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The controlled differential equations with delay arise in different areas of natural sciences and
economics. To illustrate this, below we will consider the simplest model of economic growth.
Let p(t) be a quantity of a product produced at the moment ¢ expressed in money units. The
fundamental principle of the economic growth has the form

p(t) = a(t) +i(t), (1)

where a(t) is the so-called apply function and i(t) is a quantity induced investment. We consider
the case where the functions a(t) and i(¢) have the form

a(t) = ur(t)p(t) (2)

and
i(t) = ua(t)p(t — 7) + ap(t), (3)

where u;(t) € (0,1) for ¢ = 1,2, are control functions, a > 0 is a given number and 7 > 0 is so-called
delay parameter.

Formula (3) shows that the value of investment at the moment ¢ depends on the quantity of
money at the moment ¢ — 7 (in the past) and on the velocity (production current) at the moment
t. From formulas (1)-(3) we get the delay controlled differential equation

p(e) = 2710 gy -

« «

p(t — 7). (4)

Let I = [to,t1] be a given interval, suppose that O C R™ is an open set and U C R” is a
compact set. Let the n-dimensional function f(t,x,y,u,v) be continuous on I x O? x U? and
continuously differentiable with respect to x, y and u, v. Furthermore, let 5 > 7 > 0 and § > 0
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be given numbers; let ® be a set of continuously differentiable functions ¢ : I1 = [7, t¢] — O, where
T =ty — 72 and let Q be a set of piecewise-continuous functions u(t) € U, t € Iy = [0, 1], where
f =ty — 6. To cach clement p = (1,0,u) € A := [11,72] x ® x  we assign the delay controlled
differential equation

i(t) = f(t,x(t),z(t —7),u(t),u(t —0)), te (t,t1) (5)

with the initial condition
z(t) = o(t), tel. (6)

Definition. Let p = (7,¢,u) € A. A function x(¢; u) € O for t € I3 = [T, t1], is called a solution of
equation (5) with the initial condition (6), or a solution corresponding to the element p and defined
on the interval I3, if z(¢; 1) satisfies condition (6), is absolutely continuous on the interval I and it
satisfies equation (5) almost everywhere on (to,t1).

Let us introduce notations

il =17l + el + llull,  Ac(uo) = {pe A: |u—pol < e},

where
el = sup {[e(®)] + |o@)] : t € L}, lull =sup {|u(t)] : t € I},

e > 0 is a fixed number and py = (79, o, ug) € A is a fixed initial element; furthermore,

0T =7 =70, 6p(t) = @(t) — @o(t), du(t) = u(t) —uo(t),
Op = = po = (67,0, 6u), [6p| = |07] + [|dpll1 + [[oull.

Theorem. Let xo(t) := x(t; no) be the solution corresponding to the initial element py = (70, o, uo) €
A and defined on the interval I3, where 79 € (11, 72). Then, there exists €1 > 0 such that for each
perturbed element u € Ag, (o) there corresponds the solution x(t; ) defined on the interval I3 and
the following representation holds

z(t; 1) = zo(t) + 0z (t;6p) + o(t; 6p), t € (to, tr), (7)
where
im M = 0 wuniformly for t € (to,t1).
oul—0  |op|

Moreover, the function

(5$(t) . 550(25), t e Il,
| Sx(t;0n), e (to,t1)

s a solution to the “equation in variations”
dx(t) = fu[t]ox(t) + fyltldx(t —70) — fyltldo(t — 70)07 + fult]ldu(t) + folt]ou(t —0), t e (to,t1) (8)

with the initial condition
5a(t) = Sp(t), t € [7,to). (9)

Here fu[t] = fo(t,zo(t), zo(t — 7o), uo(t), uo(t — 0)).
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The theorem is proved by the scheme given in [1]. Formula (7) and equation (8) allow us to
obtain an approximate solution of the perturbed equation (5) in analytical form. In fact, for a
small |dpl, from (7) it follows that

x(t; 1) = xo(t) + dz(t;0p), t € (to,t1). (10)

For the economical model (4), where ug(t) = (u10(t),u20(t)) in the initial element py =
(10, 0, u0) and po(t) = p(t; no), the equation in variations and the initial condition, respectively,
have the forms

d(r) = -0 gy

po(t — To)(S’T — poo(f) ouy (t) — p()(ta_TO) 52@(75), te (to,tl)

and
dp(t) = dp(t), t €T, to].

Below, on the basis of formula (10) an approximate solution is constructed for the perturbed
equation.

Example.

(a) Let to =0,t =2, 71 =0.5, 2 =15, 19 =1, po(t) =1,

(t) = 2(t+1)2+1, telo,1],
TN R F IR EE, teL),

i.e., in this case pg = (1,1, up). Consider the scalar original equation
i(t) = 22%(t) + 2%t — 1) —ud(t) + 1, t € (0,2),

with the initial condition

It is easy to see that

(b) The perturbed equation
i(t) = 22%(t) + 2%t — 1 — p1) — [uo(t) + p3 sin(t)]> + 1, t € (0,2),
with the perturbed initial condition
x(t) =1+ 2pgcos(t), te[—1.5,0],
where |p;| for i = 1,2,3 are small fixed numbers. In this case we have

p= (L4 p1,1+ 2pzcos(t), uo(t) + pssin(t)),
0T = p1,0¢p(t) = 2py cos(t), du(t) = pssin(t).
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(C) It is clear that
falt] = dwo(t) =4 + 1), fy[t] =220t — 1), fult] = —2uo(?).
Thus, (8) and (9), respectively, have the forms
Sx(t) = 4(t + 1)83(t) + 2mo(t — 1)82(t — 1) — 2prag(t — Vio(t — 1) — 2p3 sin(t)uo(t)

and
dz(t) = 2pg cos(t), t € [—1.5,0].

By elementary calculations we obtain

where

t
bz (t) = 2{e2t(t+2) [pz + /e 2s 5+2) 2p2 cos(s — 1) — pssin(s)\/2(s + 1)? + 1) ds] },
0

dwa(t) = 2t 42t=3)
t
X {5$1(1)+/6_2(82+28_3) <235m1(s—1)—2p13—2p3 sin(s) 2(3—1—1)24—52) ds}.
1

Consequently, the approximate solution x(¢; u) of the perturbed equation has the form (see

(10))
x(typ) =t 4+ 14 ox(t;opn), te(0,2).
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