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On a finite open interval ]a, b[ , we consider the linear differential equation

u′′′ = p(t)u+ q(t) (1)

with the boundary conditions

u(a+) = 0, u′(a+) = 0,

k∑
i=0

ℓiu
(i)(b−) = 0. (2)

Here
k ∈ {0, 1, 2}, ℓi ≥ 0 (i = 0, . . . , k), ℓk > 0,

while p and q : ]a, b[→ R are measurable functions such that

b∫
a

(t− a)2(b− t)2−k|p(t)| dt < +∞,

b∫
a

(t− a)(b− t)2−k|q(t)| dt < +∞. (3)

We are mainly interested in the case where the functions p and q have nonintegrable singularities
at the boundary points of the interval ]a, b[ , i.e. the case, where

b∫
a

(
|p(t)|+ |q(t)|

)
dt = +∞.

However, the results below on the unique solvability of problem (1), (2) are new also for the regular
case when the functions p and q are integrable on [a, b].

To formulate the above mentioned results, we need the following notation.

∆k(t) =

k∑
i=0

(b− t)2−i

(2− i)!
ℓi

/ k∑
i=0

(b− a)2−i

(2− i)!
ℓi,

gk(t, s) =


1

2

(
∆k(s)(t− a)2 − (t− s)2

)
for a ≤ s < t ≤ b,

1

2
∆k(s)(t− a)2 for a ≤ t ≤ s ≤ b,

r0(α) = 1, r1(α) =
ℓ0(b− a) + (α+ 3)ℓ1

ℓ0(b− a) + 2ℓ1
,
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r2(α) =
ℓ0(b− a)2 + (α+ 3)ℓ1(b− a) + (α+ 3)(α+ 2)ℓ2

ℓ0(b− a)2 + 2ℓ1(b− a) + 2ℓ2
,

pk(t;α) =
(α+ 1)(α+ 2)(α+ 3)

rk(α)(b− a)α+1 − (t− a)α+1
(t− a)α−2 for 0 < t < b, α > −1,

p−(t) ≡
(
|p(t)| − p(t)

)
/2.

In [1] it is stated that problem (1), (2) is uniquely solvable if and only if the homogeneous problem

u′′′ = p(t)u (10)

under the boundary conditions (2) has only a trivial solution. Based on this fact the following
theorem is proved.

Theorem. Let there exist a continuous function w : ]a, b[→ ]a, b[ such that along with (3) the
following conditions

sup

{ b∫
a

gk(t, s)

w(t)
w(s)p−(s) ds : a < t < b

}
< 1, (4)

lim inf
t→a

w(t)

(t− a)2
> 0, lim inf

t→b

w(t)

(b− t)mk
> 0 (5)

hold, where mk = (1− k + |1− k|)/2. Then problem (1), (2) has a unique solution.

Corollary 1. If for some α > −1 along with (3) the conditions

p(t) ≥ −pk(t;α) for a < t < b, (6)
mes

{
t ∈ ]a, b[ : p(t) > −pk(t;α)

}
> 0 (7)

hold, then problem (1), (2) has a unique solution.

Corollary 2. If along with (3) the condition

b∫
a

(t− a)2∆k(t)p−(t) dt < 2 (8)

holds, then problem (1), (2) has a unique solution.

Remark 1. In the above formulated theorem, inequality (4) is unimprovable and it cannot be
replaced by the nonstrict inequality

sup

{ b∫
a

gk(t, s)

w(t)
w(s)p−(s) ds : a < t < b

}
≤ 1. (9)

Indeed, if
p(t) ≡ −pk(t;α), w(t) ≡

(
rk(α)(b− a)α+1 − (b− t)α+1

)
(t− a)2,

where α > −1, then inequalities (5) are satisfied, while inequality (4) is violated instead of which
inequality (9) holds. On the other hand, in this case the homogeneous problem (10), (2) has a
nontrivial solution u(t) ≡ w(t) and, consequently, problem (1), (2) is not uniquely solvable no
matter how the function q is.
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Remark 2. The strict inequality (7) in Corollary 1 cannot be replaced by the nonstrict one since
if p(t) ≡ −pk(t;α), then the homogeneous problem (10), (2) has a nontrivial solution.

Remark 3. In the case, where k ∈ {1, 2}, the strict inequality (8) in Corollary 2 cannot be replaced
by the condition

b∫
a

(t− a)2∆k(t)p−(t) dt < 2 + ε (10)

no matter how small ε > 0 is. Indeed, if p(t) ≡ −pk(t;α) and α > 0 is so large that

rk(α) > 1 +
2

ε
,

then inequality (8) is violated but inequality (9) holds. On the other hand, as we already mentioned
above, in this case the homogeneous problem (10), (2) has a nontrivilal solution.

Particular cases of the boundary conditions (2) are the Dirichlet boundary conditions

u(a+) = 0, u′(a+) = 0, u(b−) = 0, (20)

and the Nicoletti boundary conditions

u(a+) = 0, u′(a+) = 0, u′(b−) = 0, (21)
u(a+) = 0, u′(a+) = 0, u′′(b−) = 0. (22)

For problem (1), (2k) (k = 0, 1, 2), a pair of conditions (6), (7) has one of the following three forms:

p(t) ≥ − (α+ 1)(α+ 2)(α+ 3)

(b− a)α+1 − (t− a)α+1
(t− a)α−2 for a < t < b, (60)

mes
{
t ∈ ]a, b[ : (t− a)2−αp(t) > − (α+ 1)(α+ 2)(α+ 3)

(b− a)α+1 − (t− a)α+1

}
> 0; (70)

p(t) ≥ − 2(α+ 1)(α+ 2)(α+ 3)

(α+ 3)(b− a)α+1 − 2(t− a)α+1
(t− a)α−2 for a < t < b, (61)

mes
{
t ∈ ]a, b[ : (t− a)2−αp(t) > − 2(α+ 1)(α+ 2)(α+ 3)

(α+ 3)(b− a)α+1 − 2(t− a)α+1

}
> 0; (71)

p(t) ≥ − 2(α+ 1)(α+ 2)(α+ 3)

(α+ 2)(α+ 3)(b− a)α+1 − 2(t− a)α+1
(t− a)α−2 for a < t < b, (62)

mes
{
t ∈ ]a, b[ : (t− a)2−αp(t) > − 2(α+ 1)(α+ 2)(α+ 3)

(α+ 2)(α+ 3)(b− a)α+1 − 2(t− a)α+1

}
> 0. (72)

Corollary 3. Let for some k ∈ {0, 1, 2} along with (3) conditions (6k) and (7k) be satisfied. Then
problem (1), (2k) has a unique solution.

Corollary 4. If for some k ∈ {0, 1, 2} along with (3) the condition

b∫
a

(t− a)2(b− t)2−kp−(t) dt < 2(b− a)2−k (11)

is satisfied, then problem (1), (2k) has a unique solution.
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Remark 4. The strict inequality (7k) in Corollary 3 cannot be replaced by the nonstrict one, while
inequality (11) in Corollary 4 for some k ∈ {1, 2} cannot be replaced by the inequality

b∫
a

(t− a)2(b− t)2−kp−(t) dt < (2 + ε)(b− a)2−k

no matter how small ε > 0 is.
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