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In the paper, for the perturbed controlled nonlinear differential equation with the constant
delay in the phase coordinates and in controls a formula of the analytic representation of a solution
is obtained in the left semi-neighborhood of the endpoint of the main interval. The novelty here
is the effect in the formula related with perturbation of the initial moment. Analogous formulas
without perturbation of the initial moment and without delay in controls are given in [1,3,4].

Let I = [0,T] be a finite interval and let 7o > 71 > 0, and 6 > 0 be given numbers; suppose
that O C R™ and U C R" are open sets. Let n-dimensional function f(t,z,y,u,v) be continuous
on I x O? x U? and continuously differentiable with respect to z, y, v and v. Let ® be a set of
continuously differentiable initial functions ¢ : I1 = [—-72,T] — O and let Q be a set of piecewise-
continuous and bounded control functions u(t) € U, t € Iy = [—6,T].

In the space R™ to each element p = (tg, 7, xo, @, u) € A =[0,T) X [11,72] x O x & x Q we assign
the delay controlled differential equation

(t) = f(t,z(t),z(t — 7),u(t),u(t —0)), te [to,T] (1)
with the discontinuous initial condition
z(t) = o(t), t€[-72t0), x(to) = wo. (2)
Condition (2) is called the discontinuous initial condition because, in general, x(t9) # ¢(zo).

Definition. Let p = (to, 7,20, p,u) € A. A function z(t) = x(t;u) € O, t € I; is called a solution
of equation (1) with the initial condition (2) or a solution corresponding to p and defined on the
interval I if it satisfies condition (2) and is absolutely continuous on the interval [tg, 7] and satisfies
equation (1) almost everywhere on [tg, T.

It is clear that the solution x(t) = x(¢; u), t € I, in general, at the point ¢y is discontinuous.
Let us introduce notations

|l = fto] + 7] + |zo| + llelly + [lull,  Ac(po) = {n € A+ | — po| < e},
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where
el =sup {lp(®)] + |o(t)| - t€ L}, |lull =sup {Ju(t)| : t € I},
e > 0 is a fixed number and o = (to0, 70, Zoo, Yo, uo) € A is a fixed element; furthermore,
to = to — too, G0 = To — oo, 0p(t) = @(t) — po(t), du(t) = u(t) —uo(t),
op = p — po = (0to, 0T, 0z0, 0¢p, du),  |ou| = [0to| + |67| + [dwo| + [[0¢l[1 + [|dul.

Remark. Let z(t; o) be the solution corresponding to o € A and defined on the interval I3, i.e.
x(t; o) is the solution of the problem

i(t) = f(t,z(t),z(t — 10),u0(t), uo(t — 0)), € [too, T,
z(t) = po(t), t€[—T2,to0), «(ton) = oo

Then, there exists a number ¢; > 0 such that to each element p € A, (uo) there corresponds
the solution x(¢; 1) defined on the interval Iy, i.e. the perturbed problem (1), (2) has the solution

Theorem 1. Let zo(t) := x(t;po) be the solution corresponding to the element py =
(too, 70, Too, L0, uo) € A and defined on the interval Iy, with tog+ 719 < T. Let § > 0 and &3 € (0,e1)
be numbers such that tog + 70 + €2 < T — 6. Then, for arbitrary

p € A, (o) = {p = (to, 7,0, 0, u) € Ay (po) = 0 < to <too}
on the interval [T — §,T), the following representation holds
x(t; p) = xo(t) + 0a™ (5 0p) + oft; pu), (3)
where
0™ (t:0p) = —[Y (too; 1) fy” + Y (too + 703 1) f1]0to — ¥ (too + 7038) fy 0T + B(t: 0ps),
B(t; 6p) =Y (toos ) 0o

too t
+ / Y (s + 10;t) fyls + 0]d¢(s) ds + [ Y (s;t) fyls]@o(s — 7o) ds|dT
too—To too

t t
+ /Y(s;t)fu[s]éu(s) ds + /Y(s;t)fv[s]éu(s —0)ds,
too too
fo = [ (too, zoo, wo(too — 70), uo(too—), uo(too — 6—)),
f1 = f(too + 70, zo(too + 70), z0o, uo(too + T0—), uo(too + 70 — 60—))
— f(too + 70, o(too + 70), po(too), uo(too + To—), uo(too + 70 — 0—)),
fylsl = fy(s,20(s), x0(s — 10), uo(s), uo(too + 10 — 6-)),
lo(t; 6p)|

=0 wuniformly for t € [T —4,T).
l6ul—0  [Op]

Next, Y (s;t) is the n X n-matriz function satisfying the equation

Yi(sit) = =Y (s;t) fu[s] = Y (s + 710;t) fyls + 70], s € [too, 1]

¥ (s:) H for s=t,
S; =
© fors > t;

and the condition

H is the identity matriz and © is the zero matrix.
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Some comments

The function dx~ (t;dp) is called the first variation of a solution z((t), t € [t19 — d2,t10 + d2]. The
expression (4) is called the variation formula of a solution. The addend

—[Y (too; t) fo + Y (too + 103 t) f1 | 6to
in (4) is the effect of perturbation of the initial moment too. Namely, here f; is the effect of the
discontinuous initial condition (2). The addend

t
- [Y(too +105t) f; + /Y(s; t) fylslo(s — m0) ds|oT
too
in (4) is the effect of perturbation of the delay 79. The expression
too
Y (too; t)dzo + / Y (s+ 705t) fyls + 10]0p(s) ds
too—T0

in (4) is the effect of perturbations of the initial vector xgg and the initial function pg(t). The
expression

/ Y (s:) [fuls)ou(s) + fulslou(s — 0)] ds

too
in (4) is the effect of perturbation of the control function wug(t).
Formula (3) allows us to obtain an approximate solution of the perturbed problem (1), (2) in
the analytical form on the interval T'— 6, 7. In fact, for a small [0u| from (3) it follows

x(t; p) = xo(t) + oz~ (t;0p), te [T —9,T].
Theorem 2. Let zo(t) = xz(t;po) be the solution corresponding to the element py =
(too, 70, Too, Y0, uo) € A and defined on the interval Iy, with tog+ 79 < T. Let § > 0 and e € (0,e1)
be numbers such that tog + 70 + €2 < T — . Then, for arbitrary
we AL (no) = {1 = (to, 7, w0, p,u) € Acy(po) : too <to < T}
on the interval [T — §,T), the following representation holds
a(t; ) = wo(t) + 62 (t; ) + o(t; 0p),
where
Szt (t;6p) = —[Y(too; t) fof + Y (too + 705 8) f1T]0to — Y (too + T3 t) 17 67 + B(¢; 6p).
Theorem 3. Let xo(t) := z(t;uo) be the solution corresponding to the element py =
(too, 70, Too, Po, uo) € A and defined on the interval I, with too + 70 < T. Let the functions
ug(t) and ug(t —0) are continuous at the points tog and top + 19. Besides, let § > 0 and 3 € (0,¢1)
be numbers such that too+710+e2 < T —38. Then, for arbitrary u € Ag,(1o) on the interval [T —6,T],
the following representation holds
a(t; p) = wo(t) + 0x(t; 0p) + o(t; o),
where
6x(t;6p) = —[Y (too; t) fo + Y (too + 70:t) f1]0to — Y (too + 70: ) f16T + B(t; 6p),
Jo = [ (too, zoo, po(too — 70), uo(too), uo(too — 6)),
J1= [ (too + 70, z0(too + 7o), Too, uo(too + 70), uo(teo + 70 — 0))
— f(too + 70, Zo(too + 70), o(too), uo(too + 70), uo(too + 70 — ).
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