widely used the techniques provided by
quaternions, placing special emphasis on the ideas of vector and vector and scalar multiplication. In
the applied branches of science, quaternions were replaced by ordinary vector calculus.

The books [65, 66] were the outcome of Hamilton’s creative research efforts. Hamilton’s writings
are collected in the books [67-71].

The application of quaternions in vector analysis is described in [127, pp. 45-50 and 259-263].

As to the applications in other areas, we will briefly say about them below.

14.2. Space flight mechanics. The book [24] summarizes the results obtained earlier in [15, 22,
23, 30, 101, 120, 135]. In [24], the idea is realized concerning the potential application of quaternion
methods to the solution of general theoretical problems, as well as to practical motion control problems
of solid bodies and flying aircraft.

The application of quaternions makes it possible to create quite a convenient and obvious formalism
employing the Rodrigues—-Hamilton parameters which, as different from Euler angles, do not degenerate
for any position of a solid body.

It is noteworthy here that in describing the helical motion of a solid body, use is made of biquater-
nions which are not mentioned in the book [24] and which do not possess the remarkable property of
quaternions consisting in that the equality of a quaternion module to zero is equivalent to the equality
of all quaternion components to zero.

14.3. Physics and mechanics. In these areas, the most important results were obtained by
W. P. Hamilton himself (see [67-71]). A detailed account of Hamilton’s results is given by L. S. Polak
in [116].

For other results in this direction a reference should be made to the works [15, 22-24, 27, 30, 35,
51, 52, 59, 61, 78, 83, 101, 103, 120, 126, 135-137].

14.4. Number theory. The use of quaternions in the solution of various problems from the theory
of numbers yielded a lot of serious results. The works [7, 8, 32, 33, 4749, 72, 73, 77, 87-90, 111, 112,
122, 132, 138-141] are dedicated to this large class of questions.

14.5. Equation theory. As different from the complex case, big difficulties arise when solving
equations in quaternions. For EXAMPLE, each point of the unit three-dimensional sphere x% + x% +
23 = 1 is a solution of the equation (see Eq. (13.10))

I’+1=0. (14.1)

The works [21, 107, 108] are worth mentioning in this direction.
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