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Abstract

In this short communication, we will introduce the notion of quaternion hyper argument to
construct the non-commutative quaternion hyper argument space. By virtue of the structure of
the Hilger complex plane and hyper argument space theory, we establish a theoretical framework
of the quaternion hyper-complex space in which the new quaternion hyper-complex exponent,
the hyper-complex logarithm are introduced. Note that the quaternion exponential functions
introduced here is a solution of the linear homogeneous dynamic equation z2(t) = f(t)z(t)
under the non-commutative quaternion function f.

1 Quaternion hyper argument space and calculus

The notion of quaternion was introduced by Hamilton in 1843, which provides a type of hyper-
complex numbers and extends the filed C of the complex numbers to a novel non-commutative
division ring under the addition and multiplication operation. The study quaternion dynamic
equations becomes a hot topic and some basic results were established on time scales by Wang and
Agarwal et al. (see [1-6]).

In the literature [4], some important notions of the hyper-complex polar form of the quaternion
numbers and a notion of the quaternion hyper argument are presented as follows.

Definition 1.1 ([4]). Let ¢ = qo + q1i + q27 + @3k € Q, cos?,sin? : R x R x R — C, we define the
quaternion polar form of ¢ by

gi= ’q‘earg@(Q) = 1q/e® = |q| [cos@@ + sin@ 0j],
where

0= (01,09,0%%, qo,q1,02,03 € R, 01,0 € (=m,7], 09 € [0, 7],

c0s? O = cos M) cos ) + sin O cos 9(3)1', sin? © = cos 0 sin 0@ + sin 6 sin 035,

and 0, 02, 9(3) gatisfy the following conditions:
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(i) cos o) = \/quO—i—iqz and sin V) = qgl—l—qQ if go 4+ qui # 0; 0N = 0 if go + q1i = 0;
0T a 0T
q2 a3

and sin @ =

Va5 + 63 Va3 + a3

/T2 /T2
(iii) cos#®) = q(’)q—‘l-ql and sin #®) = C]Tq?—(]g if ¢=£0; 00 =03 =9B) =0 if g =0,

(ii) cos 9 = if gof + sk # 0; 02 =0 if goj + g3k = 0;

we call © the quaternion hyper-principle argument. Generally, we define the quaternion hyper
argument Arg?(q) of ¢ satisfying

eAre@) = T = ¢osQ T + 5in® 17,
where T = (a(V),a® a3)Q c T, and
I, = {T | cos?O +5sin?Oj = cos® T + sin® Tj}.

Remark 1.1. Let

() (2 (3))Q D 7@ 5@

q = |gle' . p=|plel

then
argQ(qp) # (9(1) + 7(1)’9(2) + 7(2)’ 03 4 7(3))(@

in general.
Remark 1.2. Let
arg?(q) = (01,0,09)2, arg®(g) = (v(1V,7®), 1),

then
o) 4 7(1) =0, ‘g(2) _ V(Z)’ — 7 and 6 = 7(3)‘

Remark 1.3. Note that the quaternion hyper-principle argument
arg®(q) = (6,92 9B)Q

is unique for each fixed gq.

Remark 1.4. Let

argQ(q) — (g(1)79(2)79(3))<@ and ArgQ(q) _ (a(l)’a@),a(i%))(@’ ni,ne,nz € 7,

then
oM =00 fonir, a® =609 4 2nomr,  a® =604 4 2ngr,
or
al) =00 1 ony7, a@ =0@ oy +mr, o = —00) 4 2ngm,
or

oM =00 yopr 471, o =0? 4 omer+7, a® =600 4 2mgr + 7,

etc., this indicates that I'; is an infinite set.
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Remark 1.5. Note that

{a] ae @ arg®(q) = (0M,6,09)2, 0 — 0} —C

" {a] a€ @, arg%(q) = (6M,6,64)2, 6 =0, 6V =0 or v} =R
Moreover,
(OW0P0N _ 6Wi i p3) _ g,
geR and @070 1 jf g — g1 — o,
(000000 _ 0is 1 p(3) _ g

Remark 1.6. Note that for argQ(q) = (61,6, §B)HQ it follows that
g=a+bj= \a|e€(1)i + |b\69(2)ij = |q| (ee(l)i cos 03) + ¢ sin 6(3)]'),

where a,b € C.

2 The quaternion hyper-complex space

Definition 2.1 ([4]). Let h >0, Q = Cy x Ca, g = (g0 + q17) + (g2 + g31)j € Q, g0 + q17 € C; and
g2 + g3t € Cy. Then C; is called the sub-complex plane of the quaternion hyper-complex space,
and Cs is called the imaginary-complex plane of the quaternion hyper-complex space. Moreover,
we define the Hilger quaternion number set as

Qhrz{qu: q#—%}-

Let ¢ = a+bj € Qu, a,b € C, ) = Imy(a), #?) = Imy(b), 6©) = Imy(|a| + |blj), then the
schematic diagram of the quaternion hyper-complex space is showed by Figure 1. For h = 0, then

Qo =Q.
Now, let
In |1+ hq| for >0, %-arg@(1+hq) for h >0,
X, (q) = h Ap(q) = )
% for h =0, lim — - arg@(1 + hq) for h =0,
h— h

we introduce the hyper-complex cylinder transformation fg :Qp — Zg by

In|l+h 1
n]}—:—q[ + 7 arg®(1 4 hq) for h >0,
§2(9) = x,(q) + An(g) = .
qo + lim = - arg®(1 + hq) for h =0,
h—0 h

where
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o> (g2, q3)

The imaginary-complex plane C-

0 =TImy(a), 62 =Imy,(b), 6 = Im,, (|a| + |b|5)

The quaternion hyper-complex space

Figure 1. The geometric diagram of the quaternion hyper-complex space.

Remark 2.1. Let h > 0, the Hilger complex numbers C;, = {z € C| z # —%}, then C, € Qp. In
fact, let p,g € @ and arg®(g) = (81,6, 09)2, arg®(p) = (v, 4, 1®)E. we have

arg?(g) @q arg®(p) = 0Wi+ 51,
arg?(q) S arg®(p) = oM — ~Myg,
b-arg®(q) = bW,

where b € R and (%) = ) = 4(2) = ~() = 0, it means that the operations @q and ©g will turn
into the classical operations + and — when 03 = 03 = ~(2) = ~v3) = 0, by Remark 1.5, we can
obtain Cj C Qy,.

Next, we will introduce the quaternion hyper-complex logarithm in the quaternion hyper-
complex space.

Definition 2.2 ([4]). Let ¢ € Q, ¢ # 0. We define the quaternion hyper-complex logarithm by
Log®(q) := Ing| + arg®(q).
Remark 2.2. Note that ¢08%(@) = q for any nonzero quaternion number ¢ € Q. In fact,
elos®(a) — elnlaltare®() — clnlalpars®(@) — |g|ears®(@) = ¢
Remark 2.3. Let ¢,p € Q,
arg(q) = (01,6%,6%)2 and arg®(p) = (y\V,7?,7),

then
Log®(gp) = In|g| + In|p| + (01,03, 08 gg (V) 4 4B)H)Q,
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3 The quaternion hyper-complex exponential function and
dynamic equation on time scales

Definition 3.1 ([4]). Let t,s € T, f: T — Q, 1 + u(t)f(¢t) # 0 for any ¢t € T", then we define
Z(t,to) and z(t, o) as follows:

t t
N J R REDIOL Az [ s arg@(14u(7) £(7) AT
(i) Z(t,s) :=e* #) s 1o if u(7) > 0 for any 7 € [s, t]r.

(ii) If liH(l) L argQ(1+uf(t)) = ©(t) and O(t) is an integrable quaternion hyper argument function,
u—>
then we define . .
_ J fo(r)dr+ [ O(r)dr
z(t,s) :=es s
if u(7) =0 for any 7 € [s,t|r, where f(t) = fo(t) + f1(t)i + f2(t)j + f3(t)k.

Generally, Based on the hyper-complex cylinder transformation fg( f Qp — Zg by

&2 (F(8) = X, (F (1) + Ay (f (1))

i In |1 +M/Zt()t)f(t)! n pjt) carg@(1 4+ p(t) f())  for u(t) >0,

fo(t) +O(1) for p(t) =0,

we define the quaternion hyper-complex exponential function by

t t t
€2 (f(n) Ar A FE) AT+ Ay (f(7) AT
e9(t,5) = oL S _ I S B '

The following result is valid.

Theorem 3.1 ([4]). Let s,r,t €T, f: T = Q, 1+ u(t)f(t) # 0 for any t € T*. Then

(ii) e%(t,r)e(%(r, s) = e(%(t, s);

(i) (ef(t,5))® = (D)} (t,5);
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