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ABSTRACT. The Cauchy-Nicoletti multipoint boundary value problem
( ) ( ) ( ) ( ) [ , ],dx t dA t x t df t for t a b   

( ) 0, ( ) 0, ( 1,..., ),i i i ix t x t i n    

is considered, where 1,..., nx x  are the components of the desired solution x,  1 ,i ia t t b      

1( ) : [ , ]n n
l lf f a b R    is a vector-function the components of which are functions with bounded

variations, and , 1( ) : [ , ]n n n
il i lA a a b R 

   is a matrix-function such that the functions 1,...,i ila a  have

bounded variations on every interval from [a, b] which do not include the point it  for every {1,..., }.i n
The sufficient conditions are established for the unique solvability of this problem in the case when

the considered system is singular, i. e., the components of the matrix-function A do not have bounded
variation on the interval [a, b]. © 2012 Bull. Georg. Natl. Acad. Sci.

Key words: systems of linear generalized ordinary differential equations, singularity, the Lebesgue-Stiltjes
integral, a multipoint boundary value problem.

1. Statement of the Problem and Basic Notation
In the paper for the system of linear singular generalized ordinary differential equations

( ) ( ) ( ) ( ) [ , ],dx t dA t x t df t for t a b    (1)

we consider the Cauchy-Nicoletti multipoint boundary value problem

( ) 0, ( ) 0, ( 1,..., ),i i i ix t x t i n     (2)

where 1 ,i ia t t b        1,..., nx x  are the components of the desired solution x,
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1( ) : [ , ]n n
l lf f a b R   is a vector-function the components of which are functions with bounded  variations

on the interval [ , ],a b  and , 1( ) : [ , ]n n n
il i lA a a b R 

   is a matrix-function the components 1,....,i ila a  of

which have bounded variations on every closed interval contained in [ , [ ] , ]i ia t t b  for every {1,..., }.i n  Wee

have investigated the question of the unique solvability of the problem (1), (2) in the singular case, i.e., in the
case when the components of the matrix-functions A may have unbounded variation on the closed interval

[ , ].a b
We give a general theorem for solvability of the problem (1), (2). On the basis of this theorem we have

obtained effective criteria for the solvability of this problem.
Analogous and related questions are investigated in [1-7] (see also the references therein) for the singular

boundary value problems for linear and nonlinear systems of ordinary differential equations, and in [8-14] for
regular and singular multipoint boundary value problems for systems of linear and nonlinear generalized
differential equations. As to multipoint singular boundary value problems for generalized differential systems,
they have not been sufficiently studied yet, and, despite some results [13, 14], their theory is far from
completion even in the linear case. Therefore, the problem considered in the paper is actual.

To a considerable extent, the interest in the theory of generalized ordinary differential equations has also
been stimulated by the fact that this theory enables one to investigate ordinary differential, impulsive and
difference equations from a unified point of view [8-18] and the references therein).

Throughout the paper the following notation and definitions will be used. ] , [,R     [ , ], ] , [a b a b  and

[ , [, ] , ] ( , )a b a b a b R  are, respectively, closed, open and semi-open intervals. n mR   is the space of all real

n m -matrices ,
, 1( )n m

i lX x   with the norm

,

, 1
|| || | |;

n m

il
i l

X x



,
, 1{ ( ) : 0 ( 1,..., ; 1,..., )};n m n m

il i l ilR X x x i n l m
       ,

, 1| | (| |) ; ( )n m
il i l n mX x O or O    is the zero n m  –

matrix.

If , 1( ) ,n n n
il i lX x R 

   then 1, det( )X X  and ( )r X  are, respectively, the matrix inverse to X the

determinant of X and the spectral radius of ; nX I  is the identity n n  – matrix.

1n nR R   is the space of all real column n-vectors 1( ) ;n
i ix x   1.n nR R 

 

( ),d
cV X  where ,a c d b    is the total variation of the matrix-function , 1( ) : [ , ] ,n n n

il i lX x a b R 
   i.e.,

the sum of total variations of the latter ’s components ( 1,..., ; 1,..., );ilx i n l m   if ,d c  then
,
, 1( ) ( ); ( )( ) ( ( )( )) ,d c n m

c d il i lV X V X V X t v x t     where 
00( )( ) 0, ( )( ) ( )t

il il c ilv x c v x t V x   for  ,a t b 

0 ( ) / 2;c a b   ( )X t  and ( )X t  are the left and the right limits of the matrix-function :] , [ n mX a b R   at

the point ] , [t a b  (we will assume ( ) ( )X t X a   for t a  and ( ) ( )X t X b   for t b  if necessary);

1 2( ) ( ) ( ), ( ) ( ) ( ).d X t x t X t d X t X t X t     

([ , ], )n mBV a b R   is the set of all matrix-functions of bounded variation : [ , ] n mX a b R   (i.e., such that

( ) ;b
aV X  

(] , [, )n m
locBV a b R   is the set of all matrix-functions :] , [ n mX a b R   such that ( )b

aV X    for every

;a c d b  
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If I is an arbitrary interval from R and 1,..., ,nt t I  then 1( , ,..., ; )n m
loc nBV I t t R   is the set of all matrix-

functions : n mX I R   the restrictions of which on every closed interval 1[ , ] \{ ,..., }nc d I t t  belongs to

([ , ], ).n mBV a b R 

A matrix-function is said to be continuous, nondecreasing, integrable, etc., if each of its components is
such.

If a function ([ , ], )BV a b R   has no more than a finite number of points of discontinuity, and {1, 2},m

then by 1 1{ ,..., }( ... )
m mm m mn m mnD t t t t

         we denote the set of all points [ , ]t a b  for which ( ) 0;md t 

moreover, we put max{ ( ) : }.m m md t t D   

If ([ , ], ),BV a b R   then

1 2

( ) ( ) : 1,..., ( , 1, 2),
ml m ml m

m j j ml j m
t t

max d t d l n j m
 

   


   
    

      
  



where 
120 2 11, 1.nt a t b

     

: ([ , ], ) ([ , ], ) ( 0,1,2)js BV a b R BV a b R j   are the operators defined, respectively, by

1 2( )( ) ( )( ) 0,s x a s x b 

1 1 2 2( )( ) ( ), ( )( ) ( )
a t a t

s x t d x s x t d x for a t b
 

 
   

    
and

0 1 2( )( ) ( ) ( )( ) ( )( ) .s x t x t s x t s x t for a t b    

If : [ , ]g a b R  is a nondecreasing function, and ,a s t b    then

0 1 2
] , [

( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( ),
t

s t s ts s t

x dg x ds g x d g x d g
 

       
   

    

where 0
] , [

( ) ( )( )
s t

x ds g   is the Lebesgue-Stieltjes integral over the open interval ] , [s t  with respect to the

measure 0( ( ))s g  corresponding to the function 0 ( );s g  moreover, we assume ( ) ( ) ( ) ( )
t t

s s

x dg x dg     

and ( ) ( ) 0;
s

s

x dg  

([ , ], ; )L a b R g  is the space of all functions :[ , ] ,x a b R  measurable and integrable with respect to the

measure ( )g  with the norm

,|| || | ( ) | ( ).
b

L g
a

X x t dg t 

If 1 2( ) ( ) ( ),g t g t g t   where 1g  and 2g  are nondecreasing functions, then

1 2( ) ( ) ( ) ( ) ( ) ( ) .
t t t

s s s

x dg x dg x dg for s t         

If ,
, 1( ) : [ , ]l n l n

ik i kG g a b R 
   is a nondecreasing matrix-function and ,n mD R   then ([ , ], ; )L a b D G  is the
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set of all matrix-functions ,
, 1( ) : [ , ]n m

kj k jX x a b D   such that  );,...,1;,...,1;,...,1();],,([ mjnkligRbaLx ikk j 

,

1 , 1

( ) ( ) ( ) ( ) ,
l nt tn

kj ik
ks s i j

dG X x dg for a s t b   
 

 
      

 
 

,
, 1( )( ) ( ( )( )) ( 0,1,2).l n

j j ik i kS G t s g t j 

If 1 2( ) ( ) ( ),G t G t G t   where 1( )G t  and 2 ( )G t  are nondecreasing matrix-functions, then

1 2( ) ( ) ( ) ( ) ( ) ( ) ,
t t t

s s s

dG X dG X dG X for s t            

1 2( ) ( ) ( ) ( 0,1, 2),k k kS G S G S G k  

1 2([ , ], ; ) ([ , ], ; ) ([ , ], ; ).L a b D G L a b D G L a b D G 

The inequalities between the matrices are understood component-wise.

A vector-function 1([ , ], ,..., ; )n
loc nx BV a b t t R  is said to be a solution of the system (1) if

1( ) ( ) ( ) ( ) ( ) ( ) , [ , ] [ , ] \{ ,..., }.
t

n
s

x t x s dA x f t f s for s t s t a b t t       

By a solution of the problem (1), (2) we mean the solution 1( )n
i ix x   of the system (1) such that the one-

sided limits ( ), ( ) ( 1,..., )i i i ix t x t i n    exist and the equalities (2) are valid.

A vector-function 1([ , ], ,..., ; )n
loc nx BV a b t t R  is said to be a solution of the system of generalized

differential inequalities ( ) ( ) ( ) ( ) ( ) [ , ],dx t dB t x t df t for t a b      if

1( ) ( ) ( ) ( ) ( ) ( ) , [ , ] [ , ] \{ ,..., }.
t

n
s

x t x s dB x f t f s for s t s t a b t t       

Without loss of generality we assume that ( ) , (0) 0 .n n nA a O f   Let, moreover,,

1det( ( 1) ( )) 0 [ , ] \{ ,..., } ( 1,2).j
n nI dA t for t a b t t j    

The above inequalities guarantee the unique solvability of the Cauchy problem for the corresponding
system (1) (see [18, Theorem III.1.4]).

If ] , [s a b  and (] , [, )locBV a b R   are such that

1 ( 1) ( ) 0 ] , [ ( 1, 2),j
jd t for t a b j    

then by (., )s  we denote the solution of the Cauchy problem ( ) ( ) ( ), ( ) 1.d t t d t s    

It is known (see [15], [16]) that this problem has a unique solution and it is given by

            

            

1

0 0 1 2

1

0 0 1 2

exp 1 1 ,

( , ) exp 1 1 ,

1 .

s t s t

s t s t

s t s s d d for t s

t s s t s s d d fort s

for t s

 


 

     

      



   



   

    
    

 


 

 

Definition 1. We say that a matrix-function   , 1
([ , ], )n n m

il i l
C c BV a b R 


   belongs to the set

1U([ , ], ,..., )na b t t  if the functions ( ; , 1,..., )ilc i l i l n   are nondecreasing on [ , ]a b  and the system
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1
sgn( ) ( ) ( ) ( ) [ , ] ( 1,..., )

n

i i l il
i

t t dx t x t dc t for t a b i n


    
has no nontrivial, nonnegative solution satisfying the condition (2).

A similar definition of set 1 ([ , ], ,..., )nU a b t t  has been introduced by I. Kiguradze for ordinary differential

equations (see [4]).
We note that the problem (1),(2) under the condition 1 ( 1,..., )i ia t t b i n     is reduced to the case

given above. Indeed, if ( )i it a t b   for some {1,..., },i n  then setting ( ) ( )A t A a  and ( ) ( )f t f a  for

( ( ) ( )t a A t A b   and ( ) ( )f t f b  for ),t b  we can consider the problem on every interval 0 0[ , ],a b

where 0 0 .a a b b    Moreover, without loss of generality we assume that 1/ 1/i ia t k t k b      for

every natural k.

2. Formulation of Main Results

Theorem 1. Let the vector-function 1( )n
l lf f   belong to ([ , ], ),nBV a b R  and the matrix-function

  1, 1
([ , ], ,..., ; )n n n

il loc ni l
A a BV a b t t R 


   be such that the conditions

               0 0 0 0sgnii ii i ii i ii is a t s a s t t s c t s c s      

( 1,..., ),i ifor a s t t or t s t b i n       (3)

             1 1 1 1 sgn [ , [ ] , ]( 1, 2; 1,..., ),j j
j ii i j ii i i id a t t t d c t t for t a t t b j i n           (4)

              0 0 0 0 ( ; , 1,..., )il il il il i is a t s a s s c t s c s for a s t t or t s t b i l i l n           (5)

and

( ) ( ) [ , [ ] , ] ( 1, 2; ; , 1,..., )j il j il i id a t d c t for t a t t b j i l i l n      (6)

are fulfilled, where

  1, 1
 U([ , ], ,..., ),n

il ni l
C c a b t t


    : [ , [ ] , ] ( 1,..., )i i ia t t b R l n   

are functions, nondecreasing on every interval [ , [ia t  and ] , ],it b  having  one-sided limits ( )i it   and

( )i it   and satisfying the conditions

1 0 2 0lim ( ) 1 ( 1,..., ), lim ( ) 1 ( 1,..., )
i i

i it t t t
d t i n d t i n n 

   
     (7)

and

 
 

lim sup ( , 1/ ) : 1,2,... 0 ( 1,..., ),

lim sup ( , 1/ ) : 1,2,... 0 ( 1,..., ).

i
i

i
i

it t

it t

t t k k i n

t t k k i n









 

 

   

    (8)

Then the problem (1), (2) has one and only one solution.
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Corollary 1. Let the vector-function 1( )n
l lf f   belong to ([ , ], ),nBV a b R  and the matrix-function

  1, 1
([ , ], ,..., ; )n n n

il loc ni l
A a BV a b t t R 


   be such that the conditions

                    0 0 0 0 0sgn ( )

for or ( 1,..., ),

t

ii ii i i i ii i
s

i i

s a t s a s t t s t s s h ds

a s t t t s t b i n

         

      



              1 1 1 1 sgn

for [ , [ ] , ]( 1, 2; 1,..., ),

j j
j ii i ii j i j i

i i

d a t t t h t d t d t

t a t t b j i n

       

   

         0 0 0( ) for or ( ; , 1,..., )
t

il il il l i i
s

s a t s a s h ds a s t t t s t b i l i l n           

( ) ( ) ( ) for [ , [ ] , ]( 1, 2; ; , 1,..., )j il il j l i id a t h t d t t a t t b j i l i l n     

are fulfilled, where : [ , [ ] , ] ( 1,..., )i i ia t t b R i n     are functions, nondecreasing on every interval [ , [ia t

and ] , ],it b  having one-sided limits ( )i it   and ( )i it   and satisfying the conditions (3), (4); ( 1,..., )l l n 

are functions nondecreasing on [ , ]a b  and having not more than a finite numder of points of

discontinuity;      , , ; , , , ; ( ; , 1,..., ), 1 .ii i il ih L a b R h L a b R i l i l n           Let, moreover,,

( ) 1,r H 

where 3 3n n -matrix  2

1 1 , 0j m j m
H H   

  is defined by

  1 1 , , 1
( , 0,1, 2),

m i

n

j m kmij ik s i k
H h j m

 
 


 

       
1

( 0,1, 2; 1,..., );ij j i j is b s a j i n     

     

      

1

2
0 0 02

0 0

0 0 0

4 if ,

if ( , 1,..., );

k i k
k i

ko i i k

s t s t

s t s t i k n


   

   


     


 

2 2if 0, 0 ( , 0,1,2; 1,..., ),kmij km ij m j mj j m k n       

1

21 sin ( , 1, 2; 1,..., ),
4 4 2k k i

k

kmij m m j
m

j m k n
n



  


   
 

     

and 1 2 1.
 
   Then the problem (1), (2) has one and only one solution.

Remark 1. In Corollary 1, 3 3n n -matrix  H can be replaced by the n n -matrix

 

2

,
0 , 1

max : 0,1, 2 .
m k

n

kmij ik s
j i k

h m
 






         

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By Remark 1, Corollary 1 has the following form for   const( , 1,..., ),il ilh t h i l n  

( ) ( ) ( 1,..., ),i t t i n    ( ) ( ) ( 1,..., )i t t i n    and .  

Corollary 2. Let the vector-function 1( )n
l lf f   belong to ([ , ], ),nBV a b R  and the matrix-function

  1, 1
([ , ], ,..., ; )n n n

il loc ni l
A a BV a b t t R 


   be such that the conditions

                        0 0 0 0 0 0sgn

for or ( 1,..., ),
ii ii i ii

i i

s a t s a s t t h s t s s s t s s

a s t t t s t b i n

        

      

            1 1 1 1 sgn for [ , [ ] , ]( 1, 2; 1,..., ),j j
j ii i ii j j i id a t t t h d t d t t a t t b j i n           

               0 0 0 0 for or ( ; , 1,..., ),il il ii i is a t s a s h s t s s a s t t t s t b i l i l n           

( ) ( ) for [ , [ ] , ] ( 1, 2; ; , 1,..., )j il il j l i id a t h d t t a t t b j i l i l n     

are fulfilled, where : [ , [ ] , ] ( 1,..., )i i ia t t b R i n     are functions, nondecreasing on every interval [ , [ia t

and ] , ],it b  having one-sided limits ( )i it   and ( )i it   and satisfying the conditions

1 0 2lim ( ) 1 ( 1,..., ), lim ( ) 1 ( 1,..., )
i it t t t

d t i n d t i n 
   

   

and

 

 

lim sup ( , 1/ ) : 1,2,... 0 ( 1,..., ),

lim sup ( , 1/ ) : 1,2,... 0 ( 1,..., );
i

i

it t

it t

t t k k i n

t t k k i n








 

 

   

   

 is a function nondecreasing on [ , ]a b  and having not more than a finite number of points of discontinuity;

, ( ; , 1,..., ).ii ilh R h R i l i l n     Let, moreover,,

0 ( ) 1,r H 

where   , 1
,n

ik i k
H h




       
2

0 00 0 0
0

2max : 0,1, 2 , ,mj
j

m s b s a    


      
  


               
11
22

0 0 0 0 ( 1,2),j j j js b s a s b s a j          

1

21 sin ( , 1, 2).
4 4 2mj m m j

m

m j
n



  



    

  
 

Then the problem (1), (2) has one and only one solution.
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maTematika

koSi-nikoletis mravalwertilovani sasazRvro
amocana wrfiv ganzogadebul diferencialur
gantolebaTa sistemebisaTvis singularobebiT

m. aSordia*, m. kvekveskiri**

* i. javaxiSvilis sax. Tbilisis saxelmwifo universitetis a. razmaZis maTematikis instituti;
soxumis saxelmwifi universiteti, Tbilisi

** soxumis saxelmwifo universiteti, Tbilisi

(warmodgenilia akademikos i. kiRuraZis mier)

ganxilulia koSi-nikoletis mravalwertilovani sasazRvro amocana
( ) ( ) ( ) ( ) [ , ],dx t dA t x t df t for t a b   

( ) 0, ( ) 0, ( 1,..., ),i i i ix t x t i n    

sadac 1,..., nx x  saZiebeli x amonaxsnis komponentebia, 1 ,i ia t t b      

1( ) : [ , ]n n
l lf f a b R   aris veqtoruli funqcia, romlis komponentebi sasruli variaciis

mqone funqciebia, xolo matriculi funqcia , 1( ) : [ , ]n n n
il i lA a a b R 

   iseTia, rom yoveli

{1,..., }i n -Tvis 1,....,i ila a  funqciebs gaaCnia sasruli variaciebi [a, b]-Si Semaval nebismier

Sualedze, romelic ar Seicavs it  wertils.
dadgenilia aRniSnuli sasazRvro amocanis calsaxad amoxsnadobisaTvis sakmarisi

pirobebi im SemTxvevaSi, roca gansaxilveli diferencialuri sistema singularulia, anu
roca A matriculi funqciis komponentebs ar gaaCnia sasruli variaciebi [a, b].
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