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Let (Ω,F , (Ft)t≥0,P) be a stochastic basis consisting of a probability space (Ω,F ,P) and an
increasing, right-continuous family (a filtration) (Ft)t≥0 of complete σ-subalgebras of F . By E we
denote the expectation on this probability space. The scalar stochastic process B is a Brownian
motion on (Ft)t≥0 (see e.g. [6]).

Below we always assume that the real number p satisfies the conditions 1 ≤ p < ∞.
Consider the following scalar stochastic delay differential equation

dx(t) =
(− a(t)x(t)− b(t)x(h(t))

)
dt + c(t)x(H(t)) dB(t) (t ≥ 0), (1)

equipped with the prehistory condition

x(ν) = ϕ(ν) (ν < 0), (2)

where ϕ is a F0-measurable stochastic process which almost surely (a. s.) has trajectories from L∞.
The functions a, b, c, h, H in (1) are all Lebesgue-measurable, a, b are, in addition, locally integrable,
c is locally square-integrable, h(t) ≤ t, H(t) ≤ t for t ∈ [0,∞) a.s., vraisup

t≥0
(t − h(t)) < ∞,

vraisup
t≥0

(t−H(t)) < ∞.

The initial condition for the equation (1) is given by

x(0) = x0, (3)

where x0 is a F0-measurable scalar random variable.

Definition. The zero solution of the equation (1) is called exponentially Lyapunov 2p-stable
(with respect to the prehistory data (2) and the initial data (3)) if there exist positive numbers c
and β such that

E|x(t, x0, ϕ)|2p ≤ c
(
E|x0|2p+ vraisup

ν<0
E|ϕ(ν)|2p

)
exp{−βt} (t ≥ 0) (4)

for any F0-measurable scalar random variable x0 and any F0-measurable stochastic process ϕ,
which a.s. has trajectories belonging to L∞.

In the theorems below we use the universal constants cp (1 ≤ p < ∞) from the celebrated
Burkholder–Davis–Gandy inequalities to estimate stochastic integrals. From [7] it is e.g. known
that cp = 2

√
12p. However, other sources give other values (see e.g. [6]). All these values are not

optimal for our purposes. For instance, in our theorems we may assume that c1 = 1, as we estimate
sup

t
E|x(t)|2, and not E sup

t
|x(t)|2, as in the Burkholder–Davis–Gandy inequalities.

66



Given a function h(t) (t ∈ [T,∞)), we construct the function hT (t) (t ∈ [T,∞)) in the following
way:

hT (t) =

{
h(t) if h(t) ≥ T,

T if h(t) < T.

Theorem 1. Assume that there exist numbers a0 > 0, γi > 0, i = 1, 2, T ∈ [0,∞) such that
one of the following conditions holds:

(1) a(t) ≥ a0, |b(t)| ≤ γ1a(t), (c(t))2 ≤ 2γ2a(t) (t ≥ T ) a.s.,

(2) a(t) + b(t) ≥ a0, |b(t)|
[ t∫

hT (t)

(|a(s)|+ |b(s)|) ds + cp

( t∫

hT (t)

(c(s))2 ds

)0.5]
≤

≤ γ1(a(t) + b(t)), (c(t))2 ≤ 2γ2(a(t) + b(t)) (t ≥ T ) a.s.

If, in addition, γ1 + cp
√

γ2 < 1, then the solutions of the equation (1) satisfy the estimate (4) for
some β > 0.

Theorem 2. Assume that there exists a number T ∈ [0,∞) such that the coefficients in (1)
satisfy

a(t) = Ar(t), b(t) = Br(t), c(t) = C
√

r(t) , r(t) ≥ r0 > 0 (t ∈ [T,∞)) a.s.

Assume also that one of the following conditions holds:

(1) A > 0, |B|/A + cp|C|/
√

2A < 1,

(2) A + B > 0, lim
t→∞ sup

T≤τ≤t
|B|

[ τ∫

hT (τ)

r(s) ds(|A|+ |B|) + cp

( τ∫

hT (τ)

r(s) ds

)0.5

|C|
]/

(A + B)+

+cp|C|/
√

2(A + B) < 1,

(3) A > 0, B > 0, lim
t→∞ sup

T≤τ≤t
B

[ τ∫

hT (τ)

r(s) ds + cp

( τ∫

hT (τ)

r(s)ds

)0.5

|C|
/

(A + B)
]
+

+cp|C|/
√

2(A + B) < 1.

Then the solutions of the equation (1) satisfy the estimate (4) for some β > 0.

The proof of the results is based on Azbelev’s W -transform of the equation (1) (see e.g. [1, 2, 5]),
which uses the so-called ’reference equation’ and which in our case is defined as follows:

dx(t) =
[
a(t)x(t) + g1(t)

]
dt + g2(t) dB(t) (t ≥ 0),

where g1 is an (Ft)t≥0-adapted stochastic process with a.s. locally integrable trajectories, g2 is an
(Ft)t≥0-adapted stochastic process with a.s. locally square-integrable trajectories, and the other
parameters are defined in (1). This is an ordinary differential equation with stochastic pertur-
bations. The W -method works if the reference equation is exponentially stable and if a certain
integral operator, which combines the equation (1) with the reference equation, is invertible. To
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describe this idea in more detail, we introduce the notation Z(t) = (t,B(t))′ and unify the equation
(1) with the prehistory condition (2) into a single stochastic functional differential equation

dx(t) =
[
(V x)(t) + f(t)

]
dZ(t) (t ≥ 0), (5)

where

(V x)(t) =
(
(V1x)(t), (V2x)(t)

)
, (V1x)(t) = a(t)x(t) + b(t)(Shx)(t), (V1x)(t) = c(t)(SHx)(t),

f(t) =
(
f1(t), f2(t)

)
, f1(t) = b(t)ϕh(t), f2(t) = c(t)ϕH(t),

(Sγx)(t) =

{
x(γ(t)) if γ(t) ≥ 0,

0 if γ(t) < 0,
ϕγ(t) =

{
0 if γ(t) ≥ 0,

ϕ(γ(t)) if γ(t) < 0.

Similarly, we can rewrite the reference equation as follows:

dx(t) =
[
(Qx)(t) + g(t)

]
dZ(t) (t ≥ 0),

where (Qx)(t) = (ax(t), 0), g(t) = (g1(t), g2(t)).
It is well-known (see e.g. [5]) that the latter equation admits the integral representation x(t) =

U(t)x(0) + (Wg)(t) (t ≥ 0), where U(t) is the fundamental matrix of the associated homogeneous
equation, W is the integral operator

(Wg)(t) =

t∫

0

C(t, s)g(s) dZ(s) (t ≥ 0),

and the function C(t, s) is defined on G := {(t, s) : t ∈ [0,∞), 0 ≤ s ≤ t}.
Assume that U and W satisfy the following conditions:

R1. |U(t)| ≤ c, where c ∈ R+.

R2. |C(t, s)| ≤ c exp{−α(t− s)} for some α > 0, c > 0.

The integral representation gives then rise to the W -transform, which is applied to the equation
(5) in the following manner:

dx(t) =
[
(Qx)(t) + ((V −Q)x)(t) + f(t)

]
dZ(t) (t ≥ 0),

or, alternatively,
x(t) = U(t)x(0) + (W (V −Q)x)(t) + (Wf)(t) (t ≥ 0).

Denoting W (V −Q) = Θ, we obtain the operator equation

((I −Θ)x)(t) = U(t)x(0) + (Wf)(t) (t ≥ 0).

Finally, we put

M2p,T ≡
{

x : x ∈ C, ‖x‖M2p,T
:=

(
sup
t≥T

E|x(t)|2p
)1/2p

< ∞
}

,

where C denotes the set of all (Ft)t≥T -adapted stochastic processes with a. s. continuous trajec-
tories.

The main idea of the W -transform approach is to prove invertibility of the operator I − Θ in
the space M2p,T , which would imply the exponential 2p-stability of the solutions of the equation
(1). This is summarized in the following lemma:
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Lemma. Let the reference equation satisfy the conditions R1–R2. Assume that the operator
(I−Θ) : M2p,T → M2p,T has a bounded inverse for some T ≥ 0. Then the solutions of the equation
(1) satisfy the estimate (4) for some β > 0.

The proof of the Theorems 1 and 2 consists then in checking the assumptions of the lemma.

Remark. More details about the theory and applications of the W -transform to deterministic
functional differential equations can be found in [1, 2]. The stochastic version of this transform, an
outline of which is presented above, was comprehensively studied in [3]. An alternative yet similar
version of the stochastic W -transform, where the integral substitution is performed in a different
manner, was suggested in [4] on the basis of the deterministic results obtained in [1, 2].

References

[1] N. V. Azbelev, L. M. Berezanskiˇ́ı, P. M. Simonov, and A. V. Chistyakov, Stability of linear
systems with time-lag. I. (Russian) Differ. Uravn. 23 (1987), No. 5, 745–754; translation in
Differ. Equations 23 (1987), No. 5, 493–500.
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