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We consider depending on a parameter p € R linear differential system
t=pCt)z, z(t)eR™, t>0 (1)
with a piecewise continuous bounded coefficients. By an irregularity set of the system
t=C(t)r, z(t)eR", t>0 (2¢)

we call [2] the set of those values y1 € R such that the corresponding system (1,,) is irregular under
Lyapunov.

E. K. Makarov constructed (see references in [2]) examples of systems (2¢) that have various
metric and topological properties of their irregularity sets. Some of them have an arbitrary Lebesgue
measure [5].

Later E. A.Barabanov proved [1] that every open set of real line without zero point can be
realized as irregularity set of some system (2¢). Paper [4] held an analogous result for closed sets.

Recently P. A. Khudyakova has established that the reducibility sets of systems (1,,) are exactly
the class of Fy, sets [3].

In the present talk we completely describe the structure of irregularity sets for system (2¢),
that solve N. A. Izobov’s problem from [2].

For every ¢ € R we denote a rotation matrix with the angle ¢ clockwise as

U(p) = ( Cos ¢ Sing0> ’

—sing cosp

J:=U@2 7)) = (_01 (1)>

For each y = (y1,y2)" € R? and 2 x 2-matrix Z we use the notations ||y|| = \/y7 + y5 for an

Euclid norm and || Z|| = “m”ax |Zy|| for a spectral norm.
y||l=1

For any strongly increasing sequence {mk};g; C N and for the numbers 5 < i € N we define
the sequence {1} }>, setting

and let

T1 = 2, Tk»+1 = mk(lk + Q)Tk7 ke N.

Next let
0 = myipTy, T =0 +mipTy, k€N
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For every sequence {b;}>; C R and for a number d € R, d # 0, we define the matrix A(-) =
A(-,d, {my,ix, bi}32 ), for each | = 1,7}, k € N setting

A(t) =b,J, t € (Tk —myl, T, — mpl + 1],
A(t) = =bJ, t € [m+mgl — 1,7 + myl).

For all other t > 0 let A(t) = ddiag[1, —1].
We denote as X 4(t,s) the Cauchy matrix for system (24) and define the number §(d) in the
case d > 0 by the equality §(d) := 1, and in the case d < 0, let §(d) := 2. Let us denote as well

Ly(a) == {x cR?: ‘:U;(S(éd()d)‘ < a}.

Note that
m 0
0 1 Ld(a) = Ld(m_QSgndOz).
m
Lemma 1. The matric X o(Ty1,0k) is self-conjugated.

For all d # 0 we define ko(d) € N by the equality ko(d) := 2 + [|d|~!] ([-] denotes the integer
part of a number).

Lemma 2. For every k € N, k > ko(d) — 1, the next inclusion holds
X(Tk+1, Tko(d))eé(d) C Ld(264ka’“‘d|),

Let us denote
Y.(y) == U(y) diag[e”,e ], v, € R.
Lemma 3. For all v, € R such that |cos~y| < e 2% the next estimation is true |Y2(7)|| < €2.
Lemma 4. If d # 0 and there exist | € N and a sequence (kj);r:oi’ C N such that for all p € (/{:J);L:Oi’
both the inequalities i, < I, m, > 2max{l,|d|™'} and the estimate |cosby| < e=2™»ldl hold, then
system (24) is irreqular under Lyapunov.

Let us denote
E% = Lsgn%(23%2)a A R, Ek,d = Ld(23d2(mk - 1)2)
Lemma 5. For all vy, € R, |sinvy| > 372, 5 > 24, the inclusion
A~ 7T ~ ~
Y%(’Y—i- g)L% c L,
and for any x € L., the inequality
> m
o3 > e
are correct.
Lemma 6. For alld # 0, k € N such that
my > 1+ 24d|7Y, |cosby| > d2(my, — 1)72,
the inclusion R R
XaA(Thq1,00 —mp +1)Lpq C Lig
holds, and for any solution x(-) of system (24) with the initial condition x(0 —my +1) € Ek,d for
every 1 <1 < 2Ty, the next estimation is true

|2 (0 + mil)]] > pldlmi—1)=/Jaltm—1)
|2 (0 + mu(l — 1))l
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Lemma 7. If my — +oo whereas k — 400 and for any |l € N there exists k; € N such that for all
k > ky, satisfying the condition i, <1, the estimate |cosby| > |d|=2(ms — 1)~2 holds, then system
(24) is regular under Lyapunov.

Let M be an arbitrary Gg, set. One can find an open sets anl C R, I,n € N, for which the

— — ‘oo +oo __
sets M;, | € N, defined by the equalities M; := () M, , satisfy the relation M = |J M;. Let us
n=1 =1

denote Mn,l = Mp,l- It is easy to see that the inclusion Z\/ZnHJ C ]\/Zn,l as well as the equality

n

p=1
—  too
M; = () M, are correct.
n=1

We define by the recurrence a sequence {j,}2>, C NU {0}, by set up
jo =0, jp:i= 2n 9" + jn-1, n €N,
For any k,l,n € N and o € R we denote

Joi={ina+ 1 dnds s(n) =97 (k= 27 (G + 1)),

pni(a) = ppi(a, Mpy) := inf | — 3|
56R\Mn,l

Moreover, let us denote I, j, = In7k({]\/4\n’l}n7leN) for the set of all [ € N such that either p,, ;(5,(n)) >
2n~1 or there exists p € {1,...,n — 1} for which

20! < ppi(sa(n)) < 5nt

Lemma 8. For allp ¢ M andl € N one can find ng = no(p, 1) € N such that for every n > ng the
correctness for some k € J,, of the inequality | — sq,(n)| < 2n~1 implies the inclusion | ¢ I, k.

For any integer k there exists a singular n = n(k) € N, for which & € J,. We define the

values my, i and bg, depending on a choice of the open sets Mn,l C R, I,n € N, such that
+oo +o0

M= U () M,,, by the equalities
I=1n=1

d:=p, pneR, my:=1+nk)? neN

Let
i 1= max {S,minInvk}, br(p) =27 '+ n 7Y — s(n)), peR,

in the case I, ;, # 9, and let
i =5, b(pn) =0, if I, =2.
Let us define the matrix gu( )= ZM( . {]\/4\,%!}”7161\1), 1 € R, by the equality
Au(t) == At) = A(t, d, {mp, ik, bp }7=1), t >0,
with the defined as above values of parameters d, my, i, bg.

Lemma 9. If 0 ¢ M, then the system (23 ) is irregular under Lyapunov for all p € M and is
"
regular for any other p € R\ M.
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Let us denote by T the set of all ¢ € Ry := RN [0, +00) such that gu(t) = pdiag[l, —1].

For any ¢t € T we define the function w( -) by the equality w(t) = 0. For all other ¢t € [Tk, T11),
keN,let ¢ :==0if t <7y , and ¢; := 1 in another case, and let w(t) := (—1)%by(0). We define a
matrix C(t), t > 0, by the relations

d

Ct) = U™Y(7) (ﬁl (U (r) — aU(T)), £>0, 7=1(t) = /w(s) ds. (1)
0

Next statement contains the main result of this paper.

Theorem. For every Gs, set M C R, 0 € M, system (1,) with the matriz C(-), given by equality
(1), is irregular under Lyapunov for all u € M and is regular for any other p € R.
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