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In the Euclidean space R"*! of the variables & = (x1,z2,...,z,) and t we consider the nonlinear
equation of the type
92(2k+1),, )
n
where f and F' are given, and v is an unknown real functions, V := (8%1? ey %, %), A= Zl 88522,
1=

k is a natural number and n > 2.

For the equation (1) we consider the boundary value problem: find in the cylindrical domain
Dr := Q x (0,T), where Q is a Lipschitz domain in R”, a solution u = u(z,t) of that equation
according to the boundary conditions

d'u

- =0, 1=0,...,2k 2

Ott 1QouQr ! Ty (2)
ou

u‘FT = % I'r - 07 (3)

where I'r := 99 x (0,T) is the lateral face of the cylinder Dy, Qp: € Q, t=0and Qr: z €
Q, t =T are bottom and top bases of this cylinder, respectively, and 8% is a derivative along the
outer normal to the boundary 0Dr of the domain Dp. For T' = oo we have Dy, = Q x (0, 00),
I = 002 x (0,00).

Note that the linear part of the operator Ly from (1), i.e. Lg is a hypoelliptic operator.

Below, for function f = f(sg,51,...,5n41), (50,51, ,8n+1) € R""2 we assume that
feCm®"™*?) (4)
and
n+1
‘f(SO, S1yevny Sn+1)’ <M+ Z Mi|8i|ai Vs = (80, S1y.vny 5n+1) S Rn+2, (5)
i=0

where M, M;,a; = const >0,7=0,1,...,n+ 1.
Denote by C**+2(D7) the space of continuous functions in Dp having continuous partial

R n
derivatives &fu, % in Dr, where o = % B = (Bi,---y0n) 18] = DB < 41 =
ox)1...0zh" i=1
1,..., 4k +2.
Assume
_ — ou o'
CH**2(Dr 9Dy) == {u € CY ¥ +2(Dy) =—| =0, = =0,i=0,...,2k 5.
0 (Dr,0Dr) Y (Dr) U‘FT ov Iy 7Ot loounr ! Y
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Let u € Cg’4k+2(ﬁgp, 0Dr) be a classical solution of the problem (1), (2), (3). Multiplying both
parts of the equation (1) by an arbitrary function ¢ € Cg’4k+2(ET,3DT) and integrating the
obtained equation by parts over the domain D7, we obtain

_/|:82k+1u 82k+1g0

O2k+1 " Hr2k+1 + Au- AQO} da dt + / fu, Vu)p dz dt

Dr
= / Fodzdt ¥ e CY*2(Dy dDr). (6)
Dr
We take the equality (6) as a basis for our definition of the weak generalized solution u of the

problem (1), (2), (3).
Introduce the Hilbert space VV2 2kH(DT) as a completion with respect to the norm

2k+1

lgsnion = | 2+ 2 (50) '+ 2 (i) + X () Jaeae )

DT )=

of the classical space C’é‘ 442D, ODy).

Remark 1. From (7) it follows that if u € WOQ’%H(DT), then u € V?/%(DT) and 6581; ,%ltl €
Ly(Dr);i,j=1,...,n;1=1,...,2k+1. Here W3"(Dr) is the well-known Sobolev space con51st1ng
of the elements of LQ(DT), having generalized derivatives from Lo (D7) up to m-th order inclusively,
and V([)@(DT) = {u € WJ(Dr) : ulgp, = 0}, where the equality ulsp, = 0 is understood in the
sense of the trace theory. Moreover, when the domain € is convex, and therefore the domain Dy
is also convex, and since the following estimate

[5Gy 3 (o) + () e

DT 7.]_

/ [Zn: 9t ﬁ} drdt Vu € C2Dr.0Dy) = {u € C*(Dr) : ul,y, =0}

l

holds with a positive constant ¢ not dependant on u and the domain Dy, then from (7) we have
continuous embedding of spaces

Wy # (D) € Wi (Dr). (8)
Below, we assume that €2 is a convex domain.

Remark 2. As it is known the space W2 (D7) is continuously and compactly embedded into

L,(Dr) for p < (?:le) when n > 3 and for any p > 1 when n = 2,3; analogously, the space
W3 (Dr) is continuously and compactly embedded into L,(D7) if ¢ < 2(777:1) Therefore, taking
into account continuous embedding of the spaces (8), the inequality (5) and the properties of the
Nemytski operators N;, i = 0,1,...,n+1, acting by formula N;v = |v|*, we get that the nonlinear
operator N : I/V2 2*t1(Dr) — Ly(Dy) acting by formula Nu = f(u, Au), will be continuous and
compact if the nonhnearity exponent «; in the right-hand side of the inequality (5) satisfies the
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following inequalities:

1
1<ao<L+3f0rn>3; apg > 1 for n=2,3; (9)
n_
1
1<ai<”—+1, i=1,....n+1, n>2 (10)
n—

Besides, from the above-mentioned remarks it follows that if u € WO2 ’%H(DT), then f(u,Vu) €
Ls(Dr) and for u,, — w in the space Wg’%ﬂ(DT) we have f(um, Vuny,) = f(u, Vu) in the space
Ls(Dr).

Definition 1. Let function f satisfy the conditions (4), (5), (9) and (10); F € Lo(Dr). The
function u € W02 2ML(Dyr) is said to be a weak generalized solution of the problem (1), (2), (3) if

for any ¢ € VVO2 ’%H(DT) the integral equality (6) is valid.

Notice that when the conditions (4), (5), (9) and (10) are fulfilled, if v € Wg’%H(DT) and
Y€ Wg’%H(DT), then according to Remark 2 we have f(u,Vu) € Lo(Dr), ¢ € Lo(Dr) and the
second addend

/ f(u, Vu)p dzdt
Dr

in the left-hand side of the equality (6) is defined correctly.
It is not difficult to verify that if the solution of the problem (1), (2), (3) in the sense of Definition
1 belongs to the class Cg Akt2 (Dr,0D7), then it will also be a classical solution of this problem.

Definition 2. Let function f satisfy the conditions (4), (5), (9) and (10); F' € Lgoc(Doo) and
Flp, € Lao(Dr) YT > 0. We say that the problem (1), (2),(3) is globally solvable in the class
VVO2 2FEL S for any 1" > 0 this problem has at least one weak generalized solution v € WO2 ’2k+1(DT)

in the sense of Definition 1.

Definition 3. Let function f satisfy the conditions (4), (5), (9) and (10); F' € Lgo.(Ds) and
Flp, € Lao(D7) VT > 0. We say that the problem (1), (2),(3) is locally solvable in the class
W02,2k+1 if there exists a number Ty = Ty(F') such that for any positive T' < Tj this problem has at
least one weak generalized solution u € W02 2M1(Dr) in the sense of Definition 1.

It is proved that when the conditions (4), (5), (9) and (10); F' € Lg joc(Dws) and F|p, € La(Dr)
VT > 0 are fulfilled, then the problem (1), (2),(3) is locally solvable in the class W02 2M1 0 the
sense of Definition 3, and for some additional conditions on the problem’s data, in certain cases
the problem (1), (2), (3) is locally solvable whereas it is not globally solvable, and in other cases we
have a global solvability in the sense of Definition 2.

The case of uniqueness of the solution of this problem in D is also considered.



