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Let Q = (0,w1) x (0,w2) X (0,ws) be an open rectangular box, and let
E = {(z1,32,23) € Q: (z1,32) €D, 23 € (0,w3)}

be an orthogonally convexr cylinder with a piecewise smooth base inscribed in €2. In view of the
orthogonal convexity of the cylinder F, its base D admits the representations

D = {z; € (0,w1), 72 € (n(21),72(x1))} = {x2 € (0,w2), =1 € (Mm(w2),m2(22))}-

In the domain E consider the boundary value problem

u® =3 pa(x)ul® +q(x), (1)

a<2
w(ng(w2), 22, 23) = 1 (nk(22), 22, 23), w00 (21, y(21), 23) = Yo (w1, Ve(21), 23),
w20 (21, 29, (k — V)ws) = ¢g(z1, 72, (k — Dws) (k=1,2). (2)

Here x = (z1,22,23), 2 = (2,2,2), a = (a1, a9,a3) is a multi-index, u(®(x) = %,
x0Ty < Oy
pa € C(E) (¢ <2),qe C(E), ¢; € C(E) (i=1,2,3) and E is the closure of E.

By a solution of problem (1),(2) we understand a classical solution, i.e., a function u € C?%2(E)
having continuous on E partial derivatives u(2%9 and u(220) and satisfying equation (1) and the
boundary conditions (2) everywhere in E and 0F, respectively.

Throughout the paper the following notations will be used:

0= (0,0,0), 1= (1,1,1), oy = (0,...,0@,...,0), ;= o+ o

a=(aj,az,a3) < B=(01,02,03) < «a; < B (i=1,2,3) and a # 3.

a = (a1,az,a3) < B = (B1,02,03) = a < B, or a = (.

ol = len| + az] + |axs].

E={o]0<o <1}

Y;={a<2: o =2forsomeic {1,2,3}}

Oz ={a<2: ||afis odd}.

suppa = {i | a; > 0}.

Xo = (X(1)x1, X(2) T2, X (3)x3), where x(a) =0 if @« =0, and x(«) =1 if a > 0.

Xog =X — Xg-

Xq Wwill be identified with (x;,,...,z;), where {i,---4;} = supp a. Furthermore, xo will be
identified with (Xa, 0a), and x will be identified with (Xa,Xa), or with (Xq,Xg).

Qo = [0,w;,] x -+ x [0,w;,], where {i1,---7;} =suppo.

Qij = (070.)1') X (0,0J]') (1 <1 <3< 3)
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Along with problem (1), (2) consider the corresponding homogeneous problem

W® = 3" pa(xul, (Lo)

a<2
u(nk(m2)3$27$3) =0, ’LL(Q’O’O) ($1>’7k‘(x1)7$3) =0, ’LL(2’2’0) (1'1,1‘2, (k - ].)(/Jg) =0 (k =1, 2) (20)

For each o € E in the domain €2, consider the homogeneous boundary value problem depending
on the parameter x5 € (5:

V00 = poga(x1, K1 )v + praa(x1, K)o 00, (1100)
v(m(xe), %) =0, v(ma(x) %) = 0; (2100)
V020 = pago(xa, Ra)v + para(x2, Ro)v 10, (o1o)
v (x1).%2) =0, v(p2(x1). %) = 0; (2010)
0(0’0’2) = P220 (Xg, ig)v + p221(X37 i3)7)(070,1)7 (]-(]01)
0(0,R3) =0, v(ws,R3) = 0; (2001)
o2 =Y po s, (X1, %12)0(, (1110

a<2i3
v(mk(x2), %12) = 0, vP00(y4(x1),R12) =0 (k = 1,2); (2110)
o9 =Y 7 po s, (x13, %)o@, (Lio1)

a<2i3
v(ne(x2),R13) =0, v@OV((k - Dws, R13) =0 (k= 1,2); (Z101)
vi?2) = Z Pay3a, (x23, Ra3)0'®), (Lo11)

a<223
v((x1), Ras) = 0, OO ((k — 1w, Ros) =0 (k = 1,2). (2011)

Definition 1. Problem (1), (25) (o € E) is called o-associated problem of problem (1), (2).

Two-dimensional versions of problem (1),(2) were studied in [1], [2], where problems were
considered in orthogonally convex smooth domains.

Orthogonal convexity of a domain is essential and cannot be relaxed. Examples attesting the
paramount importance of the orthogonal convexity of a domain were introduced in Remarks 1 and
2 of [2]. Similar examples can be easily constructed for the three-dimensional case.

As follows from Remark 5 below, the C? regularity of functions 1, (k = 1,2) is essential for
solvability of problem (1), (2) in a classical sense. However, C? regularity of functions n; (k = 1,2)
on the closed interval [0,ws] is impossible for smooth domains. Therefore we study the case of a
piecewise smooth domain D separately from the case of a smooth domain D. Surprisingly, some
piecewise domains are better suited for the solvability of problem (1), (2), then domains with a C'*°
boundary.

Set

Dos = [m(0) — 8,11(0) + 6] x [0,8], Eos=Dos x [0,ws],
Dw2,5 = [771((")2) - 57 771(w2) + 6] X [w2 - 57 w2]7 Ew2,5 = Dw2,§ X [07(*]3]7

o1k(T2, 23) = Y1(n(22), 2, 23),  war(w1,23) = Ya(w1, Vi(T1), 73),
o3k(71,72) = Y3(1, 72, (F — Dws) (k=1,2). (3)
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Theorem 1. Let
e € C*([0,ws]) (k=1,2), (4)

Pa € C(E) (a < 2), ¢ € C(Q), 1 € C*22(E), ¢y € CO22(E), ¢ € C*%2(E), and let each
o-associated problem (1), (25) have only the trivial solution for every xg € Qg (o0 € E). Then
problem (1), (2) has the Fredholm property, i.e.:

(i) problem (1p), (20) has a finite dimensional space of solutions;

(i) if problem (1¢), (20) has only the trivial solution, then problem (1),(2) is uniquely solvable,
its solution belongs to C**2(E) and admits the estimate

||U”c222( B) = M<||qHC(E + Z (H%k”ow Qs T o2kl o, 25 T H<P3k”c )) (5)
k=1

where M is a positive constant independent of v1k, por, e3r (K =1,2) and q.
Theorem 2. Let

€ C*((0,w1)),  mk € C*((0,w2)) (k=1,2), (6)
e CV?YE) (ap =2, a < 2), (7)

Pa € C(E) (a < 2), ¢ € C(Q), 1 € C*22(E), ¢y € CO22(E), ¢ € C*O2(E), and let each
o-associated problem (14),(24) have only the trivial solution for every xgz € Qg (o0 € ). Then

problem (1), (2) has the Fredholm property, i.e.: x5 € Qg (o0 € B). Then problem (1), (2) has the
Fredholm property, i.e.:

(i) problem (1p), (20) has a finite dimensional space of solutions;

(i) if problem (1o), (20) has only the trivial solution, then problem (1), (2) is uniquely solvable,
its solution belongs to C*%2(E) and admits the estimate

lull o + Iu® o) + a0 H

< M<||q”C(E) + Z (H(plchCO’Q(ﬁz,g) + lle2kllcoz@, 5) + H‘P3k||c(D)>>7 (8)
k=1
where M is a positive constant independent of ©1k, por, e3r (K =1,2) and q.

Furthermore, if:

(F1) D is strongly convex near the points (171(0),0) and nz(wa,ws), i.e.
7 (m(0)) >0 and 75 (n2(w2)) < 0; (9)

Fy) v € C3([m(0) — §,m1(0) + 6]) and vo € C([n1(w2) — &, m (w2) + 3]) for some & > 0;
F3) ¢ € C5’0’O(E075 U Ey,.5) for some 6 > 0;

Fy) 93 € C3%9(Dg 5 UDy,s) for some § > 0;

(F2)
(Fs)
(Fy) tho € CYO(Ey 5 U E,, 5) for some § > 0;
(F5)
(F6)

Pa (< 2), g€ C3OY(EysUE,,s) for some § >0,
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then every solution of problem (1), (2) belongs to C%*2(E).

Consider the equation

2,2,2) (2,2,0) 0,2,2)

+ 202 (22)u®%? 4 pog (a1 )ul
4,(20.0) 0,2,0)

= p22o(73)u
+ paoo (T2, T3)
+ poor (22)u OV + proa(@2)u
+ pri1u®t + proo (@2, 23)u00 + poig (21, 23)u + poo1 (w1, 2)u

+ pooo(x1, T2, x3)u + q(x1, T2, X3). (10)

u(

+ pono(1, 73)u' + pooz (1, 22)ul®0?
L0.2) 4 poot (1) u®2D 4 poro(zr)u®L?)

(0,1,0) (0,0,1)

Theorem 3. Let condition (4) hold, let the domain D be conver, i.e.

(=D gl (22) > 0 for 0 € (0,w2) (k=1,2), (11)
and let
p220(x3) >0, pao2(x2) >0, poga(z1) >0, (12)
p200(z2,23) <0, po2o(x1,23) <0, poo2(z1,22) <0, (13)
pooo (1, T2, 73) > 0. (14)

Then problem (10), (2) is uniquely solvable, and its solution admits estimate (5).

Theorem 4. Let conditions (6) and inequalities (11)—(14) hold. Then problem (10), (2) is uniquely
solvable, its solution belongs to C*22(Q) and admits estimate (8).
Furthermore, if conditions (Fy)—(Fg) hold, then the solution of problem (1), (2) belongs to C%*%(E).

Remark 1. Condition (F}) on the strong convexity of D is essential for the existence of a classical
solution of problem (1),(2), and it cannot be replaced by strict convexity. Indeed, consider the
problem

w22 =, (15)
u(np(x2), w2, 23) =0; w00 (21, 3y (21), 23) =223 w20 (21,29, (k — 1)w3)=0 (k=1,2) (16)

in the domain £ = D x (0,w3), where D = {(z1,72) : (z1 — 1)* + (22 — 1)* < 1}. Tt is clear that
D is strictly convex, but not strongly convex, since

Yi(z) =1+ (=DFY1— (@1 - 1% (k=1,2), A/ (z1) >0 for z; € (0,1)U(1,2),

and
7(1)=0 (k=1,2).
As a result, the unique solution u(x) = ((z1 — 1)* = /1 — (22 — 1)* )23 of problem (15), (16)
does not belong to C%22(E) since u(%1?) is discontinuous along the rectangle zo = 1, (z1,z3) €
[0,2] x [0, ws].

Remark 2. Consider the problem
w22 =, (17)

27070) (xh 7k(1'1)7 xS) = 07

ul®20 (a1, 9, (k= Dws) =0 (k=1,2) (18)

u(nn(x2), T2, ©3) = 1 (. (22), 72, 73); Ul



118  International Workshop QUALITDE — 2021, December 18 — 20, 2021, Tbilisi, Georgia

in the domain £ = D x (0,ws), where D = {(x1,22) : (1 — 1)? + (22 — 1)2 < 1}, and

0 for 0 <21 <1
(x1 — D) for 1<2 <2

11[}1 (xly X2, ‘TS) — {

It is clear that D is strongly convex domain with the C* boundary, and vy € C*(E) but
Y1 € CO(E) if a € [0,1). As a result, the unique solution of problem (17), (18)

o) = Iy (1 T 1) = VA )

—m(m2) — ma(x 2

does not belong to C?%2(E) since 1920 and w129 are discontinuous along the line segments
(1,0,23) and (1,2, z3), 3 € [0, ws).
Remark 3. Consider the problem

u?22) =, (19)
u(ng(x2), w2, 23) = 0; w00 (2y, y(a1), 23) = 23; w20 (21,20, (k — Lw3) =0 (k=1,2) (20)

in the domain E = D x (0,ws3), where D is a strongly convex C? domain inscribed in the rectangle
[0, 2] x [0,1] such that

1 3
Yo(x1) =1 — (1 — 1)? + |21 — 1|1 for 5 <e<y.
It is clear that if o € [0,1), then 7o € C*([1 — 4,1 + §]) but o & C3([1 — 6,1 + 4]) for any § > 0.
Also,

24

m(xe) =1+ (1 — z2)2 (1 Fe(l—a2) 5 +o((1—a2)

o[

)) for x9 € [1 —0,1],
m(we) =1 — (1 — x9)3 (1 — (1= 22) "5 +o((1 - xg)%)) for 3 € [1—6,1]

for some § > 0, where c is a nonzero constant. As a result, problem (19), (20) has a unique solution

u(x) = (21 — m(r2)) (@2 — m(22)) = 2* — 2 (22) + 12(22)) — M (22)72(22),

which does not belong to C*%2(E) since u(029) and u(1:29) are discontinuous along the line segment
(1, 1,$3), x3 € [0,&)3].

Remark 4. Consider the problem
u?2?) = 2|z, — 1|*sgn(x; — 1), (21)

u(nk(xz),l‘z,fvS) —0 u(2’0’0)(x1,’y;g(951),563) = ‘xl — 1|Ot sgn(xl — 1):133($3 - W3);
u(320) (z1, 22, (k — Nws) =0 (k=1,2) (22)

in the domain E = D x (0,ws3), where D is a strongly convex C? domain inscribed in the rectangle
[0, 2] x [0,1] such that
1 3
Yo(z1) =1 — (21 — 1) for ;<@ <y.
It is clear that if a € (2,3), then ¢o(z1, 22, 23) = |21|*sgnz123(23 — w3) € CHOO(E,, s U B, s) for
some ¢ > 0. Thus conditions (F;) — (F5) hold, while condition (F) is violated.
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As a result, problem (21),(22) has a unique solution

1+
e - 12 sgn(zy — 1) — (1 — 1)(1 —x2) 2 1 3
u(x) = At0)2+a) x3(x3 — wa) for 5 <71 <3,

which does not belong to C*%2(E) since u(029) and u(1:29) are discontinuous along the line segment
(1, 1,1’3), x3 € (O,W3).

Remark 5. As we see, the functions 74 (k = 1,2) can be piecewise smooth: 7, may be nondiffer-
entiable at points 11 ((k — 1)w2) and n2((k — 1)ws) (if they differ) (k = 1,2). On the other hand,
C? smoothness of the functions 7 is essential and cannot be relaxed. Indeed, let a € (1,2) be an
arbitrary number,

Mel2) = 1 (<) /1= [ = 5

and let u be a solution of the problem

w22 =, (23)
u(np(22), 22, 73) =0; w00 (21, v (21), 23)=a3; u®*O (21,29, (k — Dws)=0 (k=1,2). (24)

Then

0,0,2)(

ul Ty, T, x3) = x5 — 21 + |z0 — 1|%

07172)( 0,2,2)(

Consequently, ul x1,%2,x3) is continuous on E, however ul x1,x2,x3) is discontinuous
along the line segment 0 < z1 < 2, x9 = 1 since « € (1,2). Thus, problem (23), (24) is not solvable
in a classical sense due to the fact that the functions n; are not twice differentiable at zo = 1.
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