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Consider the differential equation

/

y" = aop(t)e(y), (1)

where ag € {—1,1}, p: [a,w[—]0,400[ is a continuous function, —oco < a < w < 400, ¢ : Ay, —
10, 4+00[ is a twice continuously differentiable function such that

0’ /!
lim so(yl)zso (y)
or + oo, y=Yo ¢ (y)

yEAy,

cp’(y) 7& 0 as y€ AYO? lim go(y) = =1, (2)
y—Yo

yEAy,

Yy is equal either to zero or to o0, Ay, is a one-sided neighborhood of the point Y.
It follows directly from conditions (2) that

o'(y)  ¢"(y)

/
; as y — Yp, y € Ay, and lim A€)
e(y)  ¢)

y—=Yo @Yy
@)

= to00.

By virtue of these conditions, the function ¢ and its first-order derivative are (see the monograph
by M. Maric [10, Chapter 3, § 3.4, Lemmas 3.2, 3.3, pp. 91-92]) rapidly varying as y — Yp.

For second-order differential equations with the right-hand side the same as in (1), the asymp-
totic behavior of solutions was studied in [2,3,5-7,10].

In the work of V. M. Evtukhov, N. V. Sharay (see [9]) for the differential equation (1) the
questions on the existence and asymptotics of so-called P, (Yp, Ag) — solutions for Ay € R\ {0; 1; %
were solved.

Definition. A solution y of the differential equation (1) is called P,(Yp, \g) — solution, where
—00 < Ao < 400, if it is defined on the interval [ty, w[ C [a,w[ and satisfies the following conditions

0 112 t
limy(t) = Yo, limy®() ={ | (k=1,2) Oy,

lim —————

tw or oo ttw y" ()Y (t)

The aim of the present report is to obtain the asymptotics of P, (Yy, Ag) — solutions of the

differential equation (1) in the special case when \g = 1. For each such solution, due to a priori
asymptotic properties of B, (Y, 1) — solutions (see [4, Chapter 3, § 10]), the following relations
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= 400, (3)

hold, where

t—w if w=—o0.

t if w=
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Hence, in particular, it follows that B, (Yp, 1) — solution of equation (1) and its derivatives up to
the second order inclusive are rapidly varying functions as ¢ T w.
Moreover, here and in the sequel, without loss of generality, we assume that

[yo, Yo[ if Ay, is a left neighborhood of Y,

4
1Y0,90] if Ay, is a right neighborhood of Yy, @)

Ay, = Ayy(yo), where Ay (yo) = {

where yp € Ay, is such that |yp| <1 as Yp=0and yo > 1 (yo < —1) as Yy = +o0 (as Yp = —o0).
Let us introduce the necessary auxiliary notations and assume that the definition area of the
function ¢ in equation (1) is determined by formula (4). Further, we put

1 if Ay, = [yo, Yol,

. / .
po = sign¢'(y), o =signy, vi= .
{1 if Ay, =1Y0,%0

and introduce the following functions

where po : [a,w][—]0,+00[ is a continuous or continuously differentiable function such that p(t) ~
po(t) as t 1w,

1 ds
w if /p03 (1)dr < 400, Yo if 71 = const,
PAELEIC
— i 0
A = a, 1 B= Y ]
a if /po3 (1)dT = 400, yo if / . ‘19 = 400
4 s3p3(s)
Yo

It is clear that the conditions
vy <0 if Yy =0, g >0 if Yy = fo0,

are necessary for the existence of P, (Yp, 1)—solutions. Moreover, by virtue of (1), Definition and
(3), it is also necessary that the inequalities

agry >0, vgsign 3’ (t) >0

hold.
The entered function ® keeps a sign on Ay;, tends either to zero or to o0 as y — Y; and is

increasing on Ay, since on this interval ®'(y) = y*%@*%(y) > 0. Therefore, there is an inverse
function @1 : Ay, — Ay,, where, by virtue of the second of conditions (2) and the monotonic
increase of &1,

0

Zy = lim @(y)—{ ’

y—Yo or —4 oo,
yE€Ay,

A, — {[ZO,ZO[ if Ay, = [yo, Yo[,
Zo =

. 20 = ®(yo)-
]Z07ZO] if AYO :]}/anOL
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We also introduce auxiliary functions:

(@ (a0 Jo(t))) ® 1 apJo(t) ¢ (@ (anJo(t)))

W="n = e ah)
30 = [ mo(rhe@ o dr, a0 = [ nin)an
Ay Ao
where

foif / po(r) (@ (a0 Jo(r))) dr = +oc,

A= tlw t1 € [CL?w]a
w if /po(T)(p((I)_l(a()Jo(T))) dr < +o0,
ty if /Jl(T)dT = +00,

Ay = tlw
w if /Jl(T)dT < +o00

Note that with the implementation of the properties with regular varying and rapid varying
functions [1,11], as well as the results of work [4,8] for equation (1) conditions for the existence of
solutions are established.

Theorem 1. For the existence of P, (Yo, 1) — solutions of the differential equation (1), it is necessary
that the inequalities

agry >0,  aoppdo(t) <0 as t €la,w|, (5)
voag < 0 if Yo =0, wvpag>0 if Yg==+c0 (6)

and the conditions

aola(t)  A(t) Jit) (2 H(aodo(t))) as t 1w 7)
o ago(t)) Jat)  Li(t) @ Hago(t)) ’
o @ ko)) w0
R 1 1)) R T ®)

hold. Moreover, each such solution of that kind admits the asymptotic, as t T w, representations

- o(1)n
y(0) = @ (a0 o() [ 1+ G ] (©)
y/(t) = a0 (DL +o(1)), 3(t) = a0 ()L + o(1)]. (10)

Theorem 2. Let py : [a,w[—]0,+00] be a continuously differentiable function and along with
(5)—(8) the conditions

1 ¢'(y)
oy COH3 O D) _ mﬂ<@@Y(yﬂ@»§_0
thw J(t) TousYo (W \ p(y)
yeAy, * ¢v)
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hold. Then the differential equation (1) in case agpy > 0 has a two-parameter and in case agpy < 0
has a one-parameter family of P, (Yy, 1) — solutions that admit asymptotic, ast T w, representations
(9) and moreover, their derivatives of the first and second order satisfy the asymptotic, as t T w,
relations

Y/ (£) = aoa(t) [a(t) + o((H(1))73)], () = a0 i (8)[a(t) + o (H (£))~7)].
It is possible to notice that in the asymptotic relations (7)

(@ (anJo(t))) _ <p0(t)<P(q’1(OéoJo(t))) ) 5
d—1(agJo(t)) =g Jo(t))

Therefore, it follows from (7) that

W=

(1) = (po(t) (2 (a0 Jo(1)Pe(@ a0 do(®) ) *[1 +o(1)] as 11w,
T(®) = ao(@ 0ol (po(Dp(@ (@0 ho(0))) 1+ o(L)] as ¢ 1

These relations allow to rewrite the asymptotic relations (10) without integrals.

Theorem 3. Let py : [a,w[—]0, +00] be a continuous function and, along with (5)—(8), the condi-
tions

5 (@'(Zﬂ)/ /( ) 2
lim[1 — q(¢)|H3(t) = 0, lim </j(y) (ygp Y )3 —0
thw y=Yo (£ (y))2 o(y)
yeAy, * ¢(v)

hold. Then the differential equation (1) in case appg > 0 has a two-parameter family, and in case
aopo < 0 has a one-parameter family of P, (Yy,1)— solutions, admitting as t T w the asymptotic
representations (9) and

Y (t) = apJo(t) [1 +
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