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A class of singularly perturbed differential equations (SPDE) with turning points is an effective
model for the studies of various physical phenomena. There is a wide spectrum of papers devoted
to the investigation of such problems and to the construction of the uniform asymptotic of the
solution. This spectrum of SPDE is represented by R. Langer, W. Wasow, C. Lin, S. Lomov etc.
Generalization on the class of systems of SPDE in the above-mentioned direction of the research is
a relevant problem also nowadays.

In the paper [5], a system of SPDE with a stable turning point has been considered. In this
case we have used the apparatus of Airy-Dorodnitsyn functions [1,3]. An unstable turning point
assumes a use of the following Airy-Langer functions:

TW =W"=W"(t) —tW(t) = 0.
Let us consider a system of SPDE with a stable turning point (SSPDE):
eY'(z,e) — A(z,e)Y (z,¢) = H(z), (0.1)

where
A(z,e) = Ap(x) + €A1 (x),

is a known matrix where

0 0 0 010
Ao(z)=[ 0 0 1], Ar=[0 0 0],
—b(z) —a(z) 0O 0 00

when ¢ — 0, x € [-4,0], Y(z,e) = Yi(z,e) = col(y1(z, ), y2(x, €),ys(x,€)) is an unknown vector
function, H(z) = col(0,0, h(z)) is a given vector function.
The system to be studied here (0.1) will be investigated under the following conditions:

(1) a(z),b(z), h(z) € C>[-4;0];
(2) a(z) = za(zx), a(x) = 3z, b(x) = 3z + 20, h(z) = 6x + 2.
The scalar reduced equation for this matrix will be
ra(z)w' (z) + b(z)w(x) = h(x). (0.2)

The analysis of such kind of problems and construction of uniform asymptotic solution on a
given segment with a turning point brings certain difficulties and problems in the construction of
asymptotic forms [3].

The characteristic equation that corresponds to the SP system (0.1) is as follows:

-\ 0 0
|A(z,0) = AE|=| 0 A 1| ==X —za@)r=0.
—b(x) —a(z) —A

The roots of this equation are: A\; = 0, Ag,3 = ++/za(x).
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1 Regularization of singularly perturbed systems
of differential equations

In order to save all essential singular functions that appear in the solution of system (0.1) due to

the special point

-2
t=p = gO(%),

where p = €3, exponent p and regularizing function ¢(z) are to be determined. Instead of Y (x,¢)

function Y (z, ¢, £) transformation function will be studied, also the transformation will be performed

in such a way that the following identity is true
Yk(m,t,a)’tzg_w(x) = Yi(z,¢),
which is the necessary condition for suggested method. The vector equation (0.1) can be written as

017(3:, ta 6) 3 627(1', t? 6)
/
ot e ox

We describe the space of functions in which it will be possible to construct a uniform asymptotic
solution of the transformed system (1.1)

le = Oélk(.’E)Ai(t) + ﬂlk(l')Ai/(t), DQk = Oégk(x)Bi(t) + 6752k(1‘)Bi/(t),
D3y, = fe(x)v(t) + 7 gr(2)V'(t),  Day = wi(),
where (), Bir (), fr(2), gr(2), wi(z) € C>[—4,0].
Here functions Ai(t), Bi(t) are the Airy-Langer functions, v(t) is an essentially special func-
tion [3].
The element of this space has the form

LYy (2, t,e) = g — Az, e)Yi(z, t,e) = H(x). (1.1)

2
Vi(w, t,e) =Y [ain(@)Ui(t) + Biu (@)U} ()] + fr(@)v(t) + &7 gu(@)/ (£) + wi(x).
i=1

Denote the Airy-Langer functions as U;(t) = Ai(t), Ua(t) = Bi(t).

Now we have to investigate how the transformed operator EE acts on the elements of the Space
of non-resonant solutions Dy and Dq. Let us write the obtained result in the form of the following
vector equations

Ui(t) : an(@, €)' (2) — [Ao(2) + 4P Ar] il €) = =1 By (),

Ui(t) : Br(z, e)p(x)¢ () — [Ao(x) + M3A1]ak(x, g) = — Pz, €). (1-2)

2 Construction of formal solutions of a homogeneous
transformation system

The unknown coefficients of the vector equations (1.1) are sought as following vector function series
(i=1,2):

+oo +oo
ag(z,e) = Z/ﬂ"akr(az), Br(x,e) = Zurﬁkr(w). (2.1)
r=0 r=0

At the moment, the regularizing function has not yet been defined; therefore, it will be defined
as a solution of the problem

() = (Z’O/JTW)
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The regularizing function of such kind has been considered in [2,4]. Due to such a choice of the
regularizing variable det ®(x) = 0, there is a nontrivial solution of the homogeneous system (1.1)
that is

Zyo(w) = 001071(0 Biso(x), —@(x)wl(w)ﬁno(ﬂﬁ),(),&20(96)7&30(%))7 (2.2)

1
"¢ (x)
where By (x), i = 1,2, i =1,2,3 are arbitrary up to some point and sufficiently smooth functions
at x € [—4;0].

Two linearly independent solutions of the system (1.1) are

(x,t,€) Ze Qigr (T )—1—63611(;7»(3: e)Ul(t)], i=1,2, (2.3)

where a;i,. () = col(aj1r (), aior (), aysr () and Bk, () = col(Birr(x), Bizr(x), Bisr(z)) are known

vector-functions.

Thus, gradual solving of systems of equations t = ¢ 5. o(z), i = 1,2, then gives two formal

solutions of the transformation vector equation
> 1 2
Die,e” = > o @V o) + @V Ro@))]. (24)
r=0

The third formal solution of the homogeneous vector equation (0.1) is then constructed as the
series
[e.9] o0
€)= Zarwr(x) = colon(Za’"wlr ZE war (T Z e"wsp(z ) (2.5)
r=0 r=0

3 Construction of formal partial solutions

To construct a partial solution of the SSPDE (0.1), let us analyze how transformation operator
operates L. on an element from the space of non-resonant solutions Ds, and Dg,.. The result is
written in the form

Lo(fi(w,e)v(t) + pgr(, )V (1) + wi(x, €))
= pfr(z, )¢ (@)v(t) + gi(x, €)@’ (x)p(x)v (t) — Alx,e) fr(w, e)v(t) — pA(x,e)gn(x, )/ (t)
+ 1P fr@)v(t) + il gh (@) (1) + i (@) (@)™t + i (2) — Az, e)wi (@) = H(z).

Therefore, the partial solution of the transformation vector equation (1.1) is then defined as
the series

part $ t, 5 ZS fkr +539kr +ZE Wkr

2

Narrowing the solution, when t = €73 - ¢(x), the series

Toor (0,6:8) = 3" a6 - o) + £ 2) M}Zwkr (1)
= a(=F - ple))

is a formal partial solution of the SSPDE (0.1).
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4 Estimation of the remainder terms of the asymptotic solution

In this paper we have considered the case of an unstable turning point. In this case the remainder
terms of the solution have characteristic differences in comparison with the case of a stable turning
point [3]. Let us write the formal solution of the transformed problem (1.1) in the following form:

aikr($7 5) = O‘ikr(xa 5) + 5q+1§o¢(q+1) (l’, 6)7 (41)
Bitr (2,€) = B (@, ) + 7 g1y (2, ),
where agg(z,¢) and Sig(z,e) are partial g-sums of the series (1.1), e't9¢,,41)(z,€) and

51+q£5(q+1)(:17, ¢) are the remainder terms.
Let us write the main result of this paper in the following theorem.

Theorem. Let for the SPDE system (0.1) the conditions (1) and (2) take place. Then for suffci-
ctently small values of the parameter € > 0:

e three linearly independent solutions of homogeneous transformed vector equation (1.1) can be
built in form of series (2.1) and (2.5);

e narrowing these solutions at t = 75 () is the formal asymptotic solution of the homoge-
neous SPDE system (0.1);

e partial solution of the nonhomogeneous SPDE system (0.1) constructed with the series (3.1);

e for the remainder terms of the asymptotic solutions (4.1), (4.2) estimations are valid.
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