200 International Workshop QUALITDE — 2020, December 19 — 21, 2020, Tbilisi, Georgia

Topological Entropy of a Diagonalizable Linear System of
Differential Equations

A. N. Vetokhin'?

L Lomonosov Moscow State University, Moscow, Russia
2 Bauman Moscow State Technical University, Moscow, Russia

E-mail: anveto270yandex.ru

Consider the linear differential system
t=At)z, x€R", teRy =]0,00), (1)

with a piecewise continuous operator function A : Ry — End R™. Let us endow the space R with
the norm ||z|| = max |xr| and with the set of metrics
<k<n

d?(w(byo) = Iél[%)i] HIﬂ(T, x()) - x(T7 yO)H7 Zo,Yo € Rn? te R-‘ra

where x( -, a) is the solution to system (1) satisfying the condition x(0,a) = a. By S).|(4,K,¢,1)
we denote the e-entropy of a compact metric space K C R™ with the metric di* [2] (that is, the
minimum number of open balls of radius € > 0 covering ). Then the topological entropy [1] of
system (1) is defined by the formula

— 1
htop(A) = sup lim lim n InS). (4K, e,1)

KCR™ e—0t—o00

(its right-hand side does not depend on the choice of a norm || - ||, therefore the definition is correct).

In what follows we will use one more formula to calculate the topological entropy. For any € > 0
and n € N we denote by N|. H(A,IC,a,t) the e-capacity of a compact metric space K C R" with
the metric di* [2] (i.e., the maximum number of points such that all their pairwise d;!-distances are
greater than ¢), then the topological entropy can be calculated by the formula

— 1
htop(A) = sup lim lim — In Ny (4, K, ¢,t).

KCcRn e—=0t—00 ¢

In [3], it is asserted that for the Lyapunov exponents A\;(A) < -+ < A\, (A) of any system (1)
with a bounded operator function A, the equality

hiop(A) = > Ai(4) (2)
Xi(A)>0

holds. In fact, it may not hold, as shown by
Theorem 1. For system (1) with the operator function
(1,0), telo0,1];

A(t) = diag(a(t),b(t)), where (a(t),b(t)) =< (1,0), te[2n—1),2n)]; n=12,..., (3)
(0,1), te[2n),(2n+ 1),

relation (2) becomes the inequality 1 < 2.
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Proof. Let us calculate the Lyapunov exponents of system (3). On the one hand, from the inequal-
ities a(t) < 1, b(t) < 1, t > 0, we see that the Lyapunov exponents do not exceed 1.
On the other hand, from the inequalities

t

— 1 2n)! — (2n — 1)!
lim /a(T) dr > lim (2n)t = (2n—1) =1,
t—+oo t n—-+o00 (277,)'

0
— 1 / 2 1)! 2n)!
lim /b(T)dT> lim 2t D (2n)! —1,
t——+oo t n—+00 (2n + 1)'

0

it follows that the Lyapunov exponents of system (3) satisfy the equalities
)\1(14) = )\Q(A) =1 and )\1(14) + )\Q(A) = 2.
Let us calculate the topological entropy of system (3). For given m,n € N, consider the set of

(k)
points of the form <x(1) > , where

(k) k

_ _ 2n)!—(2n—1)!
l’l —m, ]{3—0,...,[8( ) ( )m]

(k) 0]
-| is an integer part of the number). Since the distance . , , , satisfies
f th ber). Since the d di: xé 1 k1 fi

the inequality

JA 27\ (D)) _ k=l  eni-@n-DiEn-2-@n-g)te- o L
(2n)! o /’\ o e(2n)—(2n—1)!,, m’

1
- 1 > (2n)!=(2n-1)!
N(A, [0,1] x {0}, — (2n)> >e m,

then

and hence

((Qn)! —(2n-1)! N lnm) B
(2n)! (2n)!/

Let us prove the opposite inequality hiop(A) < 1. For an arbitrary compact set K C R? we
denote by vx a positive number such that K C [—vk, Vx| X [—VK, VK-

htop (A) > lim

n—o0

(k)
For any t > 0 and m € N, the set of points V},, of the form (331(l)> , where
T

t t t
— [a(T)dT a(t)dr a(t)dr
xgk):M—Ke Of() , k:—[eof m],...,[e{() m],
m
t t t
— [ b(7)dT b(t)dr b(t)dr
$él):%€ Of() , l:—[eof() m],...,[eof() m],

is a E-covering of the square [—vx, Vx| X [=7K,VK]. Indeed, let an arbitrary point (z1,z2) €
[—vK, VK] X [=7K,7K] be given. Then by the definition of the set V;,, there exists a point

(mgko) , azgo)) such that

ol — [b(r)dr

k T)dr I K
) — ) < e ; ng‘))—szEe 0
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It follows that

t
) [a(r)dr YK (lo) _ fb(T) dr fyi

k
21—l < T e —mled T <

-
Thus S). (A, K, ¢,t) does not exceed the cardinality of the set V; ,,, which equals

t t t

a(t)dr b(T)dr a(T)+b(7)) dr
(2[6‘{ " m]+1><2[e{() m]+1)<9m2e({(()+()) :9m2et,

whence we get hyop(A) < 1. O

For an arbitrary piecewise continuous function a(-) : Ry — R, let

Theorem 2. If system (1) can be reduced to a diagonal form

y = diag(b1(t), ..., ba(t))y,
by means of a transformation x = Q(t)y such that
— 1 -1
t£r+nm— Q@)= lim - Q= ()] =0,

then

hiop(A) = Tim szﬁ

t—+oo t

Given a metric space M and a continuous map
A: M xRy — EndR" (4)
we form the function
p— hiop(A(p, -))- (5)
Results of [4,5] imply

Theorem 3. For any mapping (4), function (5) belongs to the third Baire class. If M = [0,1],
then for some mapping (4) function (5) does not belong to the first Baire class.
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