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In the paper, Filippov’s type theorems on the existence of an optimal element [2] are given for
the nonlinear optimal control problems with delays in the phase coordinates and commensurable
delays in controls. Unlike considered in [1,3,5–9], here under element is implied the collection of the
final moment t1, the delay parameters τi, i = 1, . . . , s containing in the phase coordinates, the initial
vector x0, the piecewise-continuous initial function φ(t) and measurable control function u(t).

Let I = [t0, T ] be a fixed interval; let τ2i > τ1i > 0, i = 1, . . . , s and θp > · · · > θ1 > 0 be
given numbers. Suppose that O ⊂ Rn is an open set and Φ ⊂ O and U ⊂ Rr are compact sets; the
function f(t, x0, x1, . . . , xs, u0, u1, . . . , up) is continuous on the set I×O1+s×U1+p and continuously
differentiable with respect to xi ∈ O, i = 0, 1, . . . , s; denote by ∆ the set of piecewise-continuous
functions φ : [t0 − τ, t0] → Φ, where τ = max{τ21, . . . , τ2s}, satisfying the conditions:

(a) for each function φ(t) ∈ ∆ there exists a partition t0 − τ = ξ0 < ξ1 < · · · < ξk+1 = t0 of the
interval [t0 − τ, t0] such that the restriction of the function φ(t) satisfies Lipschitz’s condition
on the open interval (ξi, ξi+1), i = 0, 1, . . . , k, i.e.

|φ(s1)− φ(s2)| ≤ L|s1 − s2|, ∀ s1, s2 ∈ (ξi, ξi+1), i = 0, 1, . . . , k;

(b) the numbers k and L do not depend on φ(t). By Ω we denote the set of measurable functions
u : [t0 − θp, T ] → U . Let

gi : I × [τ11, τ21]× · · · × [τ1s, τ2s]×X0 ×O → R1, i = 0, 1, . . . , l

be continuous functions, where X0 ⊂ O is a compact set. In the space Rn to each element

w = (t1, τ1, . . . , τs, x0, φ(t), u(t)) ∈ W = (t0, T ]× [τ11, τ21]× · · · × [τ1s, τ2s]×X0 ×∆× Ω

we assign the differential equation with delays in the phase coordinates and controls

ẋ(t) = f
(
t, x(t), x(t− τ1), . . . , x(t− τs), u(t), u(t− θ1), . . . , u(t− θp)

)
, t ∈ [t0, t1] (1)

with the initial condition

x(t) = φ(t), t ∈ [t0 − τ, t0), x(t0) = x0. (2)

Definition 1. Let w = (t1, τ1, . . . , τs, x0, φ(t), u(t)) ∈ W . A function x(t) = x(t;w) ∈ O, t ∈
[t0 − τ, t1], is called a solution corresponding to the element w, if it satisfies condition (2) and is
absolutely continuous on the interval [t0, t1] and satisfies Eq. (1) almost everywhere on [t0, t1].
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Definition 2. An element w ∈ W is said to be admissible if there exists the corresponding solution
x(t) = x(t;w), satisfying the condition

g(t1, τ1, . . . , τs, x0, x(t1)) = 0, where g = (g1, . . . , gl). (3)

By W0 we denote the set of admissible elements. Now we consider the functional

J(w) = g0(t1, τ1, . . . , τs, x0, x(t1;w)).

Definition 3. An element w0 = (t10, τ10, . . . , τs0, x00, φ0(t), u0(t)) ∈ W0 is said to be optimal if

J(w0) = inf
w∈W0

J(w). (4)

(1)–(4) is called the control problem with delays in the phase coordinates and controls.

Theorem 1. There exists an optimal element w0 ∈ W0 if the following conditions holds:

1) there exist a number h > 0 such that θi = ih, i = 1, . . . , p – commensurability of delays θi,
i = 1, . . . , p;

2) T = t0 +mh, where m is a natural number with m ≥ p;

3) W0 ̸= ⊘;

4) there exists a number M > 0 such that for an arbitrary w ∈ W0,

|x(t;w)| ≤ M, t ∈ [t0, t1];

5) for each fixed t ∈ [t0, t0 + h] and zi = (x0i, x1i, . . . , xsi) ∈ O1+s, i = 0, 1, . . . ,m− 1 the set

Vf (t; z0, z1, . . . , zm−1)

:=





f(t, z0, u0, u−1, . . . , u−p)
f(t+ h, z1, u1, u0, u−1, . . . , u−p+1)

...
f(t+ ph, zp, up, up−1, . . . , u0)

f(t+ (p+ 1)h, zp+1, up+1, up, . . . , u1)
...

f(t+ (m− 2)h, zm−2, um−2, um−3, . . . , um−p−2)
f(t+ (m− 1)h, zm−1, um−1, um−2, . . . , um−p−1)


:

ui ∈ U, i = −p, . . . ,−1, 0, 1, . . . ,m− 1


is convex.

Remark. Let U be a convex set and

f(t, x0, x1, . . . , xs, u0, u1, . . . , up) =

p∑
i=0

Ai(t, x0, x1, . . . , xs)ui.

Then the condition 5) of Theorem 1 holds.
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Now we consider an optimal problem with the integral functional and with fixed ends

ẋ(t) = f
(
t, x(t), x(t− τ1), . . . , x(t− τs), u(t), u(t− θ1), . . . , u(t− θp)

)
, t ∈ I, (5)

x(t) = φ(t), t ∈ [t0 − τ, t0), x(t0) = x0, x(t1) = x1, (6)
t1∫

t0

f0
(
t, x(t), x(t− τ1), . . . , x(t− τs), u(t), u(t− θ1), . . . , u(t− θp)

)
dt −→ min . (7)

Here f0(t, x0, x1, . . . , xs, u0, u1, . . . , up) : I×O1+s×U1+p → R1 is a continuous function, x0, x1 ∈
O are fixed points. For the problem (5)–(7) by Q0 we denote the set of admissible elements

q = (t1, τ1, . . . , τs, φ(t), u(t)) ∈ Q = (t0, T ]× [τ11, τ21]× · · · × [τ1s, τ2s]×∆× Ω

and by
q0 = (t10, τ10, . . . , τs0, φ0(t), u0(t))

we denote an optimal element( see Definitions 2 and 3).

Theorem 2. There exists an optimal element q0 ∈ Q0 if the conditions 1) and 2) of Theorem 1
hold. Moreover: Q0 ̸= ⊘; there exists a number M > 0 such that for an arbitrary q ∈ Q0 we
have |x(t; q)| ≤ M , t ∈ [t0, t1]; for each fixed t ∈ [t0, t0 + h] and zi = (x0i, . . . , xsi) ∈ O1+s, i =
0, 1, . . . ,m− 1 the set VF (t; z0, z1, . . . , zm−1) is convex, where F = (f0, f).

It is clear that Theorem 2 is valid also for a problem with the free right end. Below we give an
example which shows that for the existence of an optimal element the convexity of the set VF is
essential.

Example. Consider the optimal control problem

ẋ(t) = −x
(
t−

√
2
)
+ u(t) + u2(t− 1), t ∈ [0, 2],

x(t) = 0, t ∈
[
−
√
2, 0

)
, x(0) = 0; u(t) = 1, t ∈ [−1, 0), u(t) ∈ U = [−1, 1], t ∈ [0, 2],

2∫
0

[x(t)− t]2 dt → min .

Here under an element is implied only control function u(t) ∈ Ω. For a given i = 2, 3, . . . we
shall decompose the interval [0, 1] into intervals Ij , j = 2, . . . , i, of length 1/i. Define the control
ui(t), t ∈ [0, 2]:

ui(t) = vi(t), t ∈ [0, 1];

ui(t) = 0, t ∈
(
1,
√
2
]
;

ui(t) = t−
√
2 , t ∈

(√
2, 2

]
,

here vi(t) is a control oscillating between +1 and −1, i.e.

vi(t) = 1, t ∈ I1, vi(t) = −1, t ∈ I2,

etc. Furthermore,
lim
i→∞

x(t;ui) = x0(t) = t uniformly in [0, 2]
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and by Gamkrelidze’s approximation lemma [4] the sequence of Dirac measures δvi(t), i = 2, 3, . . . ,
t ∈ [0, 1] weakly converges to 1

2 δ−1+
1
2 δ+1. It is easy to observe that the trajectory x0(t), t ∈ [0, 2],

minimizing the functional corresponds to the control

u0(t) =


0, t ∈ [0, 1],

1, t ∈
(
1,
√
2
]
,

t+ 1−
√
2 , t ∈

(√
2, 2

]
.

But u0(t) ̸∈ [−1, 1], t ∈ (
√
2, 2], i.e. it is not an admissible control. Consequently, in the considered

example, there is no optimal element since the set

VF (t; z0, z1) :=

{(
F (t, z0, u0, u−1)

F (t+ 1, z1, u1, u0)

)
: ui ∈ [−1, 1], i = −1, 0, 1

}
is not convex. Here zi = (x0i, x1i), i = 0, 1 and

F (t, z0, u0, u−1) =

(
(x00 − t)2

−x10 + u0 + u2−1

)
, F (t+ 1, z1, u1, u0) =

(
(x01 − t− 1)2

−x11 + u1 + u20

)
.
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