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Let I = [a,b] C R be a finite and closed interval non-degenerated in the point, to € ]a,b] and
Ito = [CL, b] \ {tO}a It; = [avtO[a Ith :]thb]

Consider the Cauchy problem for the linear system of generalized ordinary differential equations
(GODE) with singularities

dr = dA(t) - x + df (t) for t € I, (1)
Jim (@) a(1) =0 andlim (7(0)2(1)) = 0 )

where A = (a;1)",_, is an n x n-matrix valued function and f = (fy)}_; is an n-vector valued

function, both of them have a locally bounded variation on [a,b] \ {to}; H = diag(hi,...,hy) is a

continue diagonal matrix function, continuous and having an inverse H~1(t) for t € [a,b] \ {to}.
Along with system (1) consider the perturbed system

dy = dA(t) -y + df(t) for t € I, (3)

under condition (2), where g, fare, as above, a matrix- and vector-functions.

We are interested in the question whether the unique solvability of problem (1), (2) guarantees
the unique solvability of problem (3), (2) and nearness of its solutions in the definite sense if matrix-
functions A and A and vector-functions f and f are nearly among themselves.

The same and related problems for singular linear ordinary differential systems have been in-
vestigated in [3] (see also the references therein).

The singularity of system (1) consists in the fact that both A and f need not have bounded
variations on any interval containing the point #g.

The solvability of the singular problem (1), (2) is investigated in [2]. To our knowledge, the
well-posedness of (1), (2) has not been considered up to now.

The theory of GODE has been introduced by J. Kurzweil [4]. The interest to the theory has
also been stimulated by the fact that this theory enables one to investigate ordinary differential,
impulsive and difference equations from a unified point of view (see [1,2,4] and the references
therein).

We present sufficient conditions for the so called H-well-posedness of problem (1),(2). We
realize the presented results for systems of impulsive differential equations with fixed points of
impulses actions.

We use the following notation and definitions.
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N={1,2,...}, R=] - o0, +o0[, Ry = [0, +o0].

R™ ™ is the space of all real n x m matrices X = (z;1) 7, with the standard norm || X||.
X = (),

[X]+ = 2 (IX| £ X); r(X) is the spectral radius of X € R, R? = R**L,

Oy xm is the zero n x m-matrix, 0,, is the zero n-vector. I,, is the identity n X n-matrix.
b

V/(X) is the sum of variations on [a, b] of components of matrix-function X.

a

b— t

V(X) = tlirgl V(X); X(t—) and X (t+) are the left and the right limits of X at the point t.
ol

i X(t)=X(t) — X(t—), de X (t) = X (t+) — X ().

BV([a, b], R™*™) is the set of all bounded variation matrix-functions.

BVioe(Ity; R™™ ™) is the set of all X : I — R™™ for which the restriction to [a,b] belong to
BV ([a, b]; R™*™) for every closed interval [a, b] from I,.

¢

If X(t) = (mik(t))zgil, then V(X)(t) = (\/(xzk))?k”ll for (t —to)(aj —to) >0 (j = 1,2), where

o

a, = a, as = b. ’

[X(D]4 =5 (V(X)(t) £ X (1))

Lioe(I1y; R™ ™) is the set of all matrix-functions X : I;, — R™™ whose restrictions to every
closed interval [a, b] from I3, is integrable.

s1, 89 and s are the operators defined, respectively, by

s1(z)(a;) = s2(x)(a;) =0, sc(x)(ay) =x(a;) (j=1,2),
s1(2)(t) = s1(2)(s) + Y dix(r), sa(@)(t) = sa(x)(s) + > doa(7),
< ) s<t<t
se(w)(t) = se(@)(s) + x(t) — x(s) = Y _(s5()(t) — 55(x)(s))
j=1
for a1 <s<t<tyg or tg<s<t<as.
If X € BVpe(Iy,; R,
det (I, + (—1)d; X (t)) #0 for t € I, (j =1,2),
and Y € BV po(I3,; R™*™), then
AX,Y)(a) = Onxm (AX,Y)(D) = Opnxm )
AXY)(E) - AXY)(s) =Y () =Y (s)+ > diX(r) (In — di X (7)) ' diY (7)

s<t<t

= > dX(7) I+ da X (7)) oY (1) i s <t <ty (tg<s<t).
s<t<t

If g : [a,b] — R has bounded variation and z : [a,b] — R, then
t
[amdsr) = [amasio)n+ 3 alr)dgn)+ Y () dagr),
S s,¢] s<t<t s<T<t

where [ x(7)ds.(g9)(7) is the Lebesgue—Stieltjes integral over the open interval |s, ¢[ with respect
Js;t]

¢
to the measure corresponding to the function s.(g). So [z(7)dg(r) is the Kurzweil-Stieltjes
S

integral [4].
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Let
t+ t+o t t
[amrdor) = tim [ a(o)dgr), [ atr)dg(r) = tim [ (o)
s s s+ s£d
If G = (gzk)ﬁlf:l and X = (w;),’j~, are matrix-functions on [a, b, then
t n t I
m l,n
Jacnxo)= (X [auime) L 50 = ()i
J el ixj=1

A vector-function = : Iy, — R” is said to be a solution of system (1) if x € BV([¢,d],R") for
every closed interval [c,d] from I}, and

(t) = o(s) + /dA(r) 2+ f(8) — f(s) for c<s<t<d.

S

We assume that det(l, + (—=1)7d;A(t)) # 0 for t € Iy, (j = 1,2). The inequalities guarantee
the unique solvability of the Cauchy problem for the case when A € BV,,.(I,R"*") and f €
BViee(I,R™) (see, [4]).

Let Ao € BVjpe(Iy,, R™*™) is a matrix-function such that

det (I, + (—1)d;Ao(t)) #0 for te€ I, (j=1,2). (4)

Then a matrix-function Cy : Iy, x Iy, = R™™ is said to be the Cauchy matrix of the homogeneous
system dz = dAy(t) - x if, for every interval J C I and 7 € J, the restriction of Cy(-,7) to J is the
fundamental matrix of this system satisfying the condition Cy(7,7) = I,,.

Let

120 = [to— b0, TE(0) =Jtorto + 3], Ly(8) = I (6) ULE(8) (5> 0).
Definition 1. Problem (1), (2) is said to be H-well-posed with respect to the pair of the matrix-
functions (S1(Aop), S2(Ap)) if it has a unique solution x and for every € > 0 there exists n > 0 such
that problem (3), (2) has a unique solution y and the estimate

|H(t) (z(t) —y(t))|| <e for teT (5)
holds for every Ae BVioe(Ity, R™™™) and ]?6 BVioe(It,, R™) such that

det (I, + (—1)7d;A(t)) # 0 for t€ Iy (j = 1,2),

H /t H™'(s)dV(A(Ao, A= A))(s) - H{(s)
tot

<n for te Itjg, respectively,

<n for te Ifg, respectively.

H 4 H(8)dV(A(Ao, F— 1))(s)

We note that the matrix-functions Si(Ap) and S2(Ap) are including in the definition of the

operators V (A(Ag, A — A)) and V(A(Ao, f — f)).
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Theorem 1. Let there exist a matriz-function Ag € BVioe(ILty, R"*™) and constant matrices By. B €
RY*™ such that the conditions r(B) < 1,

‘T—t0| <1

|Co(t, )| < H(t) By H (1) fort € I, (8), (t—to)(T —to) >0, g =V

' / |Co(t,s)|dV(A(Ao, A — Ag))(s) H(s)| < H(t)B, respectively, on Itjg(é)

tot

hold for some 6 > 0. Let, moreover,

li = tively.
. ngi 0, respectively

/ H™Y(t) Co(t, 7) dA(Ag, £)(7)
tot

Then problem (1), (2) is H-well-posed with respect to (S1(Aop), S2(Ao)).

Theorem 2. Let there exist a constant matric B = (byy)?,_; € R such that the conditions
r(B) <1,

[(—1)jdjaii(t)]+ > —1 for t < ty, [(—1)jdja,-,-(t)]_ <1 for t>tg (j = 1,2),

hi(t
lt,1) S bl for £ € I®). (=) —t0) > 0. |7~ to] < Ie 1l

t
‘ / ci(t, T)hi(T) d[aii(T) sgn(1 — to)}i < bii hi(t), respectively, on Itio (6),
to+

t
/ci(t, T)hi (1) dV(A(apii, ai))(T)| < bir hi(t), respectively, on Itjg(é)
tot

(i #k;i,k=1,...,n) hold for some by >0 and § > 0. Let, moreover,

t
lim / ci(?’ ) dV(A(agi, fi))(T) =0, respectively (i =1,...,n),
ot

where
agi(t) = — [aii(t) sgn(t — to)]i sgn(t—tg) (i=1,...,n),
and ¢; is the Cauchy function of the equation dr = x dag;;(t) for i € {1,...,n}. Then problem
(1), (2) s H-well-posed with respect to the pair (S1(Ao), S2(Ap)), where
Ao(t) = diag(agn(t), c. ,ao,m(t)).

The Cauchy functions ¢;(t,7) (i = 1,...,n), mentioned in the theorem, have the well known

form (see, for example, [1]).
Now we apply the previous results for the Cauchy problem with weight for the singular impulsive
differential system

S = P+ alt), a(nt) - wn-) = G)e(n) +90) (1 € N); (©
lim (H Y (t)z(t)) = 0, (7)
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where 7, € [a,b] (I € N), llim 7 = b, are points of fixed impulses actions, P = (pix)]'t_; €
—+00 )

Lioc([a, b;R™™™), g = (qr)ji=y € Lioc([a,b;R"), and G = (gik);—1 € E(N;R™™), g = (gk)j—; €
E(N;R™).

We assume that 7' = {71, 72, ...}, ACic([a, b[\T;R™ ™) is the matrix-function whose restric-
tions to every [c,d] C [a,b[\T is absolutely continuous. FE(N;R™*™) is the set of all discrete
matrix-functions from N into R"*™. N, g3 ={le N:a <7 < }.

Let Go € E(N;R™ ™) be such that

det(I,, + Go(1)) £ 0 (1 € N).

Then for every X € Lj,.([a,b[; R™*™) and Y € E(N;R™ ™) we put

AL(GO;X,Y)(t)E/X(T)dT—i— S° (I + Go(1)) Y (m).

leNa,t

A vector-function z € ACj,.([a,b[\T;R™) is said to be a solution of system (6) if 2/(t) =
P(t)x(t) +q(t) for a.a. t € [a,b[\T and there exist one-sided limits z(7—) and z(n+) (I =1,2,...)
satisfying (8). In addition, z is a solution of system (6) if and only if it is a solution of (1), where

t t

A(t)E/P(T)dT+ > G(n), f(t)z/q(r)dr—i— > u(n).

a leNa,t a lENa,z

We assume that det(l, + G(1)) # 0 (I = 1,2,...). Due to the conditions imposed on P, G, ¢
and u, we have A € BV ,.([a, b[, R™*™) and f € BV,.([a, b, R™). So system (6) is a particular case
of system (1), and the impulsive problem (6), (7) to problem (1), (2) for ¢y = b.

Along with system (6) consider the perturbed singular system

% = P(t)z +q(t), a(n+)—z(n-)=GWa(n) +g() (€N). (8)

Definition 2. Problem (6), (7) is said to be H-well-posed with respect to the matrix-function Gy
if it has a unique solution = and for every ¢ > 0 there exists > 0 such that problem (8), (7) has a
unique solution y and estimate (5) holds for every matrix-functions P, G and vector-functions ¢, g
such that

det(I, + G(1)) # 0 (I € N),
b—
H [ aVAG P - 2.6 - @) - HE)

t

< n and

H [0V AT 05— 06| < for 1 ladl

Theorem 3. Let there exist a constant matriz B = (b)), _; € R™ such that the conditions

r(B) <1, [gu(D)]+>-1 (i=1,...,n; l€N),
hi(t)

for b—0<t<t<b (i=1,...,n),

~—
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b—
‘/Ci(t,T)hi(T)[pii(T)]_dT-i- Z Ci(tl,Tl)hi(Tl)[gii(l)]_‘ Sb” hz(t) and
t LEN
b—
‘/Ci(taT)hk(T>dV(-AL([gii]+§pik7gik))(7—)

t

< b, hz(t) f07' teb— (5,[)[

(i #k;i,k=1,...,n) hold for some by > 0 and § > 0. Let, moreover,

b—

i [T v (A si0,00) () =0 (1= L.

where ¢; is the Cauchy function of the impulsive equation

dx

5 = i+ 2, 2(nt) —2(n-) = lga()]+ z(n) (€N).

Then problem (6), (7) is H-well-posed with respect to Go, where

Go(l) = diag ([gll(l)]Jr, e [gnn(l)]+).
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