
saqarTvelos  mecnierebaTa  erovnuli  akademiis  moambe,  t. 12, #3, 2018 
BULLETIN  OF  THE  GEORGIAN  NATIONAL  ACADEMY  OF  SCIENCES, vol. 12, no.3, 2018 

© 2018 Bull. Georg. Natl. Acad. Sci. 

Mathematics 

On the Cauchy Problem for Linear Systems of 
Impulsive Ordinary Differential Equations with 
Singularities 

Malkhaz Ashordia* and Nato Kharshiladze** 

*Department of Differential Equations, A. Razmadze Mathematical Institute, Ivane Javakhishvili Tbilisi State 
University; Faculty of Mathematics and Computer Sciences, Sokhumi State University, Tbilisi, Georgia 
**Faculty of Mathematics and Computer Sciences, Sokhumi State University, Tbilisi, Georgia 

(Presented by Academy Member Ivane Kiguradze) 

ABSTRACT. In the present paper we consider the Cauchy problem for systems of linear systems of 
differential equations with singularities. The singularity is understood in the sense that the matrix 
and vector functions corresponding to the impulsive system, in general, are not integrable at the 
initial point. The sufficient conditions are for the unique solvability of the problem. © 2018 Bull. 
Georg. Natl. Acad. Sci. 
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1. Statement of the Problem and Basic Notation. Let I R be an interval non-degenerate 
in the point, 0t I  and 

0 0
\{ }t tI I t . 

Consider the linear system of impulsive differential equations with infinite and fixed points of impulses 
actions 

( ) ( )dx P t x q t
dt

  for a .a. 
0 1\{ } ,t l lt I  

                                         (1) 

( ) ( ) ( )l l l l lx x G x g       ( 1,2,...),l                                         (2) 

where 

0, 1( ) ( ; ),n n n
ik i k loc tP p L I R 

 
01( ) ( , ),n n

i i loc tq q L I R  , 1( )n n n
l lik i kG g R 

  ( 1,2,...),l   

, 1( )n n
l lik i kg g R  ( 1,2,...);l 

0
,l tI  0l t  ( 1,2,...),l  i j 

 
if ,i j  and 0lim ll

t


 . 

Let 

02( , ,..., ) : n n
1 n tH diag h h h I R    

be a diagonal matrix-function with continuous diagonal elements 
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0
: (0, )k th I   ( 1,2,..., ).k n  

We consider the problem of finding of solution
0

: n
tx I R  of the system (1), (2) satisfying the 

condition 

0

1lim( ( ) ( )) 0.
t t
H t x t

 
                                                                   (3) 

The analogous problem for the systems of ordinary differential equations (1) with singularities is 
investigated in [1-3]. 

The singularity of the system (1) is considered in the sense that the matrix P and vector q functions, in 
general, are not integrable at the point 0.t  So that, in general, the solution of the problem (1), (2); (3) is not 
continuous at the point 0t and, therefore, it cannot be the solution in the classical sense. But its restriction 
on every interval from 

0t
I is a solution of the system (1). 

In connection with this we give the example from [1]. Consider the problem 
1dx x t

dt t
 

     , 

0
lim( ( )) 0
t

t x t


 . 

The problem has the unique solution ( ) sgnx t t t 
 
if 0  and (0, ).   This function is not 

solution of the considered equation on the set ,I R but its restrictions on ( ;0 ) and (0; )  are the 

solutions of equation one. 
We give sufficient conditions for the unique solvability of the problem (1), (2); (3).The analogous results 

belong to I. Kiguradze [2, 3] for the Cauchy problem for the systems of ordinary differential equations with 
singularities. 

Some boundary value problems for linear impulsive systems with singularities are investigated in [4-6] 
(see, also the references therein). 

In the paper the following notation and definitions will be used: 
 ; ,R      0; ;R     ,a b  and  ,a b  are closed and open intervals, respectively. 

n mR  is the space of all real n m  matrices ,
, , 1( )n m

i j i jX x   with the norm 

1... 1

max ,
n

ijj m i
X x




   

n m  (or  ) is the zero n m matrix. 

if ,
, 1( )n m

ik i kX x  , then 

,
, 1(| |)n m

ik i kX x 
 
and   ,

2
X X

X





 
 

2
X X

X



  

,
, 1{( ) : 0n m n m

ij i j ijR x x
   ( 1,..., ;i n 1,..., )}j m . 

1n nR R  is the space of all real column n _ vectors 1( )n
i ix x  . 

If ,n nX R   then 1,X 

 detX and ( )r X  are, the matrix inverse to X, the determinant of X and the 
spectral radius of X respectively; nI  is the identity n n  - matrix. 

The inequalities between the matrices are understood component wise. 
A matrix-function is said to be continuous, integrable, non decreasing, etc., if each of its components is 

such. 
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If : n mX R R   is a matrix-function, then ( )
b

a
V X  is the sum of total variations on [ , ]a b  of its 

components ikx ( 1,..., ;i n 1,..., );k m  if ,a b  then we assume ( ) ( )
b a

a b
V X V X   

 X t   and  X t   are, respectively, the left and the right limits of the martix-function 

 : , n mX a b R  at the point t;      ;t X t X t     
s  and cs are the operators defined, respectively, by 

0 0( )( ) ( )( ) 0;cs X a s X a   ( )( ) ( )( ) ( )
s t

s X t s X s X


 
 

    

 ( )( ) ( )( ) ( ) ( ) ( )( ) ( )( )c cs X t s X s X t X s s X t s X s       if 0 ,t s t   

where 0 0a t  is some fixed point. 

([ , ], ),C a b D
 where ,n mD R   is the set of all absolutely continuous matrix-functions :[ , ] .X a b D  

( ; )n m
locC I R  is the set of all matrix-functions : n mX I R  for which the restriction on [ , ]a b  belongs to 

([ , ]; )n m
locC a b R   for every closed interval [ , ]a b  from I. 

0 1( \{ } ; )loc t i iC I D 



 
is the set of all matrix-functions

0
: tX I D whose restrictions to an arbitrary 

closed interval [ , ]a b  from 
0 1\{ }t i iI  

  belong to  [ ; ]; .C a b D  

 [ , ];L a b D  is the set of all integrable matrix-functions :[ , ] .X a b D  

0
( ; )loc tL I D is the set of all matrix-functions

0
: tX I D whose restrictions to an arbitrary closed interval 

[ , ]a b  from 
0t

I  belong to  [ , ]; .L a b D  

A vector-functions 
0 1( \{ } ; )n

loc t i ix C I R 
  is said to be a solution of the system (1), (2) if 

( ) ( ) ( ) ( )x t P t x t q t    for a. a. 
0 1\{ }t i it I  

  and there exist the onesided limits ( )lx    and ( )lx  

1,2,...l   such that the equalities (2) hold. 
We will assume, without loss of generality that the solution x of the impulsive differential system (1), 

(2) is continuous from the left in the points of the impulses actions l ,...)2,1( l , i.e. ( ) ( )l lx x  
( 1,2,...)l  . 

We assume that 
det( ) 0n lI G  ( 1,2,...)l  .                                                 (4) 

The above inequalities guarantee the unique solvability of the Cauchy problem for the corresponding 
nonsingular systems, i.e. for the case when ( ; )n n

locP L I R  and ( ; )n
locq L I R  (See [7]). 

Let
00 ( ; )n n

loc tP L I R  and 0
n n

lG R  ( 1,2,...).l  Then a matrix-function
0 00 : n n
t tC I I R   is said to be 

the Cauchy matrix of the homogeneous impulsive system 

0 ( ) ,dx P t x
dt

                                                                 (5) 

0( ) ( ) ( )l l l lx x G x       ( 1,2,...)l  ,                                (6) 

if for every interval
0t

J I and ,J  the restriction of the matrix-function  
00 ., : n n

tC I R  on J is the 

fundamental matrix of the system (5),(6) satisfying the condition  0 , .nC I   Therefore, 0C  is the Cauchy 

matrix of the system (5),(6) if and only if the restriction of 0C on ,J J for every interval
0
,tJ I  is the 

Cauchy matrix of the system in the sense of definition given in [7]. 
We assume 

   
0 00 0,t tI t t I      
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for every 0.   
2. Formulation of Main Results 
Theorem 1. Let there exist a matrix-function

00 ( , )n n
loc tP L I R   and constant matrices 0

n n
lG R 

( 1,2,...)l   and 0 , n nB B R 
  such that the conditions (4), 

  1r B                                                                                         (7) 

and the estimates 
1

0 0( , ) ( ) ( )C t H t B H  for ,t   
0

, ,tt I   

   
00

1
0 0 0 0 0( , ) ( ) ( ) ( ) ( , ) ( ) ( )

l

t

l n l l l
t tt

C t P P H s ds C t I G G G H t B


    

 

         for  
0t

t I   hold for 

some 0   where 0C is the Cauchy matrix of the system (5),(6). 

Let, moreover, 

           
0

00

1
1 1

0 0 0lim , , 0
l

t

l l n l lt t t tt

H C t q d H C t I G g


     


 

 
 

   . 

Then the problem (1), (2); (3) has the unique solution. 
Theorem2. Let there exist a constant matrix , 1( )n n n

ik i kB b R 
   such that the condition (4) and 

  1liig

  1,2,...l                                                    (8) 

hold, and the estimates 

   
 0, i

i
i

h t
c t b

h





   
for ,t   

0
, ,tt I   

            
00

, ,
l

t

i i ii i l l i l lii ii i
t tt

c t h p d c t h g b h t


     


 

    
  

for  
0t

t I   1, 2,...i n  

and 

           
00

1
0, , 1

l

t

i k ik i ii k ik ik i
t tt

c t h p d c t g h g b h t


     

 

     

for 
0
( )tt I 

 
( ;i k  , 1,..., )i k n  

hold for some 0 0b   and 0.   Let, moreover, 

0
00

( , ) ( , )lim ( ) (1 ) 0
( ) ( )

l

t
i i l

lii lt t t ti it

c t c tq d g g
h t h t

 
 

 
 

 
    

 
 ( 1,..., ),i n  

where ic  is the Cauchy function of the impulsive differential equations 

 0 ,ii
dx p t x
dt

  

     0l l lii lx x g x      1,2,...l   

   0 ,ii iip t p t


         0lii liig t g t


     for {1,..., }i n   and {1,2,...}.l  

Then the problem (1),(2); (3) has the unique solution. 
Remark 1. The Cauchy functions  ,ic t  ( 1,..., )i n mentioned in the theorem, for  

0
, ,tt I   have 

the form: 
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0 0

1
0 0

exp ( ) (1 )

, exp ( ) (1 )

1

l

l

t

ii lii
t

t

i ii lii
t

p s ds g for t

C t p s ds g for t

for t

 

 



 



 



 


  


   

 





 . 

Corollary 1. Let there exist a constant matrix   , 1

n n n
ik i k

B b R 


  such that the conditions 
(7) and (8) hold, and the estimates 

0
0 0 1

0

( ) ln 1 ln
l

t

ii lii
t

t t
p d g

t 

  
 


   

 for  ,t    
0

, ,tt I   

   
0

lim ( )
l

t

ii lii iit t
p dr g b

  


  

 

   for  
0t

t I    1,...,i n  

and 

0

1
0lim ( ) (1 )

l

t

ik lii ik ikt t
p d g g b

  

  

 
 

   
 
for  

0t
t I    ; , 1,...,i k i k n   

hold for some 0i   1,...,i n  and 0.   Let moreover, 

   
0

00

1
0

0 0

1
lim 0

i i
l

t
lii lii

t t tt l

g gq
d

t t  




 



 
 


 

 


 
 1,...,i n  

Then the system (1), (2) has the unique solution satisfying the initial condition 
 

0
0

lim 0
i

i

t t

x t

t t  


  
 1,..., .i n                                                             (9) 

Remark 2. Let, in addition, of conditions of the Corollary 1, the condition 
 

0

lim sup jit t
t

 
 

 
( 1,2;j   1,..., )i n  

holds, where 

  0
1

k

tj

n

ji ik l
I k

t t g g



 
 

  
 
for  

0t
t I  ( 1,2;j   1,..., )i n . 

 
1 0,tI t t    and  

2 0t, t ,tI    and  is a small position number. 
Then the solution of the problem (1), (2); (9) belongs to  , .n

locC I R  
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მათემატიკა 

კოშის ამოცანა სინგულარობებიან წრფივ იმპულსურ 
დიფერენციალურ განტოლებათა სისტემებისთვის 

მ. აშორდია* და ნ. ხარშილაძე** 

*ივანე ჯავახიშვილის სახ. თბილისის სახელმწიფო უნივერსიტეტი, ა. რაზმაძის მათემატიკის 
ინსტიტუტი; სოხუმის სახელმწიფო უნივერსიტეტი, თბილისი, საქართველო 
**სოხუმის სახელმწიფო უნივერსიტეტი, მათემატიკისა და კომპიუტერულ მეცნიერებათა 
ფაკულტეტი, თბილისი, საქართველო 

(წარმოდგენილია აკადემიის წევრის ი. კიღურაძის მიერ) 

სტატიაში განხილულია კოშის ამოცანა სინგულარობებიან წრფივ იმპულსურ 
დიფერენციალურ განტოლებათა სისტემებისათვის. სინგულარობა გაიგება იმ აზრით, რომ 
ამ სისტემის შესაბამისი მატრიცული და ვექტორული ფუნქციები, საზოგადოდ, შეიძლება არ 
იყოს ინტეგრებადი საწყის წერტილში. მიღებულია მოცემული საწყისი ამოცანის ცალსახად 
ამოხსნადობის საკმარისი პირობები. 

REFERENCES 

1. Chechik V. A. (1959) Issledovanie sistem obiknovennykh differentsial’nikh uravnenii singuliarnosti. Tr. Mosk. 
Mat. Obshch. 8: 155-198 (in Russian). 

2. Kiguradze I.T. (1975) Nekotorie singularnie kraevye zadachi dlia obiknovennykh differentsial’nykh uravnenii. 
Tbilisi (in Russian). 

3. Kiguradze I.T. (1997) O sistemakh obiknovennykh differentsial’nykh neravenstv s mnogotochechnymi 
kraevymi usloviami. Linear Theory, I, Tbilisi (in Russian). 

4. Ashordia M. (2011) On the Fredholm property for general linear boundary value problems for impulsive 
systems with singularities. Memoirs on Differential Equations and Mathematical Phys., 54: 117-125. 

5. Ashordia M. (2012) On the two-point boundary value problems for linear impulsive systems with singularities. 
Georgian Math. J., 19, 1: 19-40. 

6. Ashordia M. (2014) On the general linear boundary value problems for impulsive systems with singularities. 
Georgian Math. J., 21, 1: 29-39 (in English). 

7. Samoilenko A. M and Perestyuk N. A. (1995) Impulsive differential equations. Singapore. 

Received  July, 2018 


