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Abstract
In this short communication, we will introduce the notion of quaternion hyper argument to

construct the non-commutative quaternion hyper argument space. By virtue of the structure of
the Hilger complex plane and hyper argument space theory, we establish a theoretical framework
of the quaternion hyper-complex space in which the new quaternion hyper-complex exponent,
the hyper-complex logarithm are introduced. Note that the quaternion exponential functions
introduced here is a solution of the linear homogeneous dynamic equation x∆(t) = f(t)x(t)
under the non-commutative quaternion function f .

1 Quaternion hyper argument space and calculus
The notion of quaternion was introduced by Hamilton in 1843, which provides a type of hyper-
complex numbers and extends the filed C of the complex numbers to a novel non-commutative
division ring under the addition and multiplication operation. The study quaternion dynamic
equations becomes a hot topic and some basic results were established on time scales by Wang and
Agarwal et al. (see [1–6]).

In the literature [4], some important notions of the hyper-complex polar form of the quaternion
numbers and a notion of the quaternion hyper argument are presented as follows.

Definition 1.1 ([4]). Let q = q0 + q1i+ q2j + q3k ∈ Q, cosQ, sinQ : R× R× R → C, we define the
quaternion polar form of q by

q := |q|eargQ(q) = |q|eΘ = |q|
[
cosQΘ+ sinQΘj

]
,

where

Θ = (θ(1), θ(2), θ(3))Q, q0, q1, q2, q3 ∈ R, θ(1), θ(2) ∈ (−π, π], θ(3) ∈
[
0,

π

2

]
,

cosQΘ = cos θ(1) cos θ(3) + sin θ(1) cos θ(3)i, sinQΘ = cos θ(2) sin θ(3) + sin θ(2) sin θ(3)i,

and θ(1), θ(2), θ(3) satisfy the following conditions:
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(i) cos θ(1) =
q0√

q20 + q21
and sin θ(1) =

q1√
q20 + q21

if q0 + q1i ̸= 0; θ(1) = 0 if q0 + q1i = 0;

(ii) cos θ(2) =
q2√

q22 + q23
and sin θ(2) =

q3√
q22 + q23

if q2j + q3k ̸= 0; θ(2) = 0 if q2j + q3k = 0;

(iii) cos θ(3) =

√
q20 + q21
|q|

and sin θ(3) =

√
q22 + q23
|q|

if q ̸= 0; θ(1) = θ(2) = θ(3) = 0 if q = 0,

we call Θ the quaternion hyper-principle argument. Generally, we define the quaternion hyper
argument ArgQ(q) of q satisfying

eArgQ(q) := eΥ = cosQΥ+ sinQΥj,

where Υ = (α(1), α(2), α(3))Q ∈ Γq and

Γq =
{
Υ | cosQΘ+ sinQΘj = cosQΥ+ sinQΥj

}
.

Remark 1.1. Let
q = |q|e(θ(1),θ(2),θ(3))Q , p = |p|e(γ(1),γ(2),γ(3))Q ,

then
argQ(qp) ̸=

(
θ(1) + γ(1), θ(2) + γ(2), θ(3) + γ(3)

)Q
in general.

Remark 1.2. Let

argQ(q) = (θ(1), θ(2), θ(3))Q, argQ(q) = (γ(1), γ(2), γ(3))Q,

then
θ(1) + γ(1) = 0, |θ(2) − γ(2)| = π and θ(3) = γ(3).

Remark 1.3. Note that the quaternion hyper-principle argument

argQ(q) = (θ(1), θ(2), θ(3))Q

is unique for each fixed q.

Remark 1.4. Let

argQ(q) = (θ(1), θ(2), θ(3))Q and ArgQ(q) = (α(1), α(2), α(3))Q, n1, n2, n3 ∈ Z,

then
α(1) = θ(1) + 2n1π, α(2) = θ(2) + 2n2π, α(3) = θ(3) + 2n3π,

or
α(1) = θ(1) + 2n1π, α(2) = θ(2) + 2n2π + π, α(3) = −θ(3) + 2n3π,

or
α(1) = θ(1) + 2n1π + π, α(2) = θ(2) + 2n2π + π, α(3) = θ(3) + 2n3π + π,

etc., this indicates that Γq is an infinite set.
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Remark 1.5. Note that{
q | q ∈ Q, argQ(q) = (θ(1), θ(2), θ(3))Q, θ(3) = 0

}
= C

and {
q | q ∈ Q, argQ(q) = (θ(1), θ(2), θ(3))Q, θ(3) = 0, θ(1) = 0 or π

}
= R.

Moreover,

e(θ
(1),θ(2),θ(3))Q = eθ

(1)i if θ(3) = 0;

q ∈ R and e(θ
(1),θ(2),θ(3))Q = 1 if θ(3) = θ(1) = 0;

e(θ
(1),θ(2),θ(3))Q = eθ

(2)ij if θ(3) =
π

2
.

Remark 1.6. Note that for argQ(q) = (θ(1), θ(2), θ(3))Q, it follows that

q = a+ bj = |a|eθ(1)i + |b|eθ(2)ij = |q|
(
eθ

(1)i cos θ(3) + eθ
(2)i sin θ(3)j

)
,

where a, b ∈ C.

2 The quaternion hyper-complex space
Definition 2.1 ([4]). Let h > 0, Q = C1 × C2, q = (q0 + q1i) + (q2 + q3i)j ∈ Q, q0 + q1i ∈ C1 and
q2 + q3i ∈ C2. Then C1 is called the sub-complex plane of the quaternion hyper-complex space,
and C2 is called the imaginary-complex plane of the quaternion hyper-complex space. Moreover,
we define the Hilger quaternion number set as

Qh :=
{
q ∈ Q : q ̸= −1

h

}
.

Let q = a + bj ∈ Qh, a, b ∈ C, θ(1) = Imh(a), θ(2) = Imh(b), θ(3) = Imh(|a| + |b|j), then the
schematic diagram of the quaternion hyper-complex space is showed by Figure 1. For h = 0, then
Q0 = Q.

Now, let

χ
h
(q) =


ln |1 + hq|

h
for h > 0,

q0 for h = 0,

Ah(q) =


1

h
· argQ(1 + hq) for h > 0,

lim
h→

1

h
· argQ(1 + hq) for h = 0,

we introduce the hyper-complex cylinder transformation ξQh : Qh → ZQ
h by

ξQh (q) = χ
h
(q) + Ah(q) =


ln |1 + hq|

h
+

1

h
· argQ(1 + hq) for h > 0,

q0 + lim
h→0

1

h
· argQ(1 + hq) for h = 0,

where
ZQ
h =

{
q ∈ Q : θ(1), θ(2) ∈

(
− π

h
,
π

h

]
, θ(3) ∈

[
0,

π

2

]}
.
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Figure 1. The geometric diagram of the quaternion hyper-complex space.

Remark 2.1. Let h > 0, the Hilger complex numbers Ch = {z ∈ C | z ̸= − 1
h}, then Ch ⊂ Qh. In

fact, let p, q ∈ Qh and argQ(q) = (θ(1), θ(2), θ(3))Q, argQ(p) = (γ(1), γ(2), γ(3))Q, we have

argQ(q)⊕Q argQ(p) = θ(1)i+ γ(1)i,

argQ(q)⊖Q argQ(p) = θ(1)i− γ(1)i,

b · argQ(q) = bθ(1)i,

where b ∈ R and θ(2) = θ(3) = γ(2) = γ(3) = 0, it means that the operations ⊕Q and ⊖Q will turn
into the classical operations + and − when θ(2) = θ(3) = γ(2) = γ(3) = 0, by Remark 1.5, we can
obtain Ch ⊂ Qh.

Next, we will introduce the quaternion hyper-complex logarithm in the quaternion hyper-
complex space.

Definition 2.2 ([4]). Let q ∈ Q, q ̸= 0. We define the quaternion hyper-complex logarithm by

LogQ(q) := ln |q|+ argQ(q).

Remark 2.2. Note that eLog
Q(q) = q for any nonzero quaternion number q ∈ Q. In fact,

eLog
Q(q) = eln |q|+argQ(q) = eln |q|earg

Q(q) = |q|eargQ(q) = q.

Remark 2.3. Let q, p ∈ Q,

argQ(q) = (θ(1), θ(2), θ(3))Q and argQ(p) = (γ(1), γ(2), γ(3))Q,

then
LogQ(qp) = ln |q|+ ln |p|+ (θ(1), θ(2), θ(3))Q ⊕Q (γ(1), γ(2), γ(3))Q.
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3 The quaternion hyper-complex exponential function and
dynamic equation on time scales

Definition 3.1 ([4]). Let t, s ∈ T, f : T → Q, 1 + µ(t)f(t) ̸= 0 for any t ∈ Tκ, then we define
x̂(t, t0) and x̃(t, t0) as follows:

(i) x̂(t, s) := e

t∫
s

ln |1+µ(τ)f(τ)|
µ(τ)

∆τ+
t∫
s

1
µ(τ)

·argQ(1+µ(τ)f(τ))∆τ
if µ(τ) > 0 for any τ ∈ [s, t]T.

(ii) If lim
u→0

1
u ·arg

Q(1+uf(t)) = Θ(t) and Θ(t) is an integrable quaternion hyper argument function,
then we define

x̃(t, s) := e

t∫
s
f0(τ) dτ+

t∫
s
Θ(τ) dτ

if µ(τ) = 0 for any τ ∈ [s, t]T, where f(t) = f0(t) + f1(t)i+ f2(t)j + f3(t)k.

Generally, Based on the hyper-complex cylinder transformation ξQµ(t) : Qh → ZQ
h by

ξQµ(t)(f(t)) = χ
µ(t)

(f(t)) + Aµ(t)(f(t))

=


ln |1 + µ(t)f(t)|

µ(t)
+

1

µ(t)
· argQ(1 + µ(t)f(t)) for µ(t) > 0,

f0(t) + Θ(t) for µ(t) = 0,

we define the quaternion hyper-complex exponential function by

eQf (t, s) := e

t∫
s
ξQ
µ(τ)

(f(τ))∆τ
= e

t∫
s
χ
µ(τ)

(f(τ))∆τ+
t∫
s
Aµ(τ)(f(τ))∆τ

.

The following result is valid.

Theorem 3.1 ([4]). Let s, r, t ∈ T, f : T → Q, 1 + µ(t)f(t) ̸= 0 for any t ∈ Tκ. Then

(i) eQf (s, s) = 1;

(ii) eQf (t, r)e
Q
f (r, s) = eQf (t, s);

(iii) (eQf (t, s))
∆ = f(t)eQf (t, s);

(iv) (eQf (s, t))
∆ = eQf (s, t)(1 + µ(t)f(t))−1[−f(t)] if t is a right scattered point on T.
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