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As we know, periodic differential systems under certain conditions can have periodic solutions
whose period incommensurable with the period of the system [1]–[6]. These periodic solutions
are inherent in a fairly wide class of differential systems, and called strongly irregular. We also
note that oscillatory processes forms at the natural frequency of oscillations of systems, generally
incommensurate with the frequency of external force in a number of applied problems [7].

In the monograph [3] N. P. Erugin considered the linear system of the form

ẋ = (AP (t) +B)x, t ∈ R, x ∈ Rn, n > 2, (1)

where A, B – constants (n×n)-matrix, P (t) – continuous ω-periodic (n×n)-matrix. In the system
(1) the matrix A and P (t) will be called the stationary and periodic coefficients, respectively. For
the system (1) with diagonal periodic coefficient P (t) Erugin studied the problems of existence of
periodic strongly irregular solutions. In particular, it was proved that if the matrix A is nonsingular,
the desired solutions of the system (1) do not exist. The case of nondiagonal matrix P (t) remained
unexplored.

It should be noted that the system of type (1) is considered in solving control problems: control
of asymptotic invariants, including Lyapunov exponents of stationary control systems by means
of periodic controls [8], [9], problems of stabilization of linear control systems periodic feedback,
including Brockett problem [10], [11].

In this paper, we consider the existence problem of strongly irregular periodic solutions of the
system (1) with an upper triangular periodic coefficient

pij(t) ≡ 0, i > j (i, j = 1, . . . , n), (2)

where pij(t) – the elements of the matrix P (t).
First we consider the case where the stationary coefficient is nonsingular, that is

detA ̸= 0. (3)

Let x(t) be a Ω-periodic solution to (1), it is considered that at least one of its components
is different from the constant and the ratio ω/Ω is an irrational number. By [5], the vector x(t)
satisfies the system

ẋ = (AP̂ +B)x, (AP (t)−AP̂ )x = 0,
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where P̂ = 1
ω

ω∫
0

P (τ) dτ is an average ω-periodic coefficient. By condition (3) last system takes the

form
ẋ = (AP̂ +B)x, P̃ (t)x = 0, P̃ (t) = P (t)− P̂ , (4)

with
rankcol P̃ = r < n. (5)

By (5) there is a constant nonsingular (r× r)-matrix Q such that the first d = n− r columns of the

matrix P̃ (t)Q will be zero, but the remaining columns are linearly independent. Next, we replace
x = Qy, which brings the system (4) to the system

ẏ = Fy, P̃1(t)y = 0
(
F = Q−1(AP̂ +B)Q, P̃1(t) = P̃ (t)Q

)
. (6)

The system (6) has the following structure

ẏ[d] = Fd,dy
[d], Fr,dy

[d] = 0, y[r] = 0,

where Fd,d, Fr,d – the left upper and lower blocks of the matrix F (subscript indicates the dimen-
sion). Among eigenvalues of the coefficient matrix Fd,d will be the numbers

±iλj

(
j = 1, . . . , d′; d′ 6 [d/2]

)
, (7)

where λj = 2kjπ/Ω, kj ∈ N . Let lj – the number of groups of elementary divisors corresponding

to the eigenvalues ±iλj (j = 1, . . . , d′; l1 + · · · + ld′ = l). This means that y[d](t) presented by

trigonometric polynomial of the form y[d](t) =
d′∑
j=1

aj cosλjt + bj sinλjt, where the coefficients aj ,

bj depend on 2l arbitrary real constants, for which we have the identity

Fr,d

d′∑
j=1

aj cosλjt+ bj sinλjt ≡ 0. (8)

Then the system (1) has a strongly irregular periodic solution

x(t) = Q col
(
y[d](t), 0, . . . , 0

)
. (9)

Theorem 1. Let for the system (1) conditions (2) and (3) be satisfied.
If the system (1) has a strongly irregular periodic solution, then this solution will be a trigono-

metric polynomial of the form (9). The conditions (5), (7) and (8) are necessary and sufficient for
the function (9) to be the solution of the system (1).

Corollary 1. If all diagonal elements of the upper triangular periodic coefficients are nonstationary,
then the system (1) does not have strongly irregular periodic solutions.

Now consider the case of stationary singular coefficient

rankA = r < n. (10)

Let x(t) be a Ω-periodic solution to (1), it is considered that at least one of its components is
nonconstant and the ratio ω/Ω is an irrational number. According [5], the vector x(t) satisfies the
system

AP̃ (t)x = 0. (11)

By (10) there is a constant nonsingular (n× n)-matrix S such that the system (11) takes the form

CP̃ (t)x = 0, C = SA. (12)
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We denote the trapezoidal (r × n)-matrix formed by the first r rows of the matrix C, through C1,
where rankC1 = r. Thus system (12) takes the form

C1P̃ (t)x = P̃1(t)x = 0. (13)

Then there exist constants k, linearly independent vectors α(1), . . . , α(k) such that (α(j), P̃
(j)
1 (t)) ≡ 0

(j = 1, . . . , k). The system (13) has k linearly independent irregular periodic solutions of the form

x(j)(t) = α(j)φj(t), where φ1(t), . . . , φk(t) are some Ω-periodic functions. Denote by Λ and X(t)

– (n× k)-matrix whose columns are vectors α(1), . . . , α(k) and x(1)(t), . . . , x(k)(t), respectively. We
write the last equation in the matrix form X(t) = ΛΦ, where Φ is a diagonal matrix with functions

φ1(t), . . . , φk(t) on the main diagonal. In view of the linear independence of the vectors α(1), . . . , α(k)

the matrix Λ has a nonzero minor of order k. Let this minor is located in the rows with numbers
i1, . . . , ik, Λ1 – the corresponding matrix and Λ2 – (n− k)× k-matrix composed of the remaining
rows of Λ. Then the resulting matrix equality splits into X ′(t) = Λ1Φ, X

′′(t) = Λ2Φ, where matrix
X ′(t) formed by the rows with numbers i1, . . . , ik, and X ′′(t) formed by remaining rows.

Take in account the notation from [5], the vector x(t) satisfies the system(
ẋ′

ẋ′′

)
=

(
A′P̂ ′ +B′

1 A′P̂ ′′ +B′′
1

A′′P̂ ′ +B′
2 A′′P̂ ′′ +B′′

2

)(
x′

x′′

)
,

where the blocks B′
1 and B′′

1 formed by the first k rows of the matrix B′ and B′′, and blocks B′
2,

B′′
2 formed by remaining n− k rows of these matrices. Then the matrix H = A′P̂ ′ +B′

1 + (A′P̂ ′′ +

B′′
1 )Λ2Λ

−1
1 has purely imaginary eigenvalues

±iλs

(
s = 1, . . . , k′; 1 6 k′ 6 [k/2]

)
, (14)

where λs = 2ksπ/Ω, ks ∈ N . Let ps – the number of groups of elementary divisors corresponding
to the eigenvalues ±iλs (s = 1, . . . , k′; p1 + · · · + pk′ = p). This means that x′(t) presented by
trigonometric polynomial of the form

x′(t) =

k′∑
s=1

αs cosλst+ βs sinλst, (15)

where the coefficients αs, βs depend on 2l arbitrary real constants. We have the identity(
Λ2Λ

−1
1

(
A′P ′ +B′

1 + (A′P ′′ +B′′
1 )Λ2Λ

−1
1

)
−A′′P ′ −B′

2 − (A′′P ′′ +B′′
2 )Λ2Λ

−1
1

)
x′(t) ≡ 0. (16)

Then the system (1) has a strongly irregular periodic solution

x(t) = ord
{
xi1(t), . . . , xik(t), xik+1

(t), . . . , xin(t)
}
= ord

{
col (x′(t), x′′(t))

}
, (17)

where ord { · } means ordering vector components { · } in ascending order of their indices.

Theorem 2. Let for the system (1) conditions (2) and (10) be satisfied.
If the system (1) has a strongly irregular periodic solution, then this solution will be a trigono-

metric polynomial of the form (15), (17).
The vector (17) is the solution of the system (1) if the system (13) has 0 < k < n linearly

independent stationary solutions and conditions (14), (16) are satisfied.

Remark. A similar result holds in the case of lower triangular periodic coefficient.
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