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M. ASHORDIA AND M. KVEKVESKIRI

ON THE MULTIPOINT BOUNDARY VALUE PROBLEMS
FOR SYSTEMS OF LINEAR GENERALIZED
DIFFERENTIAL EQUATIONS WITH SINGULARITIES

For the system of linear singular generalized ordinary differential equa-

tions
dxz(t) = dA(t) - z(t) + df (t) for t €]a,b] (1)

we consider the multipoint boundary value problem

.”L'l(tl—f—) =0 (1 =1,... ,no), .’L'Z‘(ti—) =0 (Z =ng+1,... ,77,)7 (2)
where —co < a <t; <t <b< 400 (i=1,....,n—1), ng € {0,...,n},
x(t) = (zi(t)isy, A = (aa)i)—; @ Ja,b[—= R™™ and f = (fi)i_, : ]a,b[—
R™ are, respectively, a matrix- and a vector-function with bounded total
variation components on every closed segment from the interval |a, b|.

We investigate the question on the unique solvability of the problem (1),
(2). On the basis of this theorem we have obtained effective criteria for the
solvability of this problem.

Analogous and related questions are investigated in [9]-[11] (see also the
references therein) for the singular boundary value problems linear and non-
linear systems of ordinary differential equations.

To a considerable extent, the interest to the theory of generalized ordi-
nary differential equations has also been stimulated by the fact that this
theory enables one to investigate ordinary differential, impulsive and differ-
ence equations from a unified point of view (see, e.i., [1]-[8], [12], [13] and
the references therein).

The following notation and definitions will be used.

R =]—o00,+00[ Ry =[0,400[; I =[a,b] (a,b € R) is a closed interval.
R"™™ is the space of all real n x m-matrices X = (z);;"; with the norm
X1 = > Jzal;
i=1

R™ = {(xﬂ);fgl L >0(=1,...,n 1= 1,...,m)}.
Opnxm (or O) is the zero n X m matrix.

I X = (wa)] 7, € R, then [ X] = (|l

R"™ = R™*! is the space of all real column n-vectors x = (z;)% ;.
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If X € R"™*™ then X!, det X and r(X) are, respectively, the matrix
inverse to X, the determinant of X and the spectral radius of X; I,, is the
identity n x n-matrix.

b
V(X) (@ < ¢ < d < b) is the variation of the matrix-function X =
c

(xil)Z}Zl :Ja, b[— R™ ™ ie., the sum of variations of the latter’s compo-
d
nents; if d < ¢, then V(X) = — \2 (X); V(X)(t) = (v(za)(t));Z,, where

v(zi)(eo) =0, v(xy)(t) = \t/(xil) fora <t <b,co=(a+b)/2
co
X (t—) and X (t+) are the left and the right limits of the matrix-function
X :]a,b[— R™™ at the point ¢ €la,b] (we will assume X(t) = X(a+)
for t < a and X(t) = X(b—) for ¢t > b, if necessary); d1 X (t) = X(t) —
X(t-), dX(1) = X(t+) - X(1).
BV ([a, b], R™"*™) is the set of all matrix-functions of bounded variation
b
X : [a,b] — R™™™ (i.e., such that V(X) < 400);
a
BVioc(Ja, b, R™*™) is the set of all matrix-functions X : ]a, bj— R™*™

d
such that V(X) < +oo for every a < ¢ < d < b;
C

A matrix-function is said to be continuous, nondecreasing, integrable,
etc., if each of its components is such.

If &« € BV([a, b], R) has no more than a finite number of points of discon-
tinuity, and m € {1,2}, then Dam = {taml,- - tamna, } Eam1i < - <
tamna,,) 1S the set of all points from [a,b] for which d,,a(t) # 0, and
tom = max{dna(t) : t € Dam} (m=1,2).

If 8 € BV([a,b],R), then

Vam@j = Max {djﬁ(taml) + Z d;B(r):1=1,... ,nam}

tam i+1—m <T<tami4+2—m

(j,m =1,2); here tooo = a — 1, tain,,+1 = b+ 1.
s; : BV([a,b],R) — BV([a,b],R) (j = 0,1,2) are the operators defined,
respectively, by

s1(z)(a) = s2(x)(a) =0,
si(@)(t) = Y diz(r) and sy(z)(t) = Y doa(r) for a <t <b,

a<t<t a<ltT<t
so(z)(t) = x(t) — s1(x)(t) — s2(x)(¢t) for t € [a,b].
If g : [a,b] — R is a nondecreasing function, = : [a,b] — R, then
¢

[atnragn) = [s@asom+ Y s+

S I s<T<t

+ ) @(r)dag(r) for a<s<t<b,
s<T<t
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where [ z(7)dso(g)(7) is the Lebesgue-Stieltjes integral over the open
s,

interval ]s,t[ with respect to the measure po(so(g)) corresponding to the

function so(g);

L([a,b],R; g) is the space of all functions z : [a,b] — R measurable
and integrable with respect to the measures ;(g) with the norm ||z||z 4 =
I (@) dg(t)

If g(t) = gl( ) — g2(t), where g1 and go are nondecreasing functions, then

¢ ¢ ¢
/37(7) dg(T) :/JJ(T)dm(T) —/x(T) dgs(7) for s <t.
It G = (gik)ﬁ”zzl : [a,b] — R™™ is a nondecreasing matrix-function

and D C R™ ™ then L([a,b], D;G) is the set of all matrix-functions X =
(Tj)kj=1 * la,b] — D such that zy; € L([a,b], Rygix) (1 = 1,....0 k =
1,...,n;5=1,...,m);

t
I,m
/dG( (Z/xkg Ydgir (T ) for a<s<t<hb,

d i.j=1

S;(G)(t) = (s;(g) (D) hy (1=0,1,2).

If Gj : [a,b] — R™™ (j = 1,2) are nondecreasing matrix-functions,
G =G, — Gy and X : [a,b] — R"™™ then

t

/dG(T)-X(T) :/thl(T)- /ng ) for s <t

Sk(G) = Sk(Gy) — Sk(GQ) (k=0,1,2),
L([avaD;G) = ﬂ L([a7b]5D;Gj)'

Jj=1

The inequalities between the vectors and between the matrices are un-
derstood componentwise.
A vector-function z € BV,.(Ja,b[,R™) is said to be a solution of the
system (1.1) if
t

x(t) :1'(8)+/dA(T) cx(T)+ f(t) — f(s) for a<s<t<b.

S

Under a solution of the problem (1),(2) we mean a solution z(t) =
(xi(t)), of the system (1) such that the onesided limits x;(¢;+) (4
1,...,n9) and z;(t;+) (i = ng + 1,...,n) exist and the equalities (2) are
fulfilled.
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A vector-function x € BV,(]a,b[,R™) is said to be a solution of the
system of generalized differential inequalities
dx(t) — dB(t) - x(t) — dq(t) <0 (> 0) for t €la,b,
where B € BV ,.(Ja, b[, R"*™), ¢ € BV oc(]a, b[, R™), if
¢
z(t) — z(s) + /dB(T) cx(T) —q(t) +q(s) <0(>0) for a<s<t<hb.

With out of generality we assume that A(0) = O, xn, f(0) = 0. Moreover,
we assume

det(I,, + (—=1)7d; A(t)) # 0 for t €]a,b] (j =1,2).

The above inequalities guarantee the unique solvability of the Cauchy
problem for the corresponding systems (see [13, Theorem III.1.4]).
If s €]a,b] and « € BV ,(]a, b, R) are such that

1+ (=1)7d;a(t) #0 for t€]a,b],
then by v,(-, s) we denote the unique solution of the Cauchy problem
dy(t) =~(t)da(t), ~(s)=1.

It is known (see, [8]) that

exp(so(@)(t) =~ so(@)(s)) I (1= daa(r)) '
x TI (1+dsa(r)) for t> s,
Yot 5) = | exp(so(a)(t) — so(a)(s)) (1= dia()
T (1+dsa(r))! for t<s,
- 1 for t = s.

Definition 0.1. Let ng € {0,...,n}. We say that a matrix-function
C = ()=, € BV([a,b],R™*™) belongs to the set U(a,b,t1,...,tn;n0) if
the functions ¢;; (i #I; 4,l = 1,...,n) are nondecreasing on [a,b] and the
system

sgn(t —t;) - da;(t) < Zwl(t) dey(t) for t €la,b] (i=1,...,n)
=1

has no nontrivial, nonnegative solution satisfying the condition (1.2).

The similarly definition of set U has been introduced by I. Kiguradze for
ordinary differential equations (see [14]).
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Theorem 1. Let the vector-function f = (f;)]_, belong to BV([a,b], R,
and the components of the matriz-function A = (aq)j';—; € BVioc(la,b],
R™*™) satisfies the conditions

(s0(ai)(t) — so(ai)(s)) sgn(t — t;) < so(ci — i) (t) — so(cii — i) (s)
for a<s<t<t, ort;<s<t<b (i=1,...,n), (3)
(=17 (J1 + (=1 djai(t)| — 1) sgn(t — t;) < dj(ci(t) — ailt))
for t € [a,t;[U)t;,0] (j=1,2;i=1,...,n) 4)

|s0(air)(t) — soaa)(s)| < solca)(t) — solci)(s)
fora<s<t<t; ort;<s<t<b (i#l i,l=1,...,n), (5)

\djail(t)| S djcil(t) fOT‘ te [a,ti[u]thb} (Z # l; ’L,l = ]., PN ,TL), (6)
where
C = (Cil)lel € u(a7bat17 oo 7tn; nO)v

a; a0\ {t;} = R (i=1,...,n) are nondecreasing on the intervals [a,t;]
and |t;, b] functions such that

tli»ItIile leéi(t) <1 (Z = 1, . ,77,0),

lim daoy(t) <1 (i=no+1,...,n), (7)

t—t; —
tlirtn+sup{7ai(t,ti +1/k):k=1,2,...} =0 (i=1,...,n0),
tligl_sup{vai(t,ti— 1/k):k=1,2,...} =0 (i=no+1,...,n). (8)
Then the problem (1), (2) has one and only one solution.

Corollary 1. Let the vector-function f = (fi)}, belong to BV([a, b],R",
and the components of the matriz-function A = (au)j;—; € BVioc(la,b],
R™*™) satisfies the conditions

(s0(aii)(t) = solaii)(s)) sen(t — t;) < —(s0(ci)(t) — so(ai)(s))+
+/hii(7)dso(ﬁi)(7) fora<s<t<t; ort;<s<t<b (i=1,...,n),
for t € [a,t;[U]t;,b] (1 =1,2;i=1,...,n),

t

|so(ai)(t) = so(ain)(s)| < /hil(T) dso(B1)(7)

S
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fora<s<t<t; ort;<s<t<b (i#l; i,l=1,...,n),

\djail(t)| < hil(t)djﬁl(t) fO’f’ te [a,ti[U]ti,b] (’L 7& l; i,l = 1, ‘e ,n)

hold, where a; : [a,b] \ {t;} — R (i = 1,...,n) are nondecreasing on the
intervals [a,t;] and ]t;,b] functions, satisfying the conditions (7) and (8),
B (I=1,...,n) are functions nondecreasing on [a,b] and having not more

than a finite number of points of discontinuity, hy; € L*([a,b],R; 3;), hy €
L¥([a,b]),Ry;061) (1 £ 1;4,0=1,...,n), 1 <pu < +4oo. Let, moreover,

r(H) <1,

where the 3n x 3n-matric H = (H;11 m+1)§7m:0 is defined by

Hj"rl m+1 = (/\kmij”hik”u,sm(ﬁi))zkzl (.]7 m=0,1, 2))

1

gij = (Sj(ﬁl)(b) - sj(ﬁi)(a)); (.7 = Oa 1; 2,; 1= ]-7 S 7n);
l -
Moo = {(;é)” Go i s0(B)(0) = so(Bh) (1)
Eko&io if 50(8:)(t) # so(Br)(t) (ik=1,...,n);
Memig = Eem&sj if m?*+5° >0, mj=0
(om=0,1,2 i,k=1,...,n),
1 . _o ™ v

)\kmij = (4 HogpmVoyma;j SHL 4nakm+2>

(j,m=1,2; i,k=1,...,n),
and ﬁ + 2 =1. Then the problem (1), (2) has one and only one solution.

Remark 1. The 3n x 3n-matrix H, appearing in Corollary 1 can be
replaced by the n x n-matrix

2 n
(maX{Z)‘kmijnhikllu,sm(ak) : m:O,l,Z})
=0 i,k=1

By Remark 1, Corollary 1 has the following form for h;(t) = h; = const,
a;(t)=at) i=1,...,n)and B;(t) = B(t) (i, =1,...,n) and p = +oc0.

Corollary 2. Let the vector-function f = (fi)}, belong to BV([a,b],R",
and the components of the matriz-function A = (au)j;—; € BViec(la,b],
R™ ™) satisfies the conditions

(so0(air)(t) — soais)(s)) sgn(t — t;) < ha (s0(B)(t) — s0(6)(s))

—(so(a@)(t) = so(a)(s)) for a<s<t<t; ort;<s<t<b (i=1,...,n),
(1) (|1 + (=1)djas(t)| — 1) sgn(t — t;) < hyd;B(t) — dje(t))
for t € [a,t;[U]t;,b] (1=1,2; i=1,...,n),

|so(ai)(t) — solai)(s)| < hu(so(B)(t) — so(B)(s))



fora<s<t<t; ort;<s<t<b (i=1,...,n),
|djail(t)| < hildjﬂ(t) f07’ te [a,ti[U]ti,b] (] =1,2; 1= 1,...,n)

hold, where « : [a,b]\{t;} — R is a nondecreasing on the intervals [a,t;| and
Jti,b] function, satisfying the conditions (7) and (8), B is a nondecreasing
on [a,b] function and having not more than a finite number of points of
discontinuity, hy; € R, hy € Ry; (1 #1; 4,0 =1,...,n). Let, moreover,

por(H) <1,
where
2
H = (hit)} 11, = max Amj :m=0,1,2¢,
k)ik Po {Jz_;) }
Moo = 2 (s0(B)(B) — so(B)(@).
)\Oj = )\jO = (So(ﬁ)(b) - So(a)(a))%(sj(ﬁ)(b) - Sj(ﬁ)(a))% (.7 = 172)7
Amj = % (.uamVamalphaj)% sin~! m (m,j=1,2).

Then the problem (1), (2) has one and only one solution.

Theorem 2. Let the vector-function f = (fi)], belong to BV([a, b],R"),
and the components of the matriz-function A = (au)j;—; € BVioc(la,b],
R™ ™) satisfies the conditions (3)—(6), where c;i(t) = hyBi(t) + Bu(t) (4,1 =
1,...,n),

dlﬂl(tl) <0 and 0 < dgﬂl(t) < |’fh‘|_1 fO’]" a<t<t; (’L =no+1,... ,’ﬂ),

dgﬁl(tl) <0 and 0 < dlﬂz(t) < |T]i|71 fOT’ t; <t<b (Z =1,... ,no),

where «; : [a,b] \ {t;} = R (i =1,...,n) are nondecreasing on the intervals
[a,t;[ and ]t;,b] functions, satisfying the conditions (7) and (8), hi; < 0,
hy >0, 1 <0 #£1;4l=1,...,n); By (¢t =1,...,n) are functions
nondecreasing on [a,b]; Bu,B; € BV([a,b],R) (i # l;i,l = 1,...,n) are
functions nondecreasing on every interval [a,t;[ and |t;,b]. Let, moreover,
the condition (9) hold, where H = (£u)71—1,

hil
|hii

ni =V (A(G,a:)) (ti—) = V(A(G a0))(a) (i=no+1,...,n);

§ii = Miy Su = (t#£L4,l=1,...,n),

G =D Bult) (i=1,...,n),
k=l



az(t) = hy; - (ﬂl(t) — ﬂz(tri’)) fOT’ t;<t<b (Z =1,... ,77,0),

ai(t) = hy; - (ﬁi(ti—) — ﬁl(t)) fO’f' a<t<t; (Z =nog+1,... ,n).

Then the problem (1), (2) has one and only one solution.

Remark 2. Ifn; <1 (i=1,...,n), then, in Theorem 1.2, we can assume
that
§i=0, &= e (i#1L i, l=1,...,n).
(1= m3)| i
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