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We consider the following differential equation

y" = aop(t)po(y)e1(y)- (1)

In this equation ag € {—1; 1}, functions p : [a,w[—]0,400[ (00 < a < w < 400) and @; : Ay, —
10, +oo[ (i € {0,1}) are continuous, Y; € {0, +oc}, Ay, is either the interval [y, Y;[ or the interval
Vi, 9], I Y; = 400 (Y; = —o0), we put 39 >0 (9 < 0).

We also suppose that function ¢ is a regularly varying as y — Y3 function of index o1 [7, p. 10-
15], function ¢y is twice continuously differentiable on Ay, and satisfies the next conditions

1
eo(y) #0 as y € Ay,,  lim ¢o(y) € {0,400},  lim ‘pO@%(Qy) -1 2)
Yo y=Yo  (¢p(y))
yGAYO yGAYO

It follows from the above conditions (2) that the function ¢g and its derivative of the first order
are rapidly varying functions as the argument tends to Yp [1]. Thus, the investigated differential
equation contains the product of a regularly varying function of unknown function and a rapidly
varying function of its first derivative in its right-hand side.

Previously we obtained results for this kind of equation containing a rapidly varying function
of unknown function and a regularly varying function of its first derivative [2].

The main aim of the article is the investigation of conditions of the existence of following class
of solutions of equation (1).

Definition 1. The solution y of equation (1), defined on the interval [to,w[C [a,w], is called
P, (Yo, Y1, Ag)-solution (—oo < \g < 400), if the following conditions take place

@ [to,w[— A limy @ (t) =Y; (i=0,1) 1imM:/\
v o ' U ey (ny()

This class of solutions was defined in the work by V. M. Evtukhov [3] for the n-th order diffe-
rential equations of Emden—Fowler type and was concretized for the second-order equation. Due to
the asymptotic properties of functions in the class of P, (Yp, Y1, \g)-solutions [4], every such solution
belongs to one of four non-intersecting sets according to the value of Ao : A\g € R\ {0,1}, A\g = 0,
A =1, \g = 0.
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Now we consider the case Ao € R\ {0, 1} of such solutions, every P, (Y, Y1, Ag)-solution and its
derivative satisfy the following limit relations
/ /!
y'(t) Ao y'(t) 1
= 1+ o0(1)], = 1+4+0(1)] as t 1 w, 3
v® ~ Oo—vmm Wy T o pm Y )
From conditions (3) it follows that such P, (Yp, Y1, Ao)-solutions are regularly varying functions
of index %, and their derivatives are regularly varying functions of index ﬁ as t T w [7].
0 0
To formulate the main result, we introduce the following definitions.

Definition 2. Let Y € {0,000}, Ay is some one-sided neighborhood of Y. Continuous-differentiable
function L : Ay —]0;4o0[ is called ( [6], p.2-3) a normalized slowly varying function as z — Y
(z € Ay) if the next statement is valid

Definition 3. We say that a slowly varying as z — Y (z € Ay) function 6 : Ay — ]0; +o0] satisfies
the condition S as z — Y, if for any continuous differentiable normalized slowly varying as z — Y
(z € Ay) function L : Ay, —]0; +00] the next relation is valid

0(zL(z)) =0(2)(1+0(1)) as z =Y, z€ Ay.

Definition 4. We say that a slowly varying as 2z — Y (2 € Ay) function Ly : Ay —]0;4o00|
satisfies the condition S; as z — Y if for any finite segment [a;b] C]0;+o00] the next inequality is
true

L(\
limsup |In|z]| - ( (\2) _ 1)‘ < 400 for all A € [a;].
z=Y L(Z)
zEAY
Conditions S and S; are satisfied by functions In|y|, |In|y||* (x € R), In|In|y|| and many
others.
Introduce the necessary notations.

t as w = +o00, Y
Tw(t) = { 01(y) = w1(y)lyl ™",
t—w as w < 400,
( v
d
y? as /s = +00,
z 81710 (s)
By () /ds A v
0 pr— , pr—
J Bsmeo(s) s
w Y, —— __ — const
b / [sl7go(s)
vy

Z*)Yl Z*)Yl

Zy = lim ®p(z), @1(2):/4)0(3) ds, 71 = lim ®(z),
ZEAYl Ay ZEAyl

and in the case
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we have
16) = oo | 22" [ )10 () 0548
BO
boif / 70 (1) (7)1 (1 ()01 40) i = 400,
-l
w it /yww(f)yalp(7)91(|m(7)|AQ(’lyg) dr < +oo,
\ b
N (oL {co)
[ (1) (I ’ f/(A(J—1)7nJ(T)d_jE ’
I (t) = Md Bl _ b
n X — D) (7) w w 1
00 o (IO,
/ (Mo — D)my(7) ’

where b € [a;w][ is chosen so that
01 2
Yo ltle|7rw(7')|N1*1 € Ay, as t € [bw].
w

Note 1. From conditions (3) of the function ¢y it follows that Zy, Z; € {0, 4+00} and

05(2) - Po(2) PY(2) - 21(2)

lim —0° O 1 Qim b L (4)
% d/ 2 ’ % @’ 2
@) 2 @0)

Note 2. The following statements are true:

)

BN S )
Dy(z) = (01 1)7) [140(1)] as z = Y1, y € Ay,.
Hence we have

sign(¢f(2)®o(2)) = sign(oy — 1) as z € Ay,.

_ 23(2)
y®4(2)

D (2) [14+0(1)] as z = Y1, z € Ay,.

Hence we have

sign(®1(2)) = y) as z € Ay,.

3) The functions ®; Land <I>1_1 exist and are slowly varying functions as inverse to rapidly varying
functions as the arguments tend to Y7 functions.

4) The function ®}(®') is a regularly varying function of the index 1 as the argument tends
to Y.
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Indeed, from (4) we have

P’ @—1 / o @—1
ML) 2 (L OV
=2 (0 (2) A (B(P(2)))

i @@ 0) () Pi()
=Y (@R (D1())? ven (91(y))?
Let Y € {0,000}, Ay be some one-sided neighborhood of Y. A continuous-differentiable function

L : Ay —]0;+00] is called [6, p. 2-3] a normalized slowly varying function as z — Y (z € Ay) if
the next statement is valid

=1.

= 0. (5)

We say that a slowly varying as z — Y (z € Ay) function 0 : Ay —]0;4o0[ satisfies the
condition S as z — Y, if for any normalized slowly varying as z — Y (z € Ay) function L : Ay, —
10; +o00[ the following equality takes place as z — Y (z € Ay),

0(2L(2)) = 0(2)(1 + o(1)).

We will consider that a slowly varying as z — Y (z € Ay) function Lo : Ay — ]0; +oo] satisfies
the condition S; as z — Y if for any finite segment [a; b] C |0; +o0o[ the next inequality is true

) L(\z)

limsup | In|z] - -1 ‘<+oo for all A\ € [a;b].
nup A (T Y a;)
z€Ay

Conditions S and S; are satisfied by functions In|y|, |In|y||* (@ € R), In|Iln|y|| and many
others.
The following theorem takes place.

Theorem. Let 01 € R\ {1}, the function 6, satisfy the condition S, and the functions 61 and
ot %(@1_1) satisfy the condition Sy. Then for the existence of P,,(Yy, Y1, Ao)-solutions of equation
(1), in case A\g € R\ {0,1}, it is necessary, and if the following condition takes place

I(t)[l(t)O'l()\o — 1) <0 Zf t E]b,w[,

and there is a finite or infinite limit
|7rw(t)1{ (t) |
Il(t)
In|L(t)] 7

it is sufficient that the next conditions

Ty ro(No — 1) > 0, ag(Ao — D)7u(t) >0 as t € [a;w],
A

0 lim |7, ()T = Yo, lim L1 (t) = Zi,
tTw ttw

I'(h(t) O(@N(L() . _ 1
e b 1I(t) =1 lmP() =3

are fulfilled. Moreover, for each such solution the next asymptotic representations as t T w take
place
(Mo — D@7 (1(t))mu(t)

Y (1) = o7 L)L + o1, y(t) = Ao

[1+ o(1)].
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For the equation under the investigation the question of the active existence of P, (Yp, Y1, \o)-

solutions, in case \g € R\ {0, 1}, that have the received asymptotic representations, has been
reduced to the question of the existence of infinitely small as arguments tend to w solutions of the
corresponding, equivalent to the investigated equation, systems of non-autonomous quasi-linear dif-
ferential equations that admit applications of the known results from the works by V. M. Evtukhov
and A. M. Samoilenko [5].
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