174 International Workshop QUALITDE — 2019, December 7 — 9, 2019, Tbilisi, Georgia

Asymptotic Representations for Solutions
of Non-Linear Systems of Ordinary Differential Equations

M. Shilyepakova

Odessa 1. 1. Mechnikov National University, Odessa, Ukraine
E-mail: Maryna.Shlyepakova@stud. onu.edu. ua

We consider the system of differential equations

yi=filt,y1,. .. yn), i=1,n, (1)

n

where f; : [a,w] x [] A(Y?) = R, i = 1,n, are continuous functions, —co < a < w < +o0t, A(Y?),
i=1

i € {1,...,n} is one-sided neighborhood of Y;?, Y? equals either 0 or +oo.

Definition 1. A solution (y;)!; of system (1) is called P, (A1, ..., A,_1)-solution if it is defined
on the interval [t,w[ C [a,w[ and satisfies the following conditions

yi(t) € AYL) while ¢ € [tg,w|, ltleyl(t) =Y?, (2)

()Y (t
o B0 (O

ttw Y (t)yit1 (1) =A; (i=Ln—1). .

System (1) was considered in T. A. Chanturia’s works [1,2]. In these works, T. A. Chanturia
obtained results about existence of proper, singular and oscillating solutions of system (1). These
results are especially effective for cyclic systems.

In [3-5,7,8], the asymptotics for P,(A1,...,A,—1)-solutions for cyclic differential equations
systems of the following form were considered

yi = aipi(t)pir1(yir1) (i =1,n)%

where o; € {-1,1} (i = 1,n), p; : [a,w[—]0,+00[ (i = 1,n) are continuous functions, ¢; :
A(Y?) —10; +oc[ (i = 1,n) are continuously differentiable functions and satisfy conditions

n

A (-
lim M(yz)zoi (i=1,n), Hai;él.
i=1

vi—Y?  0i(yi)
yEAYD)

Assume that the definition of Py, (A1,...,A,—1)-solution does not give the direct connection
between the first and the n—th components of this solution. In order to establish this connection,
we define the following functions

Yi(D)yi 1 (1)
Yi(t)yir1(t)

Ai(t) = (i =T1,n).

'For w = 400 consider a > 0.
2Here and in the sequel, all functions and parametres with the subscript n+ 1 are assumed to coincide with those
with the subscript 1.
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We proceed and show that

Mlt) = Y1) _ yn®yn () yn1(B)yo(t)  y2(t)yi(t) _ 1 (4)
! Y@y v Oyn—1(t) Y1 Byn—2()  y®)yit) M) Aaoa(t)

From (3) it follows that lim A\;(¢) = A; (¢ = 1,n — 1). Therefore, if there are zeros among A;

ttw
(i=1,n—1) from (4), we obtain
A, =1lim A, (t) = to0.
tTw

In particular, it is evident that the case, when among all A; (i = 1,...,n — 1) there is a single +o00,
while all others are real numbers different from zero, could be transformed into the case described
in this work. This transformation is carried out by cyclic redesignation of variables, functions and
constants. For instance, if A; = +o00 (I € {1,...,n — 1}), the indices are redesignated as follows

l—n,l+1—1, ....n—n—-0,1—n—-I0l+1, ..., -1 —n-—1

It is obvious that A; =0 when i =n —[.
Further, we introduce auxiliary notation.
First, if

K3 3

—1 as Y2 =—00, or Y? =0 and A(Y}) is left neighborhood of 0,

K3 3

{1 as Y = 400, or Y!=0 and A(Y?) is right neighborhood of 0,
i =

it is obvious that p; (i = 1,n) determine the signs of the components of P, (A1, ..., A,_1)-solution
in some left neighborhood of w.

n—1
The existence of Py,(A1, ..., Ap_1)-solutions of system (1) for fixed valuesof A; € R ([ A; =0),
i=1
i = 1,n—1, and their asymptotics as ¢t T w will be explored when this system is in a certain way
close to a cyclic one with regularly varying non-linearities.

Definition 2. We say that system (1) satisfies the condition N(Aq,...,A,—1), where A; € R,
i =1,n—1,if for any k € {1,...,n} there exist a number ay € {—1,1}, a continuous function
pk : [a,w[—]0,+00[ and continuous regularly varying @41 : A(Y,2 ;) —]0;+00] of ojpq orders
(when yi41 — Y2, ;) which admit the following representation for any functions y; : [a,w[— A(Y}),
i = 1, n, satisfying conditions (2), (3):

Fe@yi(®), - un(t) = arpr(O)@rr1(Ye+1()[1 + o(1)] when t 1 w. (5)

Since functions ¢; (i = 1,n) are regularly varying as z — Y of o; orders, they admit the
following representation (see [6]):

ei(yi) = |yl " 0:i(ys) (i =1,n), (6)
where 6; : A(Y,?) —]0;+oc[ (i = 1,n) are slowly varying functions as z — Y.
Having supposed that system (1) for certain A;, ¢ € {1,...,n — 1}, satisfies the condition
n
N (A1,...,Ap—1) and [] o # 1 (for orders oy, k = 1,n of functions ¢y), we introduce auxiliary
k=1

designation.
We denote sets

J={ie{l,....n—1}: 1= Ajgip1 #0}, T={1,...,n—1}\7J



176 International Workshop QUALITDE — 2019, December 7 — 9, 2019, Tbilisi, Georgia

and suppose that 1 — A, _q10, # 0.
By taking into account the fact that n—1 € J, we denote auxiliary functions I;, Q; (i =1,...,n)

and non-zero constants 5; (i = 1,...,n), supposing that

pi(T)dr for 1 €73,

An
1— Ao if i €T,
Bi+1 i if i €7, aifil (t) for i € JU{n},
if g for ¢ €7,
1—H0k it i =mn, Iz—l—l(t)

k=1
where each limit of integration A; € {w,a} (i € {1,...,n—1}), A, € {w,b} (b € [a,w]) is chosen
in such a way that its corresponding integral I; aims either to zero, or to co as t 1 w,

n—1 k

1 T ox =2 1T
qn(t) = 01 (pa| T (8)|P1) | Qna () 5= H ’Qk(t)ekﬂ(Mk+1\fk+1(t)]5k+1) i=1

k=1

In addition, we introduce numbers

1 if A; = a, , 1 if A, =0,
Af = ! “ (t=1,...,n—-1), A5 = '
-1 if A, =w -1 if A, =w.

These numbers enable us to define the signs of functions I; (i =1,...,n — 1) on the interval |a, w|
and the sign of function I,, on the interval |b, w].

Definition 3. We say that the function ¢, (k € {1,...,n}) satisfies the condition S if for any
continuously differentiable function I : A(Y?) —]0, +oo[ with the property

/
lim 2lz)

zHY]? l(Z)
zEA(YY)

:0’

the function 6y (defined in (6)) admits the asymptotic representation
0r(21(2)) = O (2)[1 4+ o(1)] when z — Y (2 € A(YD)).
For instance, S — condition is obviously satisfied by functions ¢y of the following type
r(Yr) = lyel 7 Iye[™, or(ye) = lyel | Inye ™ [In [ Inyg| |2,

where v1,72 # 0. S — condition is also satisfied by functions ¢ which include functions 6, that
have the eventual limit as y; — Yko. S — condition is also satisfied by many other functions.

By means of introduced designations, we will establish the necessary and sufficient conditions
for the existence of Py,(A1, ..., A,—1)-solutions for (1).
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Theorem. Let system (1) satisfy N(A1,...,Ap—1)-condition and A; € R (i = 1,n —1) include
those equal zeros, n —1 € J and m = max{i € J: A; = 0}. Let also functions ¢ (k=1,n—1),
defined in (5), satisfy S-condition. Then for the existence of P,(A1,. .., An_1)-solutions of system
(1) it is necessary, and if the algebraic equation

n—1 HU] n—1
1+N [ g5 +x = (Z H (M + \) H M) (7)
j=m+1 H — 1 k=mj=m+1 s=k+2
j=1

where
n—1 1
=]
does not have roots with zero real part, it is also sufficient that

LI, () Bz+1

lim t1=1,n-1),
ttw I{(t)[z_;_l(t) /81 ( )
and for each i € {1,...,n} the following conditions are satisfied

AiBi >0 if Y =400, AlB; <0 if YO =0,
sign[a; A7 Bi] = ;.

Moreover, components of each solution of that type admit the following asymptotic representation
asttw

yi(t) N ) J—
ol ~ @+ e)] (=Tn=T),

Yn(t)

7 = Qu(®)[1+0(1),
[en(yn()] =

and there exists the whole k-parametric family of these solutions if there are k positive roots among
the solutions of the following algebraic equation

B A ified\{m=+1,...,n—1},

BiAr AL, ifieI\{m+1,...,n—1},
Yi =

- n—1
A:;(ng - 1) ReX)  ifie{m-+1,....n},
j=1
where )\? (j = 1,n —m) are roots of the algebraic equation (7) (along with multiple ones).
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