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For a long time, until the end of the 1940s, the investigation of periodic solutions of periodic
differential systems was based on the conjecture of commensurability of periods of the solution and
the system. Apparently, Massera was the first to indicate that this conjecture is wrong. In 1950, he
showed that periodic differential system can have periodic solutions with irrational ratio of periods
of the solution and the system [1]. Later, such periodic solutions were considered by J. Kurzweil
and O. Vejvoda [2], N. P. Erugin [3], E. I. Grudo [4] and other authors. In what follows, such
periodic solutions and the oscillations described by them are said to be strongly irregular [5].

Note that Mandelshtam and Papaleksi [6] studied the parametric influence on two-circuit para-
metric systems in the mid-1930s. In particular, for the case in which some capacity is included in
the feed circuit of an electric motor to compensate for variable inductance, the following facts were
justified: the rotation velocity of the electric motor is not synchronous with the supply current
frequency; this velocity varies smoothly with the fundamental frequency of the oscillation con-
tour. Unlike the ordinary parametric excitation, which takes place only for an integer frequency
ratio, they obtained a new peculiar transformation of the motor frequency with practically arbi-
trary ratio to the circuit frequency. Thus, the possibility of excitation of oscillations at frequencies
incommensurable with the frequency of the system parameter variation was shown.

Devices transforming the energy of a high-frequency oscillation source into low-frequency os-
cillations whose frequency is almost independent of the source frequency were developed at the
beginning of the 1970s. For example, the paper [7] deals with the case in which a harmonic force
with which the field in a capacitor acts on a flying charge has a frequency incommensurable with
the frequency of fundamental oscillations of the charge. In this case, there can appear stable un-
damped oscillations at the natural frequency, i.e., strongly irregular oscillations. The conditions
of a process in which the oscillations of a system are described by strongly irregular oscillations
are referred to as an asynchronous mode [8]. Asynchronous modes in particular occur in linear
differential systems. We state the problem of synthesis of asynchronous modes of linear systems as
a control problem for the spectrum of irregular oscillations.

Consider the linear control system

ẋ = A(t)x + Bu, t ∈ R, x ∈ Rn, n ≥ 2, (1)

where A(t) is a continuous ω-periodic n×n-matrix, B is a constant n×n-matrix. We assume that
the control is given in the form of a linear state feedback

u = U(t)x (2)

with ω-periodic n×n-matrix U(t). The problem of finding the matrix U(t) (the feedback coefficient)
such that the closed system

ẋ = (A(t) + BU(t))x (3)

has strongly irregular periodic solutions with a given frequency spectrum L (the objective set) will
be called the problem of control of the frequency spectrum of irregular oscillations (asynchronous
spectrum) with objective set L.

This problem is a version of the generalization of the spectrum assignment problem in the
nonstationary case, but essentially differs from the problems of control [9, 10]. Note that, for
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regular oscillations, the choice of frequencies other than multiples of the frequencies of the right-
hand side of system (1) is impossible.

Let L = {λ1, . . . , λ
′
r} be an objective set of frequencies whose elements are pairwise distinct,

commensurable with each other, and incommensurable with 2π/ω. Then there exists a maximum
positive real number λ such that λ1, . . . , λ

′
r are multiples of λ. Set Ω = 2π/λ, then the ratio ω/Ω

is irrational.
Consider the case of a singular matrix B, i.e. rankB = r < n (n − r = d). One can assume

that the first d rows of B are zero (otherwise it can always be achieved by a linear nonsingular
time-independent transformation). Suppose that right upper d × r blocks of the averaged matrix
Â are zero.

Let Ã
(11)
d,d and Ã

(12)
d,r be upper left and right blocks of the matrix Ã(t) = A(t)− Â (the subscripts

indicate the dimension). Assume that column bases of these blocks form a linearly independent set

rankcol

{
Ã

(11)
d,d , Ã

(12)
d,r

}
= r1 + r2

(
rankcol Ã

(11)
d,d = r1, rankcol Ã

(12)
d,r = r2

)
.

By Q we denote a constant nonsingular d × d matrix such that the first d1 = d − r1 columns
of the matrix Ãd,d(t)Q are zero and the remaining columns are linearly independent. Let the left
upper d×d block of the matrix Q−1Âd,dQ have p pairs of pure imaginary eigenvalues ±iλj , λj ∈ L.

Then the following assertion holds.

Theorem. Let the above assumptions are satisfied. The problem of control of the asynchronous
spectrum with objective set L for system (1) with feedback (2) is solvable if and only if r1 + r2 < n
and |L| < p + [(r − r2)/2].
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