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In the paper, Filippov’s type theorems on the existence of an optimal element [2] are given for
the nonlinear optimal control problems with delays in the phase coordinates and commensurable
delays in controls. Unlike considered in [1,3,5-9], here under element is implied the collection of the
final moment ¢, the delay parameters 7;, 7 = 1,..., s containing in the phase coordinates, the initial
vector xg, the piecewise-continuous initial function ¢(¢) and measurable control function u(t).

Let I = [to,T] be a fixed interval; let 75; > 73 > 0, i =1,...,s and §, > --- > 6; > 0 be
given numbers. Suppose that O C R™ is an open set and ® C O and U C R" are compact sets; the

function f(t, xo,x1,...,2s, ug, u1, ..., up) is continuous on the set I x O3 x U'*P and continuously
differentiable with respect to x; € O, i = 0,1,...,s; denote by A the set of piecewise-continuous
functions ¢ : [tog — 7,to] — P, where 7 = max{7a1, ..., 725}, satisfying the conditions:

(a) for each function ¢(t) € A there exists a partition tg — 7 =&y < & < -+ < g1 = to of the
interval [ty — 7, to] such that the restriction of the function ¢(t) satisfies Lipschitz’s condition
on the open interval (§;,&41),1=0,1,...,k, ie.

‘(70(81) - @(82)’ < L|81 - 82‘7 V81,82 € (§i7§i+1)a i = 0717"'7k;

(b) the numbers k and L do not depend on ¢(t). By © we denote the set of measurable functions
w:[to—6p,T] = U. Let

gi + I X [T11,To1] X -+ X [T1s, T2s] X Xo X O—=RY, i=0,1,....,1
be continuous functions, where Xy C O is a compact set. In the space R™ to each element
w = (t1,71,...,Ts,T0, p(t),u(t)) € W = (to, T] X [T11,T21] X -+ X [T1s, T2s] X Xo X A x Q
we assign the differential equation with delays in the phase coordinates and controls
i(t) = f(t,z(t),z(t —71),..., 2t — 7),ult),u(t — 61),...,u(t —6,)), t€[to,t1] (1)
with the initial condition
x(t) = p(t), tefto—T,t0), z(to) = xo. (2)
Definition 1. Let w = (¢t1,71,...,7s, o, @(t),u(t)) € W. A function z(t) = z(t;w) € O, t €

[to — T,t1], is called a solution corresponding to the element w, if it satisfies condition (2) and is
absolutely continuous on the interval [to,¢1] and satisfies Eq. (1) almost everywhere on [to, t1].
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Definition 2. An element w € W is said to be admissible if there exists the corresponding solution
x(t) = z(t; w), satisfying the condition

g(t1, 71, ..., Ts, 2o, x(t1)) =0, where g = (g1,...,q)- (3)
By Wy we denote the set of admissible elements. Now we consider the functional

J(w) = go(t1, 11, .., Ts, o, z(t1; w)).

Definition 3. An element wy = (t10, 710, - - - s Ts0, 00, Po(t), uo(t)) € Wy is said to be optimal if
J = inf J(w). 4
(wo) = inf () (1

(1)—(4) is called the control problem with delays in the phase coordinates and controls.
Theorem 1. There exists an optimal element wg € Wy if the following conditions holds:

1) there exist a number h > 0 such that 6; = ih, i = 1,...,p — commensurability of delays 0;,
1=1,...,p,

2) T =tg+ mh, where m is a natural number with m > p;
3) Wo # @;
4) there exists a number M > 0 such that for an arbitrary w € Wy,
lz(t; w)| < M, t € [to,t1];
5) for each fized t € [to,to + h| and z; = (wo;, 14, ..., Ts) € OIS i =0,1,...,m — 1 the set
Vf(t; 20y R1yeens Zm—l)

( f(tu ZO,U(),U_l,...,U_p)
f(t + h, z1, U1, Ug, U_1, . . - ,u,p+1)

F(t+ph, zp, Up, up—1,. .., up)
ft+ 4+ Dh, zpp1, Upr1, Up, .., U1)

f(t + (m - 2)h, Zm—2, Um—2,Um—3, - - - 7um—p—2)
f(t + (m - 1)h7 Zm—1, Um—1, Um—-2, . - . uum—p—l)
L €U, i=-p,...,—1,0,1,...,m—1 }

1§ convez.

Remark. Let U be a convex set and
f(t,xo, 21, .., Ts, U0, UL, ..., Up) = ZAZ-(t, Oy XLy - ey Tg) Uy

Then the condition 5) of Theorem 1 holds.
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Now we consider an optimal problem with the integral functional and with fixed ends

i(t) = f(t,z(t),x(t —71),..., 2t — 7),ult),u(t — 61),...,u(t —06y)), tel, (5)
z(t) = (1), t€to—T,t0), z(to) =z0, z(t1)=2z1, (6)
t1
/fg(t, 2(),2(t — 7).yt — 7o) ult),ult — 01), ... ult — 0,)) dt — min. 7
to
Here fo(t, 0, @1, .., Ts, U0, UL, - - -, Up) : I x O1FSx UMP — R is a continuous function, zg, 71 €

O are fixed points. For the problem (5)—(7) by Qo we denote the set of admissible elements
q=(t1,71,..., 75, 0(t), u(t)) € Q@ = (to, T] X [T11, 721] X -+ X [T1s, T2s] X A x Q
and by

q0 = (10, 7105 - - -, Ts0, P0(t), uo(t))
we denote an optimal element( see Definitions 2 and 3).
Theorem 2. There exists an optimal element qy € Qo if the conditions 1) and 2) of Theorem 1
hold. Moreover: Qo # ©@; there exists a number M > 0 such that for an arbitrary q € Qo we

have |x(t;q)] < M, t € [to,t1]; for each fived t € [to,to + h] and z; = (i, ..., Ts) € O i =
0,1,...,m —1 the set Vr(t; 20,21, ..., 2m—1) is convez, where F' = (fo, f).

It is clear that Theorem 2 is valid also for a problem with the free right end. Below we give an
example which shows that for the existence of an optimal element the convexity of the set Vi is
essential.

Example. Consider the optimal control problem

i(t) = —x(t — V2) +u(t) +u*(t — 1), t€[0,2],
x(t) =0, t€[—v2,0), 2(0)=0; wu(t)=1, te[-1,0), u()eU=][-1,1], te[0,2],

2
/[m(t) —t]*dt — min.
0
Here under an element is implied only control function u(t) € 2. For a given ¢ = 2,3,... we

shall decompose the interval [0, 1] into intervals I;, j = 2,...,4, of length 1/i. Define the control
ui(t), t e [0,2]:

u;i(t) = v;(t), te|0,1];

u;i(t) =0, te (1,\@];

uz(t) =t \/55 te (\/§a2]7
here v;(t) is a control oscillating between +1 and —1, i.e.

’Ui(t): 1, tel, ’Ul'(t):—l, te l,

etc. Furthermore,

lim 2(t;u;) = zo(t) =t uniformly in [0, 2]
11— 00
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and by Gamkrelidze’s approximation lemma [4] the sequence of Dirac measures Oui(t), 1= 2,3, .,
t € [0,1] weakly converges to 3 6_1 + 3 641. It is easy to observe that the trajectory zo(t), t € [0,2],
minimizing the functional corresponds to the control

0, t €0,1],
up(t) =< 1, te (1,v2],
t+1-v2, te(v2,2].

But ug(t) & [~1,1], t € (v/2,2], i.e. it is not an admissible control. Consequently, in the considered
example, there is no optimal element since the set

. o F(taz(]’u()’ufl) . ) -
VF(t,ZQ,Z’1> = {(F(t—i— 1,21,U1,U0) DU € [ 1,1], 1 =—1,0,1

is not convex. Here z; = (z¢;,x1;), ¢ = 0,1 and

(oo — t)? (zor —t —1)?
F 1) = F 1 = .
(t, 20, o, u-1) (—x10+u0+u21 » Fl+Lauu)={ 5 40 1
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