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FINITE DIFFERENCE SOLUTION OF A MRLW
EQUATION

G. BERIKELASHVILI, L. KARALASHVILI AND G. CHIKADZE

ABSTRACT. We consider an initial boundary-value problem for the
modified regularized long-wave (MRLW) equation. A three level con-
servative difference schemes are studied. The obtained algebraic equa-
tions are linear with respect to the values of a desired function for
each new level. The proof of the convergence does not require any
restriction on mesh steps. A numerical method for selecting artificial
boundary conditions is given. It is proved that the finite difference
scheme converges with the rate O(72 + h?) when the exact solution
belongs to the Sobolev space W23
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1. INTRODUCTION

The regularized long-wave (RLW) or Benjamin-Bona-Mahony (BBM)

equation

Oou  Ou ou u B

a " or e Mawrar
where v and p are positive constants, was first put forward as a model
for small-amplitude long waves on water surface in channel by Peregrine
[1,2], and first analyzed by Benjamin, et al. [3]. This equation describes
phenomena with weak nonlinearity and dispersion waves, including, e.g.
ion-acoustic and magneto-hydrodynamic waves in plasma.
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The RLW equation is a special case of the generalized regularized long-
wave (GRLW) equation
ou  Ou »0u Pu 0
ot oe " 9 Moaar T
where p is a positive integer.

We consider another special case of the GRLW equation, called the mod-

ified regularized long-wave (MRLW) equation, when p = 2:
du  Ou 5 0u du
o Tae T o Moatar "

Physical boundary conditions require that © — 0 for z — Fo0.

While numerically solving a problem initially formulated on an unbounded
domain, one typically truncates this domain, which necessitates setting of
the artificial boundary conditions (ABCs) at the newly formed external
boundary. In an ideal case, the ABCs would be specified so that the solu-
tion on the truncated domain coincides with the corresponding fragment of
the original infinite-domain solution.

For the numerical solution of the equation (1.1) via initial condition
u(z,0) = up(z) artificial boundaries can be selected at some points x =
a, x =b, a < band in the domain Qr := (a, b) x (0, T) the initial boundary-
value problem with the conditions

u(a,t) =u(b,t) =0, t €[0,T), wu(x,0)=up(z), z € [a,b] (1.2)

(1.1)

can be considered.

We mean that u € W3(Qr). It is easy to show that in this case u €
CHQr). Let

lulle = max |u(z,t)], & :=max (|lullc; [|0u/dz]c; [0u/dt|c).

(z,t)€EQr

The numerical solution of the MRLW equation has been the subject of
many papers (see, e.g., [4]-[14]).

In [8], a conservative three level difference scheme is presented for the
GRLW equation. But in the equality of the discrete conservation law the
initial energy E° depends explicitly not only on the initial data. Conver-
gence with the rate O(h? + 72) is proved under the condition that the exact
solution belongs to C'*3). The stability is proved for a sufficiently small
mesh step. A three level difference scheme with a local truncation error
O(h? + 72%) is considered also in [9]. In these papers no way is offered for
calculation of the unknown function at time level ¢t = 7.

In this paper a three level one-parameter family of difference schemes
is constructed on 9-point template. Two level schemes are used to find
the values of the unknown functions on the first level. It is proved that
the finite difference scheme converges with the rate O(7? + h?), when the
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exact solution belongs to the Sobolev space W3 (Q7). The Steklov averaging
operators are used for error estimation.

In the present paper, a numerical method for selection of artificial bound-
ary conditions are given, since the Dirichlet boundary conditions are zeros
only within certain accuracy. A certain value of a free parameter of the
scheme is given also, which along with artificial boundary conditions en-
sures a good accuracy of an approximate solution.

2. DIFFERENCE SCHEME AND ITS SOLVABILITY

The finite domain [a,b] x [0,7] in a plane is divided into rectangle grids
by the points (z;,t;) = (a + ih,j7), i =0,1,...,n, j =0,1,2,...,J, where
h = (b—a)/n and 7 = T/J denote the spatial and temporal mesh sizes,
respectively

Let u] := u(x;,t)), U ~ u(xs,t5),

- Ul U/ : Ul - Ul . 1 _
(U})z = %7 U})z == ?1, (Uij);; = 5((U1'J)ﬂc +(U})a),
, Uit _yd . Ul —yi—t . 1 .
U})e == %, (U)g = %’ (Uij)g = 5((U2])t + (U7)e)-

The discrete inner product and discrete norms for any U7, V7 are defined
by

(U7, v7) ZhUJVJ (U7, V7] = ZhUJVJ U712 = (U7, U7),

7)) = (@7, 0], 07 llwy = (I PHITEIR) s 107l = max U7 -

We approximate the problem (1.1), (1.2) with the help of the difference
scheme:

) ) 1 . )
LU} = (U)); + (U + U7 gt

=0,i=T,n—1,j=1,J—1, (2.1)

LU = (U?), + (U}+U£)o+

x

+%AU? (U =0, i=T,n—1, j =0, (2.2)

(3

Ul =Ul=0,j=0,J, U’=ug(z), i=0,n. (2.3)
where

AU == (U7 + U7, + (U207 + 0P ) 5y 5 =TT 1,
AU = (UD)*(U + UP) g + ((UD)*(UF + U7)) g



20 G. BERIKELASHVILI, L. KARALASHVILI AND G. CHIKADZE
Theorem 2.1. The finite difference scheme (2.1)~(2.3) is conservative
in the sense
B o= 092 + V22 = Jluoll® + o s] P o= B, j=1,2,....  (2.4)

Proof. Tt is easy to check the validity of the following equalities:

. . 1 -
(UZO,UJ“JrUJ = o (I = o= ),
1
(U?,U1+U°):;(HUIIIZ*IIUOIIz)y

o : 1, -
—(U7 LU U = (U2 - 02,

Txt
1

~(Ugar, U +U%) = (103" = [UZ]),

(U + U7, U + U7 =0, (U +U%),,U'+U°%) =0,
(AU, U it =0, (AU, U'+U%) =0. (2.5)

Multiplying eq. (2.1) by (U/*! + U?71) and eq. (2.2) by (U! + U°) and
summing over i, we respectively obtain:

O 4 gl UFP = 072 + U, G =12,
and
1T + wllUZ]1* = TP + ullUR]]>.
From these equalities follows
U712 + pllUZ])? = 101 + pllUP, 5 =1,2,..., (2.6)
which proves (2.4). O

On the basis of Theorem 2.1 we conclude that the problem (2.1)-(2.3) is
uniquely solvable.

Theorem 2.2. For solution of difference scheme (2.1)~(2.3) the estimates
1070 < elluplliogary, U < el Laan)
are valid, where the constant ¢ > 0 is independent of h and 7.
Proof. According to (2.6),
107112+ pllUZ]1? = lluoll? + plluos]?, 5= 1,2, (2.7)

Since

(o= (5 [ whl)do)’ < 5 / (w2,
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the equality holds

" b

2
Juodl = S h((w02))” < [ (s

i=1 .
holds. Taking into account the relation ||ug||? < (b — a)?/8 |luoz]|?, we find
from (2.7) that

U712 + ullUZ]1? < ellugllZ, (ae)-

From this follows the second inequality of the theorem. Noticing now that

|U7]|os < 0,56 — al|UZ]|, we obtain the first inequality of the theorem.
Thus Theorem 2.2 is proved. ([l

3. A PRIORI ESTIMATE OF A DISCRETIZATION ERROR

Let Z := U — u, where u is the exact solution of problem (1.1), (1.2) and
U is the solution of the finite difference scheme (2.1)—(2.3). Substituting
U = Z+ u into (2.1)—(2.3), we obtain the following problem for the error
Z:

, 1. - ,
(Z])s + §(Z¢j+l + 7z 1);; —u(Z})

7 g Ewg
:—%(AUﬁ—Au{)—ﬁu{, i=1,2,... (3.1)
1
(Z20); + 52!+ 20); = p(ZD)sr = —Z(AUD — ) = Lo, (3.2)
Z2=0, i=0,1,...,n, Z}=22=0, j=0,1,...,J. (3.3)
Denote
B = |Z P+ 12 P+ ul 2P+ ul 2P =12, (34)

Via Z° = 0 we have B! = || ZY||% + u|| Z1]|2.
Lemma 3.1. For the solution of the problem (3.2), (3.3) the identity
Bt = —(rLu®, ZY). (3.5)
15 valid.

Proof. Taking the inner product of (3.2) with (Z! + Z°), we obtain:
1
~(1Z'1P = 12°1P) + Z(IZ2P ~ 128)%) = —2(AU° — A, 2 + 2°)—

—(Lu®, 2" + 29). (3.6)
It is easy to verify that
(AU? — A, 21 + Z2°) = — (A, U 4+ UY) — (AU, ' + u0). (3.7)
Applying summation by parts, we get
(Au®, U +U%) = (") (u' +u) g, U+ U°) = ((u°)*(u! +u), (U +U°),),

o
x
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(AU u! +0°) = (U2 (U +U°) g, ul +0°) = (U2 (U +U°), (u' +u) o)
and via UY = u° (3.7) yields
(AU° — Au®, 2t + Z%) = 0. (3.8)

According to Z° = 0 and eq. (3.8), the validity of Lemma 3.1 is obtained
from (3.6). O

Lemma 3.2. For the solution of the problem (3.1)—(3.2) the estimate

J
B < B+ ALY (AUF — Aub, 25 4 26 4
k=1

j
+27 ) |(Lu, ZET 4 2R =12, (3.9)
k=1

is valid, where B7 is defined by equality (3.4).
Proof. Computing the inner product of (3.1) with (Z7+1+Z7~1), we obtain:

1 , ,
=z =127 +

o 1ZZ12 = 1Z27P) =

L
2T
= —%(AUj —A?, Z 4 73N (d, 2 Z0Y) G =1,2,. .. (3.10)
Taking into account notations (3.4), we get from (3.10)
Bt < Bi 1—7|(AUJ' — Al 27+ 20|
+27|(Lw?, 27T + 737N, j=1,2,.. ..
by which Lemma 3.2 is proved. O

Now we intend to estimate the terms from the right-hand side of the
inequality (3.9).

Lemma 3.3. The inequalities
_ 1 _
(Cuk, 24 4 250 < (125 P+ 125 P) + eTet P (30)
(AT* — AP, 2541 1 28] < 2T764 (2 + 1) | 2# )2+
(2 2R 4 (2R 2 (3.12)

are valid.
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Proof. We have
(Lu®, ZME 4+ ZED) < |Ca® (|25 + 124571 <

<e(|1Z5FHP + 1257 H1%) + (1 @)L Lu” .

Choosing here € = 1/(4T), we obtain eq. (3.11).
It is not difficult to verify that

AU* — AuP = AZF + Ry + Ra + Rs + Ra, (3.13)
where
Ry =225 (ZF + 257N 4 2(ZRuH(ZF + Z2FT) .,
Roi= (uf) (28 + 2870 o+ (M) (25 + 2870)

Ry = (ZF)*(u* + uk_l)zo + 2ZFuk (uF T+ uk—1>§7

R4 — ((Zk)2(uk+1 _,'_uk—l))mo + Q(Zkuk(uk+1 +uk—1))

The following identities are true:

O.
x

(Ry, ZM 4 ZF1)y =0, (Ry, 2" + 21 =0.
Moreover,

(Rs, 251 + 247

— |(Zk(Zk+1+Zk71),(uk+l _|_uk71) (Uk_|_uk))| <

o
x

AP ZENUNZEH + 128 H) < ATyd I 25112 + - (12512 + 11257 H)2);

2
Ty
[(Ra, ZFH1 4+ Z80) = |(Z8(Z29 + 2871 o, (WP )(UF + uh))| <

_ 2T ~v* 4p _
<48 ZMIZE I+ 1 Zg M) < Tllzkll2+ﬂ(llz§+l]l2+||Z§ %)

Via these inequalities, from (3.13) follows (3.12), since (AZ*, ZF+1 4
Zk-1 = 0. O

Theorem 3.4. For the solution of the problem (3.1)—(3.3) the estimates
1ZH + ull Z3]1* < llmLul]?, (3.14)
1Z74H2 + ull 23 1PP <

i
< 2exp(er T)(||rLu’|? +4T7 > [ILu¥|?), j=1,2,...,0 -1, (3.15)
k=1

hold, where ¢, := (4/T) + T&*+*(2 + 1/u).



24 G. BERIKELASHVILI, L. KARALASHVILI AND G. CHIKADZE

Proof. On the basis of (3.11) and (3.12), we find from (3.9) that

J
Bitl < Bl 4 747'2< ||Zk+1H2+HZk 1H )+
k=1

+27y84 (2 + 1/ | Z*|* + T%(IIZ!E—““]I2 + IIZ§_1]I2) +

J
1
r2r 3 (rUIZHIP + 124012+ 2.
k=1

Thus - _
Bt < B'+ T(IIZJ'“H2 + ull Z2 1)+

2 T2+ 1/p) J d
+(2+ TEECEN S (12412 4l 220?) + 47 Y it
k=1 k=1
Taking into account that 7/7 < 0.5, we get

J J
BT <2B' ety BN 48T | Luf|?. (3.16)
k=1 k=1
Let the inequalities

J J
Bt <oB' +erY BF4bry fF =12,
k=1 k=1
be valid, where b, ¢, 7, B¥, f* are nonnegative values. Then
J
Bt <2(14er) ) 'B 4 er(1 4 er) B 4 br Z(l +er)iTkfk
k=1
and therefore
_ ' _ J
BItY <2(1 4 er)? B + br(1 4 cr)’ ka
k=1
Ifj=1,2,...,J, J:=T/7, then

(14er) < (14 en)T/™ =1 4 er) T ) < el

Thus 4
J
BITl < T (231 +bry f’“) .
k=1
Hence (3.16) yields
J
Bt < T (231 +8TT Y ||£uk||2). (3.17)

k=1
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According to Lemma 3.1, we have
B! <052 + 0.5)|7Lu’||? < 0.5B" + 0.5||7Lu’|?
(3.14) is true. On the basis of the above inequality the estimate (3.15)
follows from (3.17).

O
4. ESTIMATION OF TRUNCATION ERRORS

In order to estimate the error, we will use Steklov averaging operators
Tit1

(Pu); ::ilz /u(gc,t)dnc7 (Pu); ::% / u(z, t) dz

T

Ti+1
. . 1
(Pu); :=0.5(Pu+ Pu);, (Pu);:= 72 (h —|z; — z|)u(z, t) dz,

tit1 t
o 1 S 1
Guy =2 [ @ pdr, (Suy = / (2,1) dt
tj tj-1
ti+1

(Su)? :=0.5(Su+ Su)?, (Su)! =

1

5 [ == thutzb e
tj—1

Let Zu := u.

For the averaging operators the following is true at the mesh points
(.’Ei,tj)t

1 307 1 5 0
I1-P= @P(‘T*Iri-l) @*@7’(1’*% 1) 2’ (4.1)
0 . 0
T- S=058(t — t51) 5 +0.58(t — t41) 50, (4.2)
PP = o P~ wi )i o — 20) ot
P = on T—Zi—1)"(Ti + Tit1 T 922
2 82
+m77( = Zi1) (20 — @i — Ti1) 55 (4.3)

Represent the truncation error in a convenient form

Lemma 4.1. If u is a solution to the problem (1.1), (1.2), then
ou

0

= vy (5) + e (50) + 20 () + ey ()75
0 du 0

Lu= <I><1>(a%f) + ) (57) + 520 W 106 (075
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where

Yy (u) =8 (I = P)u, (4.6)
Yoy (u) 1= 0.5 P (it + 1) — P S u, (4.7)

w(?))(u) = 7'2(71)2“;& + 72((U)2U£t)x°—

2 2 2 3 4h? 3
—hug(u)z, — (477/3)(u)e, + ?(Umo) ; (4.8)
D1y (u) == S(Z — P)u, (4.9)
By (1) 1= 0.5 P (u' +u) — PSu, (4.10)

4T 4h?

Doy () = 7)o {(w)Pu) g~ WPung ()2, = () (). (411)
Proof. For the sake of simplicity, we use the notation: @ := w/™!, @ :=
W™l w:= . If we note that 4 + % = 2u + T2ug, then for t > 0 the

expression Au will have the following form:

Au = 2(u)2uxo + 72(u)2uxoft + Q(U)% + 72((u)?ug)

o.
T

Since )
4
)Py = ()} — Hug(u)Z, + o ()",
we have
Au = §((u)?’) + 7% (u)?us,, + 72 ((u)ug) +%(u )3 — h2uo(u)?
=3 2T T ga T T t)g T T3\ 2 \Wza:
If here we change
o I(u)? o 0 (..
3 _ _ 9 3 (:\3) _ 2(.\3
(W =P (S) = 05 P o ((@)° + (@)*) — 0572wy,
then 50 i
o 50U 9Ol
Taking into account the differential equation (1.1), we get
o Ju o OJu OJu Ju
ez =HPS Guagr =TS (o + o0 10 )
Applying this equality and eq. (4.12), we obtain
_ Lora.+? _
Lu = us + i(u +1a)o + gAu —pu e =
o0u 1o 0, . ~ 20U 00U y
=S ot + 5 P 8x(U,+U)+ 5 P (( ) o + () ax) + 8¢(3)(u)
o Ou Ou 50U
-PS (a + o +y(u) g)

which proves the validity of eq. (4.4).
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For t = 0, the expression Au will be of the form

8 3 2 2 2 2 4h? 3

Au = §(u)z° — PPug(u)z, + 7(u) ug, + 7((u) ut)£ + T(UQJO)

or, analogously to the previous case,
o O(u)® o(1)®
— 2 ~\2 —

=47 ((u) oo (1) )+ 2w, t=0. (4.13)

Taking into account the differential equation (1.1), we get
ou Ou 50U
HUzzt = PS(EJFa*JF’Y( u) %)

Applying this equality and eq. (4.13), we obtain eq.(4.5). O

Now estimate the terms in the right-hand sides of (4.4), (4.5).
We denote
eio ={(z,t)] |z —x;| < h, 0 <t <7},

eij ={(x, )| e —mi| < h, [t —t;| <7}, j=1,2,....
Lemma 4.2. For &, defined from (4.9)~(4.11), the following estimates

are valid:
1B (W) < c—//‘ Y12 guat, (4.14)

e
1@ ) ()] < r // 3x2|2 \atoz)dxdt, (4.15)

Rt + 74
||<I)(3)(U)||2 < C7'2Hu||%~1 + cTix

2
< (Il + e 124+ | S
OxOt? 0x20t 0x? ot?
Qr
where the constant ¢ > 0 does not depend on mesh steps.

Proof. We have

Ay ?) dwdt,  (4.16)

O0xot

T _ Tit1 T;
1 30%u 30%u
D1y (u) = W/ [ / (x — xi41) @dx - / (x —xi-1) @dl‘ dt.
0 x; Ti—1
Therefore
Dy
| 1) < 187 5z d:cdt,

0 xi—
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and we get (4.14):

b
h4
2@ = Y- b ) < 1 |

a

T

9%u|?
/|5
0

dxdt.

The identity
0.5(u' +u’) = Su— — /t(t - T)—u dt (4.17)
holds, therefore
o ~ 1 o 32u
Poy(u) = (P =P)Su— — P [ t(t —7)=7 dt,
0

and

@ |—127//‘aﬂ‘ddHlGh//’aﬁ‘dwdt

i—

which proves (4.15).
In order to estimate the terms of @3y we will use the inequality

T T T P
T v
’/vdt’ ST/|U|dt+7/|a‘dt,
0 0 0

which follows from

T T

T T t
1
T/v(x,t)dtzr/v(a:,t)dt+/dt/dt’/%f)dt”.
0 0 t!

0 0

w'*zm / ‘/a gt i),

We have

from which

— t
ug < 57 2Th / / ozt |+ 3 / / 8958752 dud
and

xt \/2T 8x8t L2(Qr) \/ axat L2(Qr)
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Analogously,

3
oL < | e o

Note that

L2 L2 (QT)

(W) ue) g = (wirs + vimt)ug urivn + (wic1)*u,g

therefore
1((w)ue) gl < 28° + 6% lu, |-
It is easily seen that
()3l = [(W)3,; — (W3il/h < 26%/h,  |(ug)®| < 6.

Applying these inequalities to the estimation of ®(3), we get (4.16). [
Lemma 4.3. For v, defined from equalities (4.6)—(4.8), the estimates

1) () <c—/ / |a =1 dadt, (4.18)
a tj—1
h* + 74 2 2
[ / / \a$2| |8t2’ )dacdt, (4.19)
a tj—1
. h4+ 4
@) (W))|]> <c T«
S 3 o2 92 d
u 2 U2 U2 U2
X// (I7am + 1552 +|8z28t| gl + g, [7) dedt, (4:20)
a tj—1

are valid, where the constant ¢ > 0 does not depend on mesh steps.
Proof. Via identity (4.1) we have
[Yay(w)] =18 (P —2Z)u| < o / ’ ‘dmdt (4.21)

eij

and therefore

by ()12 = Zhwm < 36TZ / 124 gt <

< //|au2d dt,
187’

at;l

which proves (4.18).
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Now we rewrite ¢(2)(u) in the form

o o oo 82u
Y(2)(u) = (P =P) Su—0.5PS ((t —tj—)(t - tj+1)ﬁ) (4.22)
If we apply the result
o o h (92’11,
_ < 7 - )
(P —P) S ul < 5 / ‘8x2‘dxdt, (4.23)
eij
obtained from identity (4.3), then we find from (4.22) that
Wi (v |_8h/’8t2‘dxdt /‘aﬁ’dmdt

Therefore

n—1

[y (w?)||* = Zhlw @) <

- /73 0%u 2
§Z<§/| |ddt+77/\ dudt)
i=1 b

which proves (4.19).
And finally,

6m6t2 ‘— 27h / |8x8t2|dxdt
o 0 0%u
\(<u>2uﬁ)o =P (@ >sﬁ)\ <

/\at2|d wdt + o h/|6 atZ]dmdt

zoft‘ -

Note that
(u)g%“ = (Wit1 + Wim1)Uza i + 2Uz iUs ;.
Therefore

u)Z,| < Th/\82|da:dt+ /\828t|d:¢dt

() ’73 ’<1253

882
52
*orh (’E%Q

€eij

12| 2 432 5| dadt,

0xot Orot?

|(ug)?| < 07
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Applying these inequalities to the estimation of W(3), we get (4.20). ]

Theorem 4.4. Let the exact solution of the initial-boundary value problem
(1.1), (1.2) belong to W3(Q1). Then the discretization error of the finite
difference scheme (2.1)~(2.3) is determined by the estimate

1Z7llwy < e(r® + 02 lullws@r), (4.24)
where ¢ denotes the positive constant, independent of h and 7.

Proof. According to Lemmas 4.1 and 4.2,

h +T 82u 2
2
1wl |2 < S ET // xQ} patis
atJ 1

AT T | T
ot? Ox3 0x20t
Via Lemmas 4.1 and 4.3, we get
Rt + 74 Pup | 0%u 2 0%u 2
Lul|* < /(—
el < = ouz| *logal +loe!
Qr

0 u
+|

2 .
e )da:dt, j=1,2,...

0°u |2 3 u 2
ozl *lagal +lomee ] ) dedt.

Therefore Theorem 4.4 follows from Theorem 3.4. O

Remark. The obtained results will be valid even if we use the difference
scheme

£~Uij = EUij + U(Uij)mg =0, j>1, (4.25)
LU = LU 4 0(U?)zat = 0 (4.26)

instead of (2.1), (2.2), where the parameter o = O(72 + h?) must be chosen
so that 4 —o > 0.

5. NUMERICAL EXPERIMENTS

It is well-known (see, e.g. [9])that the MRLW equation (1.1) has three
independent invariants (conservation laws) given by

o oo o0

le/udx, 12:/<u Fu(20)) d, g:/(ﬁ—%‘(%f’)dm

— 00 —0o0 — 00
which correspond, respectively, to mass, momentum, and energy. These
invariants help us to test the numerical schemes.
In numerical examples given below we mean that u — 0 as * — Fo0. The
boundary values are only approximately equal to zero, and they vary when t
increases. Therefore in numerical calculations it is advisable to use artificial
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boundary conditions selected according to certain reasons. Namely, in the
role of an artificial boundary condition for ¢ > 0 and z =a, x = b

Table 1.

Invariants and error norms for ¢ = 0.1, h = 0.1, 7 = 0.1, zo = 40, over [0; 80].

’ Time \ Method \ I \ I \ I3 \ Ly-error \ L.-error ‘
(=0 | [8.070838 | 4.100554 | 0.868352 | \ |
Present | 8.070835 | 4.100541 | 0.868429 | 1.318E-5 | 3.110E-5
t=1 [9] 8.07083 | 4.10050 | 0.868661 | 3.354E-5 | 6.130E-5
Present | 8.070824 | 4.100541 | 0.868429 | 2.675E-5 | 6.249E-5
t=2 [9] 8.07082 | 4.10050 | 0.868659 | 6.749E-5 | 1.200E-4
Present | 8.070804 | 4.100542 | 0.868 429 | 4.012E-5 | 9.458E-5
t=3 [9] 8.07081 | 4.10050 | 0.868659 | 1.024E-4 | 1.805E-4
Present | 8.070774 | 4.100542 | 0.868429 | 5.313E-5 | 1.276E-4
t=4 [9] 8.07078 | 4.10050 | 0.868659 | 1.314E-4 | 2.372E-4
Present | 8.070731 | 4.100542 | 0.868429 | 6.576E-5 | 1.614E-4
t=5 [9] 8.07074 | 4.10050 | 0.868659 | 1.526E-4 | 2.860E-4
Present | 8.070671 | 4.100541 | 0.868429 | 7.810E-5 | 1.958E-4
t=26 [9] 8.07068 | 4.10050 | 0.868660 | 1.703E-4 | 3.254E-4
Present | 8.070588 | 4.100541 | 0.868429 | 9.426E-5 | 2.307E-4
t="17 [9] 8.07059 | 4.10050 | 0.868660 | 1.860E-4 | 3.701E-4
Present | 8.070473 | 4.100541 | 0.868429 | 1.097E-4 | 2.657E-4
t=8 [9] 8.07047 | 4.10050 | 0.868660 | 1.989E-4 | 4.086E-4
Present | 8.070314 | 4.100541 | 0.868429 | 1.245E-4 | 3.008E-4
t=9 [9] 8.07029 | 4.10050 | 0.868660 | 2.100E-4 | 4.451E-4
Present | 8.070091 | 4.100541 | 0.868429 | 1.387E-4 | 3.358E-4
t =10 [9] 8.07004 | 4.10050 | 0.868659 | 2.200E-4 | 4.799E-4
We can use approximation of equality du/0t + du/0x =0 :
U = (14 DU - 203, UST = (1= UL+ A,

which corresponds to a negligible alteration in the directions x and ¢.
We consider the MRLW equation (1.1) with v = g = 1 and the initial

data

u(z,0) = V6e sech [k(z—m0)], k:

Note that the exact solution of this problem is

u(x,t) = V6esech [k(z = (c+ 1)t — a0)].

c
c+1°
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For numerical experiments in (4.25), (4.26) we take a free parameter
o = 0.347% +0.0027h + 0.18%%.
Table 2.

Invariants and error norms for ¢ = 0.03, h = 0.2, 7 = 0.025, zop = 0, over

[—40; 60].

| Time | Method |

I

1o

I3

‘ Loy-error ‘

Lo-error

[t=0] [ 7.804305 | 2.129885 | 0.130251 |
Present | 7.80514 | 2.129883 | 0.130268 | 2.300E-6 | 2.737E-6
t=1] [9] | 7.80513 | 2.12988 |0.130307 | 5.219E-5 | 6.892E-5
Present | 7.80584 | 2.129883 | 0.130268 | 6.260E-6 | 6.793E-6
t=2| [9] | 7.80592 | 2.12988 | 0.130309 | 9.491E-5 | 1.386E-4
Present | 7.80641 | 2.129884 | 0.130268 | 1.238E-5 | 1.3117E-5
t=3 | [9] | 7.80660 | 2.12088 | 0.130311 | 1.287E-4 | 2.101E-4
Present | 7.80689 | 2.129884 | 0.130268 | 2.115E-5 | 2.271E-5
t=4| [9] | 7.80720 | 2.12988 | 0.130312 | 1.543E-4 | 2.824E-4
Present | 7.80728 | 2.129884 | 0.130268 | 3.303E-5 | 3.662E-5
t=5| [9] | 7.80771 | 2.12988 | 0.130313 | 1.723E-4 | 3.553E-4
Present | 7.80760 | 2.129884 | 0.130268 | 4.840E-5 | 5.580E-5
t=6 | [9] | 7.80816 | 2.12988 | 0.130314 | 1.836E-4 | 4.280E-4
Present | 7.80787 | 2.129884 | 0.130268 | 6.758E-5 | 8.151E-5
t=7] [9] | 7.80854 | 2.12988 | 0.130314 | 1.893E-4 | 4.992E-4
Present | 7.80809 | 2.129884 | 0.130268 | 9.076E-5 | 1.144E-4
t=8 | [9] | 7.80886 | 2.12088 | 0.130315 | 1.933E-4 | 5.684E-4
Present | 7.80827 | 2.129884 | 0.130268 | 1.180E-4 | 1.556E-4
t=9 | [9] | 7.80912 | 2.12988 | 0.130315 | L9TOE-4 | 6.349E-4
Present | 7.80842 | 2.129885 | 0.130268 | 1.494E-4 | 2.056E-4
t=10] [9] | 7.80932 | 2.12988 | 0.130315 | 1.995E-4 | 6.983E-4

Accuracy of the method at any time ¢t = j7 is measured by the

Loi= ! = U, Looi= o/ = U]l

€rror norms.

The conservation properties of the proposed method are examined by
calculating the invariants over a region [a, b].

Values of the three invariants as well as Ly and L-error norms are
computed and recorded in Tables 1-3 for different values of time t.

Numerical results have shown the good conservation and accuracy prop-
erties of the proposed scheme.
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Table 3.
Invariants and error norms for ¢ = 0.1, h = 0.01, 7 = 0.01, zo = 40, over
80].

’ Time \ I \ I \ I3 \ Loy-error \ 5o-€ITOT ‘
[t=0 [8.070838 [ 4.100554 [ 0.868 352 | \ \
[ t=1 [8.070835 [ 4.100554 | 0.868353 | 3.585E-7 | 4.382E-7 |
[ t=2[8.070826 [ 4.100554 | 0.868353 | 9.637E-7 [ 1.056E-6 |
[ =3 [8.070809 | 4.100554 [ 0.868 353 | 1.894E-6 | 2.021E-6 |
[t=4]8.070784 [ 4.100554 [ 0.868 353 [ 3.229E-6 | 3.489E-6 |
[t=5 [8.070747 [ 4.100554 [ 0.868 353 [ 5.044E-6 | 5.620E-6 |
[ t=06 [8.070694 [ 4.100554 | 0.868353 | 7.406E-6 | 8.578E-6 |
[ t=7]8.070619 [ 4.100554 | 0.868353 | 1.037E-5 [ 1.252E-5 |
[t=28]8.070513 [ 4.100554 [ 0.868 353 [ 1.399E-5 | 1.763E-5 |
[t=9 [8.070364 [ 4.100554 [ 0.868 353 [ 1.829E-5 | 2.403E-5 |
[t =10]8.070154 [ 4.100554 | 0.868353 | 2.330E-5 | 3.190E-5 |
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