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Abstract. In this paper we study a problem for Poisson’s equation when on opposite sides of
rectangular domain are given the Dirichlet conditions, while on the rest two sides are given integral
type nonlocal constraints. We prove the existence and uniqueness of a solution in the weighted
Sobolev space.

Let Ω = {x = (x1, x2) : 0 < xk < l, k = 1, 2} be a square with boundary Γ.
We seek in Ω a solution to Poisson’s equation

∆u = −f(x), x ∈ Ω, (1)

which satisfies the following Dirichlet homogeneous conditions

u(x1, 0) = u(x1, l) = 0, 0 ≤ x1 ≤ l, (2)

and the integral type nonlocal conditions

ξ∫
0

u(x) dx1 = 0,

l∫
l−ξ

u(x) dx1 = 0, 0 ≤ x2 ≤ l, 0 < ξ ≤ l

2
. (3)

By L2(Ω, ρ) we denote a weighted Lebesgue space of all real-valued functions u(x) on Ω with the
inner product and the norm

(u, v)ρ =

∫
Ω

ρuv dx, ∥u∥ρ = (u, u)1/2ρ .
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Denote by
∗
W 1

2(Ω, ρ) a linear set of all functions L2(Ω, ρ) whose first order derivatives (in general
sense) belong to L2(Ω, ρ). It is a normalized space with the norm

∥u∥1,ρ =
(
∥u∥2ρ + |u|21,ρ

)1/2
, |u|21,ρ =

∥∥∥ ∂u

∂x1

∥∥∥2
ρ
+
∥∥∥ ∂u

∂x2

∥∥∥2
ρ
.

Let us choose a weight function ρ(x) in the following form

ρ(x) :=


x1
ξ

, 0 ≤ x1 ≤ ξ,

1, ξ < x1 < l − ξ,
l − x1

ξ
, l − ξ ≤ x1 ≤ l,

and define an operator in the form

Gv(x) :=



x1
ξ

v(x)− 1

ξ

x1∫
0

v(t, x2) dt, 0 ≤ x1 ≤ ξ,

v(x), ξ < x1 < l − ξ,

l − x1
ξ

v(x)− 1

ξ

l∫
x1

v(t, x2) dt, l − ξ ≤ x1 ≤ l.

We say that function u ∈
∗
W 1

2(Ω, ρ) is a weak solution of problem (1)–(3) if the relation

a(u, v) = (f,Gv), ∀ v ∈
∗
W 1

2(Ω, ρ) (4)

holds, where
a(u, v) :=

( ∂u

∂x1
,
∂v

∂x1

)
ρ
+
( ∂u

∂x2
, G

∂v

∂x2

)
. (5)

Equation (4) can be formally obtained from (1) by taking into account conditions (2), (3).
In the case u = v for estimate of the second addend of (5) we use the following proposition.

Lemma 1. If the function v defined on the segment [0;1] satisfies the nonlocal conditions (3), then
the following identity

l∫
0

v(x)Gv(x) dx1 =

l∫
0

ρ(x)v2(x) dx1

holds.

Indeed, v = ∂u
∂x2

satisfies the nonlocal conditions. Besides, we take into account the equalities
implied from the definition of the operator G

ξ∫
0

v(x1, x2)

x1∫
0

v(t, x2) dt dx1 =
1

2

( x1∫
0

v(t, x2) dt

)2
∣∣∣∣∣
ξ

x1=0

= 0,

l∫
l−ξ

v(x1, x2)

l∫
x1

v(t, x2) dt dx1 = −1

2

( l∫
x1

v(t, x2) dt

)2
∣∣∣∣∣
l

x1=l−ξ

= 0.
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In view of the following equalities

∂

∂x1
(Gv) = ρ

∂v

∂x1
,

∫
Ω

∂2u

∂x21
Gv dx1 dx2 = −

∫
Ω

ρ
∂u

∂x1

∂v

∂x1
dx1 dx2,

one can prove that the bilinear form a(u, v) is both continuous and coercive on u ∈
∗
W 1

2(Ω, ρ), while
the linear form (f,Gv) is continuous on the same space.

Lemma 2. For any function u ∈
∗
W 1

2(Ω, ρ), the estimate

l∫
0

u2 dx1 ≤
5l2

4

l∫
0

ρ
( ∂u

∂x1

)2
dx1

is valid.

Proof. For simplicity let us write u′ instead of ∂u/∂x1. Let

J := −
ξ∫

0

x1 du
2 +

l−ξ∫
ξ

( l

2
− x1

)
du2 +

l∫
l−ξ

(l − x1) du
2. (6)

It is easy to verify that
l∫

0

u2 dx1 = J +
l

2

[
u2(ξ) + u2(l − ξ)

]
. (7)

Rewrite (6) as follows

J = −2

ξ∫
0

x1u
′u dx1 + 2

l−ξ∫
ξ

( l

2
− x1

)
u′u dx1 + 2

l∫
l−ξ

(l − x1)u
′u dx1.

Whence, by use of ε-inequality, we obtain

|J | ≤
[
1

2

ξ∫
0

u2 dx1 + 2

ξ∫
0

x21(u
′)2 dx1

]
+

[
1

2

l−ξ∫
ξ

u2 dx1 + 2

l−ξ∫
ξ

( l

2
− x1

)2
(u′)2 dx1

]

+

[
1

2

l∫
l−ξ

u2 dx1 + 2

l∫
l−ξ

(l − x1)
2(u′)2 dx1

]
.

Now let us estimate the values u(ξ), u(l − ξ),

|ξu(l − ξ)|2 =
( l∫
l−ξ

(l − x1)u
′ dx1

)2

≤ ξ2

2

l∫
l−ξ

(l − x1)(u
′)2 dx1,

u2(l − ξ) ≤ 1

2

l∫
l−ξ

(l − x1)(u
′)2 dx1; u2(ξ) ≤ 1

2

ξ∫
0

x1(u
′)2 dx1.
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Finally, from (7) it follows

1

2

l∫
0

u2 dx1 ≤ 2

ξ∫
0

x21(u
′)2 dx1 + 2

l−ξ∫
ξ

( l

2
− x1

)2
(u′)2 dx1 + 2

l∫
l−ξ

(l − x1)
2(u′)2 dx1

+
l

4

ξ∫
0

x1(u
′)2 dx1 +

l

4

l∫
l−ξ

(l − x1)(u
′)2 dx1,

which confirms Lemma 2.
Thus, all the conditions of the Lax–Milgram lemma are fulfilled. Therefore, problem (1)–(3)

has a unique weak solution from
∗
W 1

2(Ω, ρ).
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