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In theory of Riemann integral, the impact of the Bounded Convergence Theorem, also called
Arzelà or Arzelà–Osgood or Osgood Theorem, is comparable to the importance of the Lebesgue
Dominated Convergence Theorem in the theory of the Lebesgue integration. In this work we
are concerned with the abstract Kurzweil–Stieltjes integral, that is, the Stieltjes type integral for
functions with values in a Banach space introduced by Š. Schwabik in [6]. Our aim is to present
the Bounded Convergence Theorem in this abstract setting.

To make our statement more precise we need to fix some notations.
In what follows, X is the Banach space and L(X) is the Banach space of all bounded linear

operators on X. By ∥ · ∥X we denote the norm in X, while ∥ · ∥∞ stands for the supremum norm.
Furthermore, BV ([a, b], X) denotes the set of functions valued in X of bounded variation on [a, b]
and G([a, b], X) denotes the set of regulated functions.

Throughout the paper by
b∫
a
d[F ] g we understand the abstract Kurzweil–Stieltjes integral of

g : [a, b] → X with respect to F : [a, b] → L(X) in the sense of [6].

Main Theorem (Bounded Convergence Theorem). Let g ∈ G([a, b], X), a sequence {gn} ⊂
G([a, b], X) and K ∈ [0,∞) be such that

lim
n→∞

gn(t) = g(t) for t ∈ [a, b]

and
∥gn∥∞ ≤ K < ∞ for n ∈ N.

Then for any F ∈ BV ([a, b], L(X)) and n ∈ N the integrals
b∫
a
d[F ] g,

b∫
a
d[F ] gn exist and

lim
n→∞

b∫
a

d[F ] gn =

b∫
a

d[F ] g.

In the case of real valued functions, the proof of such convergence result is based either on
Arzelà’s Lemma or on other sophisticated tools (cf. e.g. [2, Theorem II.19.3.14]) that cannot be
extended to the case of Banach space-valued functions. Nevertheless, a paper by J. W. Lewin [3],
in which an elementary proof of Bounded Convergence Theorem is given for the Riemann integral,
offered some enlightenment to this topic.

Our approach is inspired by some of the ideas presented in [3] encompassing some new concepts
that we will present below.

Let J be a bounded interval in R. We say that a finite set D = {α0, α1, . . . , αν(D)} ⊂ J is
a generalized division of J if α0 < α1 < · · · < αν(D). The set of all generalized divisions of the
interval J is denoted by D∗(J).
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Let f :[a, b]→X and let J be an arbitrary subinterval of [a, b]. Then we define the variation of
f on J by

varJ f = sup
D∈D∗(J)

{ ν(D)∑
j=1

∥∥f(αj)− f(αj−1)
∥∥
X

}
.

If varJ f < ∞, we say that f is of bounded variation on J and we write f ∈ BV (J,X). Let us
note that for intervals this definition coincides with that used by Gordon in [1]. Furthermore, it is
easy to see that it coincides also with the usual (Jordan’s) notion of the variation if J is a compact
interval.

Making use of the variation on arbitrary intervals we introduce the variation over elementary
sets. Recall that a bounded set E ⊂ R is an elementary set if it is a finite union of intervals.
Moreover, given an elementary set E we can determine a collection of intervals {Jk: k = 1, . . . ,m}
such that E =

∪m
k=1 Jk and the union Jk ∪ Jℓ is not an interval whenever k ̸= ℓ. Such collection,

called minimal decomposition, is uniquely determined and the intervals forming this collection are
pairwise disjoint.

Definition. Given a function f : [a, b]→X and an elementary subset E of [a, b], the variation of f
over E is

var(f,E) =

m∑
k=1

varJk f,

where {Jk: k = 1, . . . ,m} is the minimal decomposition of E.

Now, we present an analogue to Lewin’s lemma from [3]. In comparison with Lewin’s original
version, we replace the Lebesgue measure by the variation of a given function over elementary sets.
For the proof, we needed to extend the Jordan’s decomposition of functions of bounded variation
(for the classical setting, see [2, Theorem I.7.1]) to the abstract setting.

Lemma. Let {An} be a sequence of subsets of [a, b] such that An+1 ⊆ An, n ∈ N, and
∩

nAn = ∅.
Given f ∈ BV ([a, b], X), for n ∈ N put

vn = sup
{
var(f,E): E is an elementary subset of An

}
.

Then lim
n→∞

vn = 0.

In order to apply the previous lemma in the proof of our main result we need to introduce the
notion of the Kurzweil–Stieltjes integral over elementary sets.

Definition. Let F :[a, b]→L(X), g:[a, b]→X and an elementary subset E of [a, b] be given. The
Kurzweil–Stieltjes integral of g with respect to F over E is given by

∫
E

d[F ]g =

b∫
a

d[F ](g χE)

provided the integral on the right-hand side exists in the sense of [6].

Many basic properties of the integral defined above are immediate consequences of what is
known for the abstract Kurzweil–Stieltjes integral, see [4] and [6]. Moreover, the integral over
elementary sets in terms of its minimal decomposition can be calculated as follows.

Proposition. Let F ∈ BV ([a, b], L(X)), g:[a, b]→X and an elementary subset E of [a, b] be such
that the integral

∫
E

d[F ] g exists. Then

∫
E

d[F ] g =

m∑
k=1

∫
Jk

d[F ] g,
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where {Jk: k = 1 . . . ,m} is the minimal decomposition of E.
If we assume in addition that F is continuous on [a, b], then∥∥∥∥ ∫

E

d[F ] g

∥∥∥∥
X

≤ var(F,E)
(
sup
t∈E

∥g(t)∥X
)
.

This proposition together with the analogue of Lewin’s lemma mentioned above were the main
tools that enabled us to prove the main result of this communication.
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