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We consider depending on a parameter µ ∈ R linear differential system

ẋ = µC(t)x, x(t) ∈ Rn, t ≥ 0 (1µ)

with a piecewise continuous bounded coefficients. By an irregularity set of the system

ẋ = C(t)x, x(t) ∈ Rn, t ≥ 0 (2C)

we call [2] the set of those values µ ∈ R such that the corresponding system (1µ) is irregular under
Lyapunov.

E. K. Makarov constructed (see references in [2]) examples of systems (2C) that have various
metric and topological properties of their irregularity sets. Some of them have an arbitrary Lebesgue
measure [5].

Later E. A.Barabanov proved [1] that every open set of real line without zero point can be
realized as irregularity set of some system (2C). Paper [4] held an analogous result for closed sets.

Recently P. A. Khudyakova has established that the reducibility sets of systems (1µ) are exactly
the class of Fσ sets [3].

In the present talk we completely describe the structure of irregularity sets for system (2C),
that solve N. A. Izobov’s problem from [2].

For every φ ∈ R we denote a rotation matrix with the angle φ clockwise as

U(φ) ≡
(

cosφ sinφ
− sinφ cosφ

)
,

and let
J := U(2−1π) =

(
0 1
−1 0

)
.

For each y = (y1, y2)
⊤ ∈ R2 and 2 × 2-matrix Z we use the notations ∥y∥ ≡

√
y21 + y22 for an

Euclid norm and ∥Z∥ ≡ max
∥y∥=1

∥Zy∥ for a spectral norm.

For any strongly increasing sequence {mk}+∞
k=1 ⊂ N and for the numbers 5 ≤ ik ∈ N we define

the sequence {Tk}+∞
k=1, setting

T1 := 2, Tk+1 := mk(ik + 2)Tk, k ∈ N.

Next let
θk := mkikTk, τk := θk +mkTk, k ∈ N.
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For every sequence {bk}+∞
k=1 ⊂ R and for a number d ∈ R, d ̸= 0, we define the matrix A( · ) =

A( · , d, {mk, ik, bk}∞k=1), for each l = 1, Tk, k ∈ N setting

A(t) ≡ bkJ, t ∈ (τk −mkl, τk −mkl + 1],

A(t) ≡ −bkJ, t ∈ [τk +mkl − 1, τk +mkl).

For all other t ≥ 0 let A(t) ≡ ddiag[1,−1].
We denote as XA(t, s) the Cauchy matrix for system (2A) and define the number δ(d) in the

case d > 0 by the equality δ(d) := 1, and in the case d < 0, let δ(d) := 2. Let us denote as well

Ld(α) :=
{
x ∈ R2 :

∣∣∣x3−δ(d)

xδ(d)

∣∣∣ ≤ α
}
.

Note that (
m 0

0
1

m

)
Ld(α) = Ld(m

−2 sgn dα).

Lemma 1. The matrix XA(Tk+1, θk) is self-conjugated.
For all d ̸= 0 we define k0(d) ∈ N by the equality k0(d) := 2 + [|d|−1] ([ · ] denotes the integer

part of a number).
Lemma 2. For every k ∈ N, k ≥ k0(d)− 1, the next inclusion holds

X(Tk+1, Tk0(d))eδ(d) ⊂ Ld(2e
4mkTk|d|).

Let us denote
Ŷκ(γ) := U(γ) diag[eκ, e−κ], γ,κ ∈ R.

Lemma 3. For all γ,κ ∈ R such that | cos γ| ≤ e−2|κ|, the next estimation is true ∥Ŷ 2
κ (γ)∥ < e2.

Lemma 4. If d ̸= 0 and there exist l ∈ N and a sequence (kj)
+∞
j=1 ⊂ N such that for all p ∈ (kj)

+∞
j=1

both the inequalities ip ≤ l, mp ≥ 2max{l, |d|−1} and the estimate | cos bp| < e−2mp|d| hold, then
system (2A) is irregular under Lyapunov.

Let us denote

L̃κ := Lsgnκ(2
3κ2), κ ∈ R, L̂k,d := Ld(2

3d2(mk − 1)2).

Lemma 5. For all γ,κ ∈ R, | sin γ| ≥ κ−2, κ > 24, the inclusion

Ŷκ

(
γ +

π

2

)
L̃κ ⊂ L̃κ

and for any x ∈ L̃κ the inequality ∥∥∥Ŷκ(γ +
π

2

)
x
∥∥∥ > ∥x∥eκ−

√
κ

are correct.
Lemma 6. For all d ̸= 0, k ∈ N such that

mk > 1 + 24|d|−1, | cos bk| ≥ d−2(mk − 1)−2,

the inclusion
XA(Tk+1, θk −mk + 1)L̂k,d ⊂ L̂k,d

holds, and for any solution x( · ) of system (2A) with the initial condition x(θk −mk +1) ∈ L̂k,d for
every 1 ≤ l ≤ 2Tk the next estimation is true

∥x(θk +mkl)∥
∥x(θk +mk(l − 1))∥

≥ e|d|(mk−1)−
√

|d|(mk−1) .
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Lemma 7. If mk → +∞ whereas k → +∞ and for any l ∈ N there exists kl ∈ N such that for all
k ≥ kl, satisfying the condition ik ≤ l, the estimate | cos bk| > |d|−2(mk − 1)−2 holds, then system
(2A) is regular under Lyapunov.

Let M be an arbitrary Gδσ set. One can find an open sets M̌n,l ⊂ R, l, n ∈ N, for which the

sets M̃l, l ∈ N, defined by the equalities M̃l :=
+∞∩
n=1

M̌n,l, satisfy the relation M =
+∞∪
l=1

M̃l. Let us

denote M̂n,l :=
n∩

p=1
M̌p,l. It is easy to see that the inclusion M̂n+1,l ⊂ M̂n,l as well as the equality

M̃l =
+∞∩
n=1

M̂n,l are correct.

We define by the recurrence a sequence {jn}∞n=0 ⊂ N ∪ {0}, by set up

j0 := 0, jn := 2n 9n+n3
+ jn−1, n ∈ N.

For any k, l, n ∈ N and α ∈ R we denote

Jn := {jn−1 + 1, . . . , jn}, κk(n) := 9−n−n3(
k − 2−1(jn + jn−1)

)
,

ρn,l(α) = ρn,l(α, M̂n,l) := inf
β∈R\M̂n,l

|α− β|.

Moreover, let us denote In,k = In,k({M̂n,l}n,l∈N) for the set of all l ∈ N such that either ρn,l(κk(n)) ≥
2n−1, or there exists p ∈ {1, . . . , n− 1} for which

2n−1 ≤ ρp,l(κk(n)) ≤ 5n−1.

Lemma 8. For all µ ̸∈ M and l ∈ N one can find n0 = n0(µ, l) ∈ N such that for every n ≥ n0 the
correctness for some k ∈ Jn of the inequality |µ− κk(n)| < 2n−1 implies the inclusion l ̸∈ In,k.

For any integer k there exists a singular n = n(k) ∈ N, for which k ∈ Jn. We define the
values mk, ik and bk, depending on a choice of the open sets M̌n,l ⊂ R, l, n ∈ N, such that

M =
+∞∪
l=1

+∞∩
n=1

M̌n,l, by the equalities

d := µ, µ ∈ R, mk := 1 + n(k)2, n ∈ N.

Let
ik := max

{
5,min In,k

}
, bk(µ) := 2−1π + n−1(µ− κk(n)), µ ∈ R,

in the case In,k ̸= ∅, and let

ik := 5, bk(µ) ≡ 0, if In,k = ∅.

Let us define the matrix Ãµ( · ) = Ãµ( · , {M̂n,l}n,l∈N), µ ∈ R, by the equality

Ãµ(t) := A(t) = A(t, d, {mk, ik, bk}∞k=1), t ≥ 0,

with the defined as above values of parameters d, mk, ik, bk.

Lemma 9. If 0 ̸∈ M , then the system (2
Ãµ

) is irregular under Lyapunov for all µ ∈ M and is
regular for any other µ ∈ R \M .
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Let us denote by T the set of all t ∈ R+ := R ∩ [0,+∞) such that Ãµ(t) = µ diag[1,−1].
For any t ∈ T we define the function ω( · ) by the equality ω(t) ≡ 0. For all other t ∈ [Tk, Tk+1),

k ∈ N, let qt := 0 if t < τk,j , and qt := 1 in another case, and let ω(t) := (−1)qtbk(0). We define a
matrix C(t), t ≥ 0, by the relations

C(t) := U−1(τ)
(
Ã1(t)U(τ)− d

dt
U(τ)

)
, t > 0, τ = τ(t) :=

t∫
0

ω(s) ds. (1)

Next statement contains the main result of this paper.

Theorem. For every Gδσ set M ⊂ R, 0 ̸∈ M , system (1µ) with the matrix C( · ), given by equality
(1), is irregular under Lyapunov for all µ ∈ M and is regular for any other µ ∈ R.
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