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Consider the linear differential system

ẋ = A(t)x, x ∈ Rn, t ≥ 0, (1)

with a piecewise continuous bounded coefficient matrix A and with the Cauchy matrix XA. To-
gether with system (1), consider the perturbed system

ẏ = A(t)y +Q(t)y, y ∈ Rn, t ≥ 0, (2)

with a piecewise continuous bounded perturbation matrix Q. We use the notation λn(A +Q) for
the higher exponent of system (2). Let M be an arbitrary class of perturbations. The number
Λ(M) := sup{λn(A+Q) : Q ∈ M} is the attainable upper bound of exponents of system (2) with
perturbations in the class M. The problem of finding Λ(M) for various M specified by a given
smallness condition is an important problem in the theory of Lyapunov characteristic exponents
[1, p. 157], [2], [3, p. 46]. It was studied, e.g., in [4]–[15]. In numerous cases, an algorithm similar
to the algorithm for the computation of the sigma-exponent [4] can be constructed for Λ(M). In
some other cases [5], [6], [13]–[15], formulas similar to those for the computation of the central
[1, p. 99], [12], [13] and exponential [15] exponents hold. For the set M0[θ] of all perturbations

satisfying the estimate ∥Q(t)∥ ≤ NQe
−σθ(t), where NQ ≥ 0, σ > 0, are numbers depending on Q

and θ : [0,+∞[→ ]0,+∞[ is a fixed piecewise continuous function monotone increasing to +∞ such
that lim

t→+∞
t−1θ(t) < +∞, it was proved in [5], [6] that

Λ(M0[θ]) = lim
δ→+0

lim
k→∞

1

tk(δ)

k∑
j=0

ln
∥∥XA(tj+1(δ), tj(δ))

∥∥, (3)

where, for each δ > 0, the sequence tj(δ), j ∈ N, referred to as the δ-characteristic sequence for the
perturbation class M0[θ]], is defined by the recursion formula tj+1(δ) = tj(δ) + δθ(tj(δ)), and any
nonnegative number can be taken for t0(δ) ≥ 0.

The perturbation classes M for which Λ(M) admits a representation of the form (3) were called
limit classes in [5], [6]. In the report we present sufficient conditions for the considered class of
piecewise continuous bounded perturbations to have similar properties.

For an arbitrary set S and for any n ∈ N, by Sn×n we denote the set of all n× n-matrices with
entries in S. In Rn×n, we fix the spectral norm ∥ · ∥, and by KCn(R+) we denote the linear space
of all bounded piecewise continuous matrix functions defined everywhere on the positive half-line
R+ := [0,+∞[ and ranging in Rn×n.

A function γ ∈ KC1(R+) is said to be strictly positive iff the condition inf
t∈J

γ(t) > 0 holds for

every finite interval J ⊂ R+.
Following the approach suggested in [16], we interpret a one-dimensional smallness class as

an arbitrary linear subspace s ⊂ KC1(R+) that contains at least one strictly positive function
and satisfies the following fullness condition: together with any element β, the set s contains all
functions φ ∈ KC1(R+) such that |φ(t)| ≤ |β(t)| for all t ≥ 0. For each n ∈ N, the smallness class
of dimension n × n corresponding to the one-dimensional class s is defined as the set of matrices
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sn×n. By [16], the smallness class sn×n can be equivalently defined as the set of Q ∈ KCn(R+) such
that ∥Q∥ ≤ β for some β ∈ s.

A system of generators for a one-dimensional class s is defined as a subset K ⊂ s that consists
of strictly positive functions and has the property that, for each β ∈ s, there exists φ ∈ K such
that |β| ≤ Cφ for some C > 0 depending on φ and β.

Example 1. For the one-dimensional class M0[θ], a system of generators is given by the one-
parameter family of functions {exp(−σθ(t)) : σ > 0}, which can be restricted to the countable
family exp(−θ(t)/k), k ∈ N.

Let T be the set of all sequences of times tk ≥ 1, k ∈ N∪{0}, monotone increasing to +∞. By T0

we denote the subset of T that consists of subsequences satisfying the condition lim
k→+∞

t−1
k tk+1 = 1

of slow growth [17] and the condition lim
k→+∞

(tk+1− tk) = +∞. For arbitrary β ∈ KC1(R+), N ≥ 0,

and τ ∈ T, let

Ω(A, τ) = lim
k→∞

1

tk+1

k∑
i=0

ln ∥XA(ti+1, ti)∥,

∆N (β, τ) = lim
k→∞

1

tk

tk∫
t0

Kτ
N (s)β(s) ds,

where the tk ≥ 1, k ∈ N ∪ {0}, are elements of the sequence τ , Kτ
N (s) = eN(s−tk) for s ∈]tk, tk+1],

k ∈ N, and Kτ
N (s) = 0 for s ≤ t0. If β ∈ KC1(R+) is a strictly positive function, then we introduce

the additional notation

γ(β, τ) = lim
k→∞

1

tk+1

k∑
i=0

ln
2

sinφi
, φi = min

{
π

2
, e−2NA

ti∫
ti−1

β(s) ds

}
;

Theorem 1. Let M = sn×n be some smallness class of perturbations, and let K be a system of
generators of the corresponding one-dimensional class s. If there exists a set Γ ⊂ T0 such that the
inequality inf

β∈K
γ(β, τ) = 0 holds for each sequence τ ∈ Γ, and for any β ∈ K and M > 0, there

exists a sequence τ ∈ Γ satisfying the condition ∆M (β, τ) = 0, then

Λ(M) = sup
β∈K

sup
M>0

inf
τ∈Rβ

M

Ω(A, τ) = sup
τ∈Γ

Ω(A, τ),

where Rβ
M = {τ ∈ Γ : ∆M (β, τ) = 0}.

Example 2. For the limit class M0[θ] with a system of generators K consisting of the functions
βσ(t) = exp(−σθ(t)), σ > 0, t ≥ 0, for the set Γ, one can take the set of all δ-characteristic
sequences for δ ∈]0, δ0] with an arbitrary δ0 > 0.

Definition 1. An arbitrary smallness class M is called a Γ-ultimate (or Γ-limit) class if there exists
a set Γ ⊂ T such that the relation

Λ(M) = sup
τ∈Γ

Ω(A, τ)

holds for every system (1).

Definition 2. A one-dimensional smallness class s is said to be radical if, together with each
element β, the set s contains all of its powers βε, ε ∈]0, 1].
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Example 3. The condition to be radical holds for classes of exponential and infinitesimal per-
turbations as well as for the classes M0[θ]. The classes of sigma-perturbations and perturbations
integrable on the half-line do not satisfy that condition.

Remark. In Definition 2, instead of the requirement of all positive powers of elements with exponents
less than unity to belong to the class s, it suffices to require that only the roots (radicals) of them
with any positive integer power belong to s; i.e., it suffices to consider the values ε = 1/k for k ∈ N.

Theorem 2. If a one-dimensional smallness class s is radical, consists of functions tending to zero
at infinity, and has a system of generators K where each element β is a continuous function with
exact zero Lyapunov exponent and satisfies the condition

t∫
t−1

lnβ(s) ds ≥ Cβ lnβ(t), (4)

for some Cβ > 0 and for all sufficiently large t; then for each n ∈ N the smallness class M = sn×n

is Γ-limit.

Example 4. One can readily see that the assumptions of Theorem 2 are satisfied for all limit
classes M considered in [5], [6]. In that case, condition (4) can be reduced to the inequality

t∫
t−1

θ(s) ds ≤ Cβθ(t), (5)

whose validity for Cβ = 1 is provided by the monotone growth of the function θ. Condition (5)
with Cβ > 0 is valid for some nonmonotone functions as well satisfying the condition θ(t)/t → 0 as
t → +∞, for example, for θ1(t) = (1+ sin2 t) ln t. This permits one to use Theorem 2 for the proof
of the Γ-limit property of the classes M0[θ] with such functions.
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