International Workshop QUALITDE — 2021, December 18 — 20, 2021, Tbilisi, Georgia

105

Optimal Conditions for the Unique Solvability
of Two-Point Boundary Value Problems
for Third Order Linear Singular Differential Equations

lvan Kiguradze

A. Razmadze Mathematical Institute of 1. Javakhishvili Tbilisi State University
Thilisi, Georgia
E-mail: ivane.kiguradze®@tsu.ge

On a finite open interval ]a, b[, we consider the linear differential equation
u" = p(t)u+ q(t)

with the boundary conditions

k
ulat) =0, u'(at)=0, > Lu®(b-)=
1=0

Here
ke{0,1,2}, ¢,>0 (i=0,...,k), £, >0,

while p and ¢ :]a,b[ — R are measurable functions such that

b b

/(t —a)?(b—t)27Fp(t)| dt < 400, /(t —a)(b—t)2F|g(t)| dt < +oo0.

a a

3)

We are mainly interested in the case where the functions p and ¢ have nonintegrable singularities

at the boundary points of the interval |a, b[, i.e. the case, where

b

[ (w0 +lato) i = o

a

However, the results below on the unique solvability of problem (1), (2) are new also for the regular

case when the functions p and ¢ are integrable on [a, b].
To formulate the above mentioned results, we need the following notation.

k _t2z

Z (2 —1)! é/z

1=

% (An(s)(t—a)? — (t—5)?) for a<s<t<b,
gi(t,s) = 1
iAk(S)(t—a)2 for a <t <s<b,
7“0(04) =1, 7‘1(04) _ EO(b - a) + (Oé + 3)51

Eo(b — a) + 244 ’
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lo(b—a)? + (a+3)l1(b—a) + (a +3)(a+ 2)ly
fo(b — a)2 + 244 (b — CL) + 245 ’
(a+1)(a+2)(a+3)
re(@)(b — )t — (t —a) !

p-(t) = (Ip(®)] - p(1)) /2.

In [1] it is stated that problem (1), (2) is uniquely solvable if and only if the homogeneous problem

ro(a) =

pr(t;a) = (t—a)*? for 0<t<b, a>-1,

u" = p(t)u (1p)

under the boundary conditions (2) has only a trivial solution. Based on this fact the following
theorem is proved.

Theorem. Let there exist a continuous function w :]a,b[— ]a,b[ such that along with (3) the
following conditions

b

sup { / gl;jz;;) w(s)p—(s)ds: a<t< b} <1, (4)
lilgri}iglf (tw_(ta))2 > 0, ligriiglf& >0 (5)

hold, where my = (1 — k+ |1 — k|)/2. Then problem (1), (2) has a unique solution.
Corollary 1. If for some o > —1 along with (3) the conditions
p(t) = —pr(t;a) for a <t <b, (6)
mes {¢ €]a,b[: p(t) > —pi(t;a)} >0 (7)
hold, then problem (1), (2) has a unique solution.
Corollary 2. If along with (3) the condition

b

/ (t— a)?Ax(t)p_(t)dt <2 (8)

holds, then problem (1), (2) has a unique solution.

Remark 1. In the above formulated theorem, inequality (4) is unimprovable and it cannot be
replaced by the nonstrict inequality

sup { /b 96ll:5) (Vp (s)ds: a<t< b} <1 ()

w(t)

a

Indeed, if
p(t) = —pr(tia),  wt) = (re(@)(b— )™ — (b= 1)) (¢ - a)?,

where a > —1, then inequalities (5) are satisfied, while inequality (4) is violated instead of which
inequality (9) holds. On the other hand, in this case the homogeneous problem (1p),(2) has a
nontrivial solution u(t) = w(t) and, consequently, problem (1),(2) is not uniquely solvable no
matter how the function q is.
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Remark 2. The strict inequality (7) in Corollary 1 cannot be replaced by the nonstrict one since
if p(t) = —pi(t; @), then the homogeneous problem (1p), (2) has a nontrivial solution.

Remark 3. In the case, where k € {1, 2}, the strict inequality (8) in Corollary 2 cannot be replaced

by the condition
b

/ (t— a)2An(t)p_(t) dt < 2+ (10)

a

no matter how small € > 0 is. Indeed, if p(t) = —pg(t; o) and a > 0 is so large that
2
re(a) > 1+ -

then inequality (8) is violated but inequality (9) holds. On the other hand, as we already mentioned
above, in this case the homogeneous problem (1p), (2) has a nontrivilal solution.

Particular cases of the boundary conditions (2) are the Dirichlet boundary conditions
u(la+) =0, u'(a+)=0, wulb—)=0, (20)

and the Nicoletti boundary conditions

For problem (1), (2;) (k = 0,1,2), a pair of conditions (6), (7) has one of the following three forms:

(a4 1)(a+2)(a+3)

—2
(b—aptt—(t—aqpr -7 fora<i<h, (60)

p(t) = —

mes {t €la,b[: (t—a)* p(t) > — (éa_—l;)liio; i_ (22(_04:)—0{321 } > 05 (7o)
p(t) > — 2a+ e +2)(a+3) (t—a)* 2 for a<t<b, (61)

(a+3)(b—a)*tl —2(t —a)ot!

mes {t €la,bl: (t—a)* p(t) > — @ +23()0¢(b—|—_131()3; 2_)(20&_‘__33)&“ } > 05 (71)
2@+ 1) (a+2)(a+3)

(05 2)(a+8)(b— a1 — 2t — )it
2@+ 1) (a+2)(a+3)

(a+2)(a+3)(b—a)tl —2(t—a

t—a)* 2 for a <t<b, (62)

p(t)

Y

mes {t €la,b[: (t—a)* p(t) > — )a+1} > 0. (72)

Corollary 3. Let for some k € {0, 1,2} along with (3) conditions (6) and (7)) be satisfied. Then
problem (1), (2x) has a unique solution.

Corollary 4. If for some k € {0,1,2} along with (3) the condition

b
/(t — ) (b— )2 Fp_ (1) dt < 2(b— a)2F (1)

is satisfied, then problem (1), (2k) has a unique solution.
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Remark 4. The strict inequality (7;) in Corollary 3 cannot be replaced by the nonstrict one, while
inequality (11) in Corollary 4 for some k € {1,2} cannot be replaced by the inequality

b
/(t —a)?(b—t)>Fp_(t)dt < (2+¢)(b—a)**

a

no matter how small € > 0 is.
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