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We consider the differential equation

y′′ = α0p(t)φ1(y)φ2(y
′), (1)

where α0 ∈ {−1, 1}, p : [a, ω[→ ]0,+∞[ is a continuous function, φi : ∆(Y 0
i ) → ]0,+∞[ (i = 1, 2)

are twice continuously differentiable functions which satisfy the conditions:

φ′
1(z) ̸= 0 when z ∈ ∆(Y 0

1 ), lim
z→Y 0

1
z∈∆(Y 0

1 )

φ1(z) = Φ0
1, Φ0

1 ∈ {0,+∞},

lim
z→Y 0

1
z∈∆(Y 0

1 )

φ′′
1(z)φ1(z)

[φ′
1(z)]

2
= 1,

(2)

lim
z→Y 0

2
z∈∆(Y 0

2 )

zφ′
2(z)

φ2(z)
= λ (λ ∈ R), (3)

where ∆(Y 0
i ) is some one-sided neighborhood of the point Y 0

i , Y
0
i is equal to either 0 or ±∞.

From (2), (3) it follows that the function φ1(z) is rapidly varying when z → Y 0
1 , and the function

φ2(z) is regularly or slowly varying when z → Y 0
2 (see Seneta [14]).

This equation was considered in the works of Evtukhov V. M. and Belozerova M. A. [1, 2, 3, 4, 10]
for the cases when the functions φi(z) were power-law or regularly or slowly varying when z → Y 0

i ,
i = 1, 2.

In the work of Kharkov V. M. [7], the following equation was considered

y′′ = α0p(t)φ1(y), (4)

where the function φ1(z) was rapidly or regularly varying when z → Y 0
1 . Equation (4) is a particular

case of the equation (1), when φ2(z) ≡ 1. In [7], the class of solutions was established. For that
class, the necessary and sufficient conditions as well as the asymptotic formulas for solutions were
derived.

In the works of Evtukhov V. M. and Drik N. G. [5, 6, 10], the particular case for the equation
(1) was considered:

y′′ = α0p(t)e
σy|y′|λ. (5)

Equation (1), if the function φ1(z) is rapidly varying when z → Y 0
1 , and the function φ2(z)

is slowly or regularly varying when z → Y 0
2 , in particular, the equation (5), has wide application

for describing different processes in physics. For example, differential equations appearing in the
Linan’s problem from combustion theory could be reduced to the equation (1), as well as Poisson
nonlinear differential equations for cylindric symmetrical plasma of combustion products could be
reduced to the equation (1) by means of several notations (see [15, 11, 12]).

If the function φ1(z) is rapidly varying when z → Y 0
1 , and the function φ2(z) is slowly or

regularly varying when z → Y 0
2 , equation (1) is a generalization for both equations (4) and (5).



134 International Workshop QUALITDE – 2014, December 18 – 20, 2014, Tbilisi, Georgia

A solution y of the equation (1) is called a Pω(Λ0)-solution, where −∞ ≤ Λ0 ≤ +∞, if it is
defined on some interval [t0, ω[⊂ [a, ω[ and satisfies the following conditions:

lim
t↑ω

φ1(y(t)) = Φ0
1, lim

t↑ω
y′(t) = Y 0

2 ,

lim
t↑ω

φ1(y(t))

φ′
1(y(t))

y′′(t)

[y′(t)]2
= Λ0, (6)

Note that the class of Pω(Λ0)-solutions corresponds to the class of P̃ω(Λ̃0)-solutions that was

introduced by Kharkov V. M. in the work [8] for the equation (4) in case when Λ0 = Λ̃0 − 1.
In the paper, for the equation (1), in case Λ0 ∈ R \ {0}, the asymptotic formulas for Pω(Λ0)-

solutions were established and the necessary and sufficient conditions for their existence were de-
rived.

Let us introduce functions and notation:

ψ(z) =

z∫
B

ds

φ2(s)
, where B =


Y 0
2 , if

Y 0
2∫

b

ds

φ2(s)
converges,

b, if

Y 0
2∫

b

ds

φ2(s)
diverges,

and b is any number from the interval ∆(Y 0
2 ).

Since ψ′(z) > 0 when z ∈ ∆(Y 0
2 ), then ψ : ∆(Y 0

2 ) → ∆(Φ0
2) is an increasing function where

Φ0
2 = lim

z→Y 0
2

ψ(z), consequently, Φ0
2 equals either to zero or to ±∞, ∆(Φ0

2) is one-sided neighborhood

of Φ0
2.
Next we set:

µ =

{
1, if Y 0

2 = +∞, or Y 0
2 = 0 and ∆(Y 0

2 ) is a right neighborhood of 0,

−1, if Y 0
2 = −∞, or Y 0

2 = 0 and ∆(Y 0
2 ) is a left neighborhood of 0.

From the definition of φ1(z) it follows that φ
′
1(z) preserves the sign. Consequently, it is possible

to introduce notation:
ρ = signφ′

1(z).

Also we set:

πω(t) =

{
t, if ω = +∞,

t− ω, if ω < +∞,

J(t) =



t∫
A

p(τ) dτ, if (1− λ)Λ0 ̸= 1,

t∫
A

πω(τ)p(τ) dτ, if (1− λ)Λ0 = 1,

β =

{
1− λ− Λ−1

0 , if (1− λ)Λ0 ̸= 1,

−1, if (1− λ)Λ0 = 1,

where the integration limit A ∈ {ω, a} is chosen so as to ensure that the corresponding integral J
tends either to zero or to infinity when t ↑ ω.
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Moreover, we set

A∗
1 =

{
1, if ω = ∞,

−1, if ω <∞,
A∗

2 =

{
1, if A = a,

−1, if A = ω.

By means of notations described above, we establish the necessary and sufficient conditions for
the existence of Λ0 ∈ R \ {0}-solutions of the equation (1).

Theorem 1. Let Λ0 ∈ R \ {0}. Then for the existence of Pω(Λ0)-solutions of the equation (1), it
is necessary and, if

λ ̸= 1, or λ = 1 and Λ0 > 0

it is also sufficient that

lim
t↑ω

πω(t)J
′(t)

J(t)
= −β

and the following sign conditions be satisfied

−A∗
1Λ0 > 0 when Φ0

1 = +∞, −A∗
1Λ0 < 0 when Φ0

1 = 0,

A∗
2β > 0 when Φ0

2 = +∞, A∗
2β < 0 when Φ0

2 = 0,

sign
[
µA∗

1Λ0

]
= −ρ and sign

[
α0A

∗
2β

]
= 1.

Moreover, each solution of this kind admits the asymptotic representation when t ↑ ω
φ1(y(t))

φ′
1(y(t))y

′(t)
= −Λ0πω(t)[1 + o(1)], (7)

y′(t)

φ1(y(t))φ2(y′(t))
= −απω(t)p(t)[1 + o(1)], (8)

moreover, when Λ0 > 0, there exists one-parameter family of such solutions, and when Λ0 < 0,
there exists two-parameter family of such solutions, if ω = +∞ and λ > 1, or if ω < +∞ and
λ < 1.

We will introduce auxiliary conditions that will enable us to simplify the asymptotic formulas
(7), (8).

Definition (see [4]). We say that a function θ : ∆(U0) → ]0,+∞[ , U0 ∈ {0,±∞} satisfies condition
S, if for any continuously differentiable function l : ∆(U0) → ]0,+∞[ such that

lim
z→U0

z∈∆(U0)

z l′(z)

l(z)
= 0,

the following asymptotic formula is fulfilled

θ(zl(z)) = θ(z)[1 + o(1)] when z → U0 (z ∈ ∆(U0)).

From the properties of regularly varying functions, the following representations are obtained:

φ′
1(φ

−1
1 (z)) = |z|θ1(z),
φ2(z) = |z|λθ2(z),

where the functions θi(z) (i = 1, 2) are slowly varying.

Theorem 2. Let Λ0 ∈ R \ {0} and functions θi(z) (i ∈ {1, 2}) satisfy the condition S. Then each
Pω(Λ0)-solution (if any) of the differential equation (1) admits the following asymptotic formulas
when t ↑ ω

φ1(y(t)) =
∣∣∣Λ0πω(t)θ1

(
|πω(t)|

−1
Λ0

)∣∣∣λ−1∣∣∣πω(t)p(t)θ2(|J(t)| 1β )∣∣∣−1
[1 + o(1)],

y′(t) = µ
∣∣∣Λ0πω(t)θ1

(
|πω(t)|

−1
Λ0

)∣∣∣−1
[1 + o(1)].

To obtain the above results, the results for cyclic systems from the work [9] were used.
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