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The theory of the Cauchy problem for ordinary differential equations and systems with non-
integrable singularities in the time variable was constructed in the early 1970s (see, e.g., [1] and
the references therein). However, the investigation of this problem for singular in phase variables
differential equations was started later (see [2]). In [3], unimprovable in a certain sense conditions
are established guaranteeing, respectively, the solvability, unique solvability and unsolvability of
the Cauchy weighted problem for singular in time and phase variables ordinary delayed differential
equations. The results below are refinements of the theorems proved in [3] on the solvability and
unsolvability of the Cauchy weighted problem for differential equations without delay.

We use the following notation.

m

p =1 for p €] —1,0] and p! = [](¢ + po) for p = m + po, where pp €10,1[ and m is a
nonnegative integer; 0

Ry = [Oa —{—OO[, Ro+ :]07 +OO[;

If n is a natural number, a € Ry, © € Ry, and ¢ :]a,b[— R, is a continuous function,
satisfying the condition

¢
/q(s)ds<+oo for a <t <D,

then
al -
Df,a(]ajb[;x):{(t,xl,...,xn)e]a,b[ngJr: xizm(t—a)"ﬂﬂlx (izl,...,n)},
D"%(Ja,b[; 5 q)
— n . -1 ‘ al n—ito,, (: _
= {(tar,. .. 20) €]a,b[xRE, : Q () <0< g (=)™ (i=1,....m}

where
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with the weighted initial conditions

(i-1)
lim sup “ ®)

i W<+O® (izl,...,n), (2)
a

where f :]a,b[ xRfj, — Ry is a continuous function, and « is a positive constant.
We are interested in the case where the function f has singularities in both time and phase
variables, i.e. the case, where

t
/f(s,xl,...,xn)ds:+oo for a <t <b, (21,...,2,) € Ry,

a
lim . — 4o f '
ml+"'1+$n }Of(t7x17 axn) oo for a<t<b

By a solution of Eq. (1) it is naturally understood an n-times continuously differentiable
function u :]a, b[ — R, satisfying this equation together with the inequalities

W) >0 (i=1,...,n)
in the interval ]a, b| .

Theorem 1. Let the function f in the domain ]a,b[ xR, admit the estimate

f(t,l’l, vy $n) Z Q(t)v
where q :]a,b[— Ry is a continuous function, satisfying the condition

t

xo = limsup ((t - a)_a/q(s) ds) < 400.
t—a

Let, moreover, there exist continuous functions p and qo :]a,b[— Ry such that

t—a t—a

lim sup <(t —a)™® /t () ds) <1, limsup ((t —a)™ /t ao(s) ds) < 400,

a

and on the set D™%(]a,bl;x;q) the inequality
f(ta Z1,- .- 7:Bn) < p(t).l‘ + QO(t)
holds for any x > xo. Then problem (1), (2) has at least one solution.

The restrictions imposed on the function f in the above theorem are optimal in a certain sense.
The following theorem is valid.

Theorem 2. Let the function f in the domain Dy (]a,b|;x) admit the estimate

f(t,i[fl, R Jf'n) > p(t)$ + q<t)7

where p and q :]a,b| — R4 are continuous functions, satisfying the conditions

t t t
/p(s) ds < +o0, /q(s) ds < +o0 for a <t <b, ligginf <(t - a)a/q(s) ds> > 0.
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Let, moreover, either

t
lim sup ((t - a)a/q(s) ds> = +o00,
t—a

or there exist by € ]a,b| such that

t

/p(s)dsz (t—a)® for a <t < b.

a

Then problem (1), (2) has no solution.

The two corollaries below of Theorems 1 and 2 concern the case where the function f in the
domain Ja, b xR, admits one of the following two estimates

(v
(vt

3
13

q(t) < f(t,x1, ...,z

1

i3

I a0 fTa) ca. @
ne

Ms

n
f(taxlu"'vxn 1k+q’b Hx/;AZk) +q(t)7 (4)
k=1

1

A

or Eq. (1) has the form

u® = 3" (i) [T + e D7)+ o) ®)
=1

H::]:

k=1
Here and in what follows we assume that m is an arbitrary natural number, vix, \ix (1 =1,...,m;
k=1,...,n) are nonnegative constants, satisfying the conditions
n n

Z’yik:L Z)\Z‘k>0 (i:1,...,m),

k=1 k=1
and p; :]a,b[—= Ry (i=1,...,m), gj :]a,b[—= Ry (j =0,...,m) and ¢ :]a, b[ - Ry are continuous
functions.

Let
u a! Yik " -

Corollary 1. If along with estimate (3) the conditions

hmsup(Ze (t—a)~” aj(s—a)‘“m(s)ds) <1, (6)

t—a i—1

lim sup ((t - a)“j (qo(S) + é(s - a)*”"qi(S)) d8> < +o0, (7)

lim inf <(t —a)® j a(s) ds> >0, limsup <(t —a)® /t a(s) ds> < +00

a a

hold, then problem (1), (2) has at least one solution.
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Corollary 2. Let the function f admit estimate (4) and let, moreover, either the condition

lm sup ((t o) / (a0(s) + i( — ) als)) ds) — oo ®)

hold or there exist numbers by € |a,b[, 6 > 0 such that in the interval |a, bo[ the following inequalities
are satisfied:

m

S /(s )Y pi(s) ds > (t — a)°, /qo(s) ds > 5(t — a). ()

i=1
Then problem (1), (2) has no solution.
The above corollaries imply the following statements for problem (5), (2).

Corollary 3. If along with inequalities (6), (7), the inequality

it (1107 [ o)) >0 0

t—a
a

holds, then problem (5),(2) has at least one solution. If condition (8) is satisfied or for some
bo €]a,b[ and § > 0 inequalities (9) hold, then problem (5),(2) has no solution.

Corollary 4. Let inequality (10) hold and let there exist numbers by €]a,b[ and £ > 0 such that
in the interval ]a, b[ the following equality

m

D it — a)ipi(t) =t — a)* !

=1

is satisfied. Then for the solvability of problem (5),(2) it is necessary and sufficient that, along
with (7), the condition

<«
be satisfied.
Remark. Let
i) = piot—a) =TT = gt — a0 (= 1,...,m),
q(t) = qoo(t —a)* ™",
where pjo, g0 (i =1,...,m), qoo are positive constants and
voi >v—1 (i=1,...,m).

Then, according to Corollary 4, for the solvability of problem (5), (2) it is necessary and sufficient

that the inequality
m
Z lipoi < «
i=1

be satisfied.
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