REPORTS OF QUALITDE, Volume 1, 2022 205

Existence of Solutions to BVPs at Resonance
for Mixed Caputo Fractional Differential Equations

Svatoslav Stanék

Department of Mathematical Analysis, Faculty of Science, Palacky University
Olomouc, Czech Republic
E-mail: svatoslav.stanek@upol.cz

1 Introduction

Let J =[0,1], X = C(J) x R and ||z|| = max{|z(t)| : t € J} be the norm in C(J).
We discuss the fractional boundary value problem

DY_Dyya(t) = f(t, (1)), (1.1)

u(0) = Dy, a(t)| _ =Dgya(t)] (12)

where «, 8 € (0,1), f € C(J x R), °D;_ and “Dy4 denote the right and the left Caputo fractional
derivatives.

Definition 1.1. We say that x : J — R is a solution of equation (1.1) if x,CD&x € C(J) and =
satisfies (1.1) for ¢t € J. A solution x of (1.1) satisfying the boundary condition (1.2) is called a
solution of problem (1.1),(1.2).

Let  : J - R, v € (0,1) and p € (0,00). Then the left D],z and the right “D]_x Caputo
fractional derivatives of x of order ~ are defined respectively by [2,3]

t) I'(1—7)
and .
DY alt) = 5, [ T (o)~ 2(1) s,

where I' is the Euler gamma function.
The left IY o+r and the right I ! 2 Riemann-Liouville fractional integrals of = of order u are
defined respectively by

If z € C(J) and v € (0,1), then

Do Iy, x(t) =x(t), D] _I]_x(t) =z(t) for teJ,
Iy, Dg, x(t) = x(t) — x(0), I]_ D] x(t)==
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and
I IR x(t) = Igi+72x(t), IV 12 x(t) = IV 2a(t) for t € J, y1,792 € (0,00).
Problem (1.1),(1.2) is at resonance because {c(1 + #il)) : ¢ € R} is the set of nontrivial

solutions to the homogeneous boundary value problem CD?_CDg Lo =0, (1.2).

2 Operator H and its properties

Let an operator H : X — X be given by the formula

Hz,c) = (c(l + F(;il)) LG IR f(tx(t)), e - I?_f(t,a:(t))‘t:()).
Note that . .
o fae) < [T Ty ar) ds
i ! I(3) ([ [(a) )
and

If x € C(J)and 0 <t; <ty <1, then

| 0+ 1—x(t)‘—r(l8+1)r(a+1)v tEJ, ( )
2]|]|
B o B 1o
‘IO—FIl—x(t)‘t:tg — I I x(t)] ., | < NCESHACES) (t2 —t1)”.

Lemma 2.1. H is a completely continuous operator.

The following result gives the relation between fixed points of H and solutions to problem
(1.1),(1.2).
Lemma 2.2. If (z,c) € X is a fivred point of H, then x is a solution of problem (1.1),(1.2).

Proof. Let H(x,c) = (z,c) for some (z,c) € X. Then

e(t) = 1+ r(ﬁtin) IR IRt a(h), te (2.2)
e f(t,x(t)))tzo —0. (2.3)

Applying Dy, to (2.2), we get
Dy, a(t) = c+ I ft,z(t), te . (2.4)

Hence CD€+x e C(J), CDg+x(t)|t:1 = c and (see (2.3)) CDg+x(t)\t:0 = ¢. We now apply D} to
(2.4) and have
DDy, x(t) = f(t.x(t), tEJ.
Thus z is a solution of equation (1.1). From
Dy x(t)| =e¢ Dixt) =
042(1) 1 O 04(t) o €

and (see (2.2)) x(0) = c it follows that = satisfies (1.2). Consequently, x is a solution of problem
(1.1), (1.2). O
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3 Existence result

Theorem 3.1. Suppose that
(Hy) there exists M > 0 such that xf(t,x) >0 fort € J and |x| > M;

(Ha) there exist positive constants A, B and p € (0,1) such that |f(t,z)| < A+ Blz|’ fort e J
and x € R.

Then problem (1.1), (1.2) has at least one solution.

Proof. Keeping in mind Lemma 2.2, we need to prove that H admits a fixed point. We prove the
existence of a fixed point of H by the Schaefer fixed point theorem [1,4]. To this end, let

Q= {(m,c) € X: (x,¢) =AH(z,c) for some X € (0, 1)}

Since H is a completely continuous operator, it follows from the Schaefer fixed point theorem that
the boundedness of €2 in X guarantees the existence of a fixed point of H.
Let (x,c) = AH(z,c) for some (x,c) € X and A € (0,1), that is,

B

_ B 1o
x@)—AcOf%f@aj5>+A%+hﬁﬂtx@»,tEJ; (3.1)
(1= XNe==M{f(t,x(t)) . (3.2)
We claim that
|z(§)] < M for some & € J, (3.3)

where M is from (Hy). By (3.1), (0) = Ac. Suppose that x > M on J. Then ¢ > 0 and, by (H1),
I f(t,x(t))|t=0 > 0, contrary to (3.2) because (1 — N)c > 0 and I f(¢,z(t))|t=0 > 0. Similarly,
x < —M on J gives contrary to (3.2). Hence (3.3) is valid.

Putting ¢ = ¢ in (3.1), we have

1

=TT ST B D)

(2(©) = NI F (1 2()] ). (3.4)
Thus (see (3.1))

1+t T(B+1)
1+ 88T(B+1)

Hence (see (Hz), (2.1) and (3.3))

a(t)

(2(6) = ML F(tw(®)],_ ) + ML I f(ta(t), te

A+ Bljz|” A+ Blla|f
““”g(y+m5+n)@4 FW+1W@HJQ B+ ar1) (7
In particular,
2] < Wi + Wallz|”, (3.5)

where

1 A 1
5+1)) * r+H(a+1) <2+ F([3+1)>’

wq:m41+r(

B 1
Gt G )

WQZF
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Since
. Wi + Wyt
lim —— =0,
V—00 v
there exists S > 0 such that W + Wav” < v or v > §. Consequently (see (3.5)), ||z < S.
Hence |f(t,z(t))| < L for t € J, where L = A+ BSP. In order to give the bound for ¢, we

consider two cases if A € (0,1/2] of A € (1/2,1). Let X € (0,1/2]. Then (see (3.2))

CIJ

1
A L
o< 105 [ s atolas < pfs
0

Let A € (1/2,1). Then (see (3.4))

1 N L
S ST TETD) (1)1 + 1 I f (1 2() e ) < 2(M + NEEST v 1)).

To summarize, we have |c| < D, where

D:max{r(fm’2<M+ r<5+1>Lr<a+1>>}'

As a result, Q is bounded and ||z|| < S, |¢| < D for (x,c) € Q. O

Example 3.2. Let p € C(J), p € (0,1) and f(¢,z) = p(t) + sinz + 2|x|” arctanz. Then f satisfies
conditions (Hi) and (Hz) for M = {/1+ ||p|| and A = 1+ ||p||, B = w. By Theorem 3.1, there
exists a solution = of the equation

‘DY CDOer( ) = p(t) +sinx(t) + 2|x(t)|” arctan x(t),

satisfying the boundary condition (1.2).
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