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Impulsive differential equations have attracted lots of interest due to their important applica-
tions in many areas such as aircraft control, drug administration, and threshold theory in biology.
A particular case of impulsive problems are problems with impulses at fixed moments. This occurs
when the moments, at which impulses act in state variable, are known. Very different situation
arises, when the impulses appear in evolutionary trajectories fulfilling a predetermined relation
between state and time variables. This case, which is represented by state-dependent impulses, is
discussed here. Studies of real-life problems with state-dependent impulses can be found e.g. in
[1], [3]–[5].

In particular, here we investigate the solvability of boundary value problems with state-dependent
impulses. As the methods used for problems with finitely many impulses acting at fixed points do
not apply to problems with state-dependent impulses, only few paper dealing with boundary value
problems in the state-dependent case may be found in the literature. Most of them consider periodic
problems which can be transformed to fixed point problems of corresponding Poincaré maps. So,
in the case of a periodic boundary conditions, difficulties with the construction of a proper function
space and a proper operator representation have been cleared, see e.g. [2].

The main cause of difficulties in the investigation of boundary value problems with state-
dependent impulses lies in the following fact: the operator, corresponding to the problem with
state-dependent impulses which is constructed in a standard way (used for problems with fixed-
time impulses), is not continuous. Therefore, in [6]–[9] we provide a new approach which makes
possible to find sufficient conditions for solvability of the ordinary differential equation

z′′(t) = f(t, z(t), z′(t)) for a.e. t ∈ [a, b], (1)

subject to the impulse conditions

z(τi+)− z(τi) = Ji(τi, z(τi)), z′(τi+)− z′(τi−) = Mi(τi, z(τi)), (2)

where the points τ1, . . . , τp depend on z through the equations

τi = γi(z(τi)), i = 1, . . . , p, p ∈ N.

Problem (1), (2) is studied together with the general linear boundary conditions

`1(z, z′) = c1, `2(z, z′) = c2. (3)

Here f fulfils the Carathéodory conditions on [a, b]×R2, the impulse functions Ji, Mi, i = 1, . . . , p,
are continuous on [a, b] × R, c = (c1, c2) ∈ R2, and `1, `2 are linear and bounded functionals in
the space GL([a, b]; R2) of left-continuous regulated vector functions. Consequently, ` = (`1, `2) is
represented by the formula containing the Kurzweil–Stieltjes integral

`(x) = Kx(a) +

b∫

a

V (t)d [x(t)], x = (x1, x2) ∈ GL([a, b];R2),

where K is a constant matrix and elements of a function matrix V are functions of bounded
variation on [a, b]. The barriers γi, i = 1, . . . , p, which determine the impulse points τi, i = 1, . . . , p,
are ordered and differentiable on some compact real interval.
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A function u : [a, b] → R is a solution of problem (1)–(3) if for each i ∈ {1, . . . , p} there exists
a unique τi ∈ (a, b) such that

τi = γi(u(τi), a < τ1 < τ2 < · · · < τp < b,

the restrictions u|[a,τ1], u|(τ1,τ2], . . . , u|(τp,b] have absolutely continuous first derivatives, u satisfies
(1) for a.e. t ∈ [a, b] and fulfils conditions (2) and (3).

Provided the data functions f , Ji, Mi, i = 1, . . . , p are bounded, transversality conditions which
guarantee that each possible solution of equation (1) in a given region crosses each barrier γi at
a unique impulse point τi are presented, and consequently the existence of a solution to problem
(1)–(3) is proved. In order to do it, we choose the way which we have developed in our joint papers
[6]–[9]. The main idea of our approach lies in the representation of the solution u of problem (1)–(3)
by an ordered (p + 1)-tuple of functions smooth on [a, b]. In particular, we define a Banach space
X = [C1([a, b];R)]p+1, a set Ω ⊂ X and an operator F : Ω̄ → X which is compact. We prove the
existence of a fixed point (u1, . . . , up+1) ∈ Ω̄ of the operator F , and then we construct a solution u
of problem (1)–(3) by means of this fixed point.

Such existence result can be extended to unbounded functions f , Ji, Mi, i = 1, . . . , p by means
of the method of a priori estimates. This can be found for the special case of ` in [9].
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