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In the paper, necessary conditions of optimality of the initial and final moments, delay param-
eters, the initial vector and initial functions, the control function are obtained for the optimization
problem containing the nonlinear functional differential equation with constant delays in the phase
coordinates and controls.

Let R™ be the n-dimensional vector space of points » = (z!,..., z™)T. Suppose that P C R¥,
Q C R™, V C R" are convex and open sets, with k +m = n, 2 = (p,q)7 € O = (P,Q)7.
Let a11 < a12 < ao1 < age, @ > 1 > 0, 00 > 01 > 0, 5 > 01 > 0 be given numbers, with
ag — ajg > 193 let I = [aq1, a9, I1 = [T,a12] and Iy = [a11 — 02, age], where T = a1 — max{m, o2}.
Furthermore, let the n-dimensional function f(t,z,p, q,u,v) be continuous on I x O x P x Q x V2,
and continuously differentiable with respect to (z,p,q,u,v). Denote by AC, (I, P) the space of
absolutely continuous functions ¢ : Iy — R¥, with [(¢)| < const. Let us introduce the sets:

(I):ACAO(IMK)a G:Acg(llvM)v Q:ACU(IZ7U)7

where K C P, M C Q and U C V are convex and compact sets. To any element

w = (t07t177—7 0707p0790)gvu) ew
= (CL11,CL12) X ((121,0,22) X (7'1,7'2) X (0'1,0'2) X (91,92) X P() x ® x G x Q,

where Py C P is a convex and compact set, we assign the nonlinear controlled functional differential
equation with delays in the phase coordinates and controls

x(t) = f(t,x(t),p(t - T)v Q(t - U)v u(t>7u(t - 9))7 te [thtl] (1)

with the mixed initial condition

{x(t) = (p(t),a(t)T = (p(t),9(t)T, te[Fto),
z(to) = (po, g(to))T.

Condition (2) is said to be the mixed initial condition, because it consists of two parts: the first
part is p(t) = @(t), t € [T,to), p(to) = po, the discontinuous part, since in general p(tg) # ¢(to);
discontinuity at the initial moment may be related to the instant change in a dynamic process, for
example, changes of investment and environment etc; the second part is ¢(t) = g(¢), t € [T, to], the
continuous part, since always q(to) = g(to).

(2)
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Definition 1. Let w = (to,t1,7,0,0,p0, ¢, g,u) € W. A function z(t) = z(t;w) € O,t € [T, t1],
is called a solution of equation (1) with the initial condition (2) or a solution corresponding to
the element w, if it satisfies condition (2) and is absolutely continuous on the interval [to,¢;] and
satisfies equation (1) almost everywhere on [tg, t1].

Let the scalar-valued functions 2*(tg,t1,7,0,0,p,), i = 0,1, be continuously differentiable on
[all,alg] X [agl,agg] X [7‘1,7’2] X [0’1,0’2] X [91,92] x P x O.

Definition 2. An element w = (to,t1,7,0,0,po, p,g,u) € W is said to be admissible if the corre-
sponding solution z(t) = x(t; w) satisfies the boundary conditions

2 (to, t1,7,0,0,po, x(t1)) =0, i=1,1. (3)
By Wy we denote the set of admissible elements.

Definition 3. An element wy = (to0, t10, 70, 00, 00, P00, ¥0, go, uo) € W is said to be optimal if for
an arbitrary element w € Wy the inequality

2 (too, t10, 70, 00, 00, Poo, Zo(t10)) < 2°(to, t1, 7, 0,0, po, z(t1)), (4)
where xo(t) = z(t;wp), holds.

(1)—(4) is called the optimization problem for the functional differential equation (1) with the
mixed initial condition (2).

Theorem 1. Let wy be an optimal element and let zo(t) = (po(t),qo(t))T, t € [7,t10] be the
corresponding solution. The function go(t) is continuous at the point tog. Then there exist a vector
= (mo,...,m) # 0, with 7y < 0, and a solution Y (t) = (P1(t),...,¥n(t)) of the equation

P(t) = —(t) foult] — ¥ (t + 70) (foplt + 7o), Onxm) — ¥(t + 00) (Onxck, foglt + 00])s t € (too, t10)

with the initial condition
w(tlo) = 720z, TZJ(t) =0, t>tio,

where Opxm is the n x m zero matriz and Z = (2°,...,2H)7T,

0Z(too, t10, 70, 00, 0o, Poo, To(t10))
ox ’
Joz[t] = fa(t, 20(t), po(t — 70), qo(t — 00), uo(t), uo(t — bp)),

ZO:c =

such that the following conditions hold:

1) the condition for the initial moment top

720ty + (7 Z0g + (k41 (t00), - - - ¥n(too)) ) do(too) = ¥ (too) foltoo] + ¥ (too + 70) f1,

where

folt] = f (&, o(t), po(t — 70), qo(t — 00), uo(t), uo(t — ),

fi= f(too + 70, 20(too + 70), Poo, o (too + 7o — 00), uo(too + 70), uo(too + 70 — 90))

- f(too + 70, 2o (too + 70), ¥o(t0o), go(too + 70 — 00), uo(too + 0), uo(too + 70 — 90));

2) the condition for the final moment tio

mZot, = —(t10) folto];
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3) the condition for the delay T

t1o
mZor = Y (too + 70) 1 + /w(t)fop[t]lio(t — 7o) dt;
too
4) the condition for the delay o
10
200 = /Wﬂfoﬂﬂdo(t —09) dt;
too
5) the condition for the delay 0
t1o
TZop = /Wt)foq;[t]ﬂo(t — bo) dt;
too

6) the condition for the vector pgg

(7 Zop + (¥1(too), - - -, Vk(too))) poo = max (7 Zop + (¥1(too), - - -, Yi(too))) po;

7) the condition for the initial function po(t)

too too
/ Y(t + 70) foplt + Tol¢o(t) dt = max / Y(t + 70) foplt + Tolp(t) dt;
ped
too—7o too—To0

8) the condition for the initial function go(t)

too
(Vr41(t00); - - - » n(too)) go(too) + / Y[t + o0] foglt + 00lgo(t) dt
too—o0 o
= max [(wkﬂ(too% o, Un(too))g(to) + / Y(t + 00) foglt + o0lg(t) dt|;
geG
too—oo0
9) the condition for the control function wug(t)
tio tio
/111(75) [foultluo(t) + foultluo(t — 6o)] dt = ng/w(t) [ foultJu(t) + fou[t]u(t — 6o)] dt.
too too

Theorem 1 is proved by the scheme given in [2]. A problem with the mixed initial without
optimization of delay parameters was considered in [1]. Now we consider a particular case of
problem (1)—(4):

() = (p(t), d(t)T
= A(t)x(t) + B(t)p(t — 7') + C(t)q(t — 0) + D(t)u(t) + E(t)u(t — 0), t e [to, tl], (5)
{x(t) = (p(t),a())” = (p(t), g(t)T, t € [7, 1),
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Here A(t), B(t), C(t), D(t) and E(t) are the continuous matrix functions with dimensions n x n,
n x k, nxm,nxrand n X r, respectively; o, t1 are fixed moments; ¢(t), g(t) are fixed initial
functions; pg is a fixed initial function. In this case we have

w=(1,0,0,u) € W = (11,72) X (01,02) X (01,02) x Q and wy = (719, 00, 6o, up);
6Z(7‘0,00,90,$0(t1))
Oz '

Z(r,0,0,2) = (°(r,0,0,),...,2 (1,0,0,2))",  Zy, =

Theorem 2. Let wg be an optimal element for problem (5)—(8). Then there exist a vector m =
(mo,...,m) # 0, with 1y <0, and a solution ¥ (t) = (Y1(t),...,¥n(t)) of the equation

1/1(75) = —(t)A(t) — Yt +710)(B(t+70), Onxm) — V(t + 00)(Onxi, C(t + 00)), t € (to,t1)

with the initial condition

Y(th) = 720z, P(t) =0, t> 1,
such that the following conditions hold:

10) the condition for the delay Ty

t1o

" Zor = b0+ )l — (0] + [ V() Bln(t o)

11) the condition for the delay og

WZOU—/¢ t)qo(t — o0) dt;
12) the condition for the delay 60y

7'('209—/1/} (t)up(t — Op) dt;
13) the condition for the control function ug(t)

/¢ Buo(t) + E()[HJuo(t — 00)] dt = Inax/¢ D(t)ult) + E(tyult — 6o)] dt.
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