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In the space R™*! of the variables x = (x1,...,%,) and ¢, we consider the semilinear hyperbolic
system of the form
DQUi + fi(ul, UD,y oo ,uN) = Fi(.l‘,t), i1=1,..., N, (1)
where f = (f1,...,fn), F = (Fi1,...,Fn) are the given, and u = (uy,...,uy) is an unknown real
n
vector function, n > 2, N > 2, [0 := g—; —A A=) 88;2.
i=1"1

For the system (1) we consider the boundary value problem: find in the cylindrical domain
D7 :=Q x (0,T), where Q is an open Lipschitz domain in R", a solution u = u(z,t) of that system
according to the boundary conditions

ou
u = N —_— = 07 2
‘aDT ov IBDT (2)
where v = (v1,...,VUn, Vny1) is the unit vector of the outer normal to 9 Dyp.

Let 5
k(P — () - _ogu _
C*(Dr,8Dr) = {u e C*(Dr) : ul,,, = 31/‘8DT - o}, k> 2.
Assume u € C*(Dr, D7) is a classical solution of the problem (1), (2). Multiplying both parts

o R
of the system (1) scalarly by an arbitrary vector function ¢ = (¢1,...,¢n) € C*(D7,0Dr) and
integrating the obtained equation by parts over the domain Dy, we obtain

/DuDgpdwdt—l—/f(u)gpdmdt:/ngda:dt. (3)
Dr Dr Dy

When deducing (3), we have used the equality

_ dp 9 2
/DuDgodxdt— / B—NDuds— / @MDuds—l—/wD u dx dt,
DT 8DT BDT DT

where
0 0 - 0
B Ui —
oN — "ot ; ' O
is the derivative with respect to the conormal, as well as the equalities

Oy

o) _ o Op _ 9 Li=00x0.7), ¢lop, =30, =

ONIr — ovir’ ONloppr  ovlopa\r
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[¢]
Introduce the Hilbert space W%E (Dr) as a completion with respect to the norm

W8y = [ 10 (G2 435 (22 0] e o

T

of the classical space C?(D7,dDr). It follows from (4) that if u € W%’D(DT), then u € Wi(Dr)
and Ou € La(Dr). Here W) (Dr) is the well-known Sobolev space consisting of the elements of

Lo(D7), having the first order generalized derivatives from Lo(D7) and W(Dr) = {u € W}(Dr) :
ulpp, = 0}, where the equality u|gp, = 0 is understood in the trace theory.

Below, on the nonlinear vector function f = (f1,..., fn) from (1) we impose the following
requirement
feCRY), [f(u)] <M+ Mpful*, uveR", (5)
where | - | is the norm of the space R™ and M; = const >0, i = 1,2, and
n+1
0<a= t : 6
< a=const < —— (6)

Remark 1. The embedding operator I : Wi(Dr) — Ly(Dr) is a linear continuous compact

operator for 1 < ¢ < M and n > 1. At the same time, the Nemytsky operator K : Ly(Dr) —
Lo(Dr), acting accordlng to the formula K(u) = f(u), where v = (u1,...,un) € Lo(Dr) and the
vector function f = (fi,..., fn) satisfies the condition (5), is continuous and bounded if ¢ > 2a.
Therefore, if o < ”+1 , then there exists a number ¢ such that 1 < ¢ < @ and ¢ > 2a. Thus,
in this case the operator

Ko =KI :W;3(Dr) — Lao(Dr)

is continuous and compact. Moreover, from u € W3 (D7) it follows that f(u) € Lao(Dr) and, if
u™ — u in the space Wy (Dr), then f(u™) — f(u) in the space La(Dr).
Definition 1. Let the vector function f satisfy the conditions (5) and (6), F' € Lo(Dr). The

vector function u € W%,D(DT) is said to be a weak generalized solution of the problem (1), (2), if

for any vector function ¢ = (¢1,...,¢n) € W;D(DT) the integral equality (3) is valid, i.e.

/Dchp dx dt + / fu)p dedt = /Fgo dedt Vo e W%E(DT). (7)
Drp Dt Dy

Notice that in view of Remark 1 the integral [ f(u)¢ dxzdt in the equality (7) is defined
Dt

correctly, since from u € W%’D(DT) it follows f(u) € Lo(Dy) and, therefore, f(u)p € Li(Dr).
It is not difficult to verify that if the solution u of the problem (1), (2) belongs to the class

C*(Dr,0Dr) in the sense of Definition 1, then it will also be a classical solution of this problem.

Consider the following condition

lim inf uf ()

ful—oo ||ul R

> 0. (8)

Theorem 1. Let the conditions (5), (6) and (8) be fulfilled. Then for any F' € La(Dr) the problem

(1), (2) has at least one weak generalized solution u € W%,D(DT).
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Remark 2. If the conditions of Theorem 1 are fulfilled and the Nemytsky operator K(u) = f(u) :
RY — RY is monotonic, i.e.

(K(u) = K(v)) - (u—v) >0 Vu,v € RY, (9)
then there will hold the uniqueness of the solution of this problem.

Thus, the following theorem is valid.

Theorem 2. Let the conditions (5), (6) and (8), (9) be fulfilled. Then for any F € La(Dr) the

problem (1), (2) has a unique weak generalized solution in the space W%7D(DT).

Remark 3. The condition (9) will be fulfilled if f € C'(R") and the matrix A = (gf:; WN_, s
defined non-negatively, i.e.

= Of N
Z (WﬁzﬁgZO ng(glv"'aé.N)ﬂ U:(Ul,...,UN)GR .

uj

QD

,j=1

As the examples show, if the conditions imposed on the nonlinear vector function f are violated,
then the problem (1), (2) may not have a solution. For example, if

N

fi(uh...,uN) = Zaij\uﬂﬁ“ +bi, 1= 1,...,N,
7=1

where constant numbers a;;, 3;; and b; satisfy inequalities

N
n+1
CLU>0, 1<5z]<m, Zb2>0,

i=1
then the condition (8) will be violated and the problem (1), (2) will not have a solution u €
) N
Wi o(Dr) for F = pF°, where F° = (F{,...,F{) € La(Dr), G = Y F? < 0; |G|l 1ypyy # O for
i=1
> o = po(G, Bij) = const > 0.



