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For the equation with variable delays x′(t) = −
m∑

j=1
ajx(t−hj(t)), where aj > 0, 0 ≤ hj(t) ≤ qj ,

the inequalities
m∑

j=1
ajqj ≤ 3/2 and

m∑
j=1

ajqj < 3/2 are sufficient for uniform and exponential stability,

respectively [1]. If all hj(t) are constant, then 3/2 can be replaced by π/2 [2].
However, these results are not valid if the coefficients are not constant. For the equation

x′(t) = −
m∑

j=1
aj(t)x(t− hj(t)), where 0 ≤ aj(t) < αj , 0 ≤ hj(t) ≤ qj , the inequality

m∑
j=1

αjqj ≤ 1 is

sufficient for uniform stability, and constant 1 is sharp, as proved in the paper [1].
In this talk, we answer the following question: does there exist a number A > 0 such that the

inequality

lim sup
t→∞

t∫

t−h(t)

a(s) ds ≥ A (1)

implies instability of equation
x′(t) = −a(t)x(t− h(t)) (2)

with one variable delay and a positive coefficient?
Another object of the talk is to discuss constants which lead to either oscillation or non-

oscillation. For delay differential equations the following result is well known [3]:
If

lim sup
t→∞

t∫

t−maxk hk(t)

m∑

j=1

a+
j (s) ds <

1
e

, (3)

then there exists an eventually positive solution of the equation

ẋ(t) +
m∑

k=1

ak(t)x(t− hk(t)) = 0. (4)

Here 1/e is the best possible constant since the equation ẋ(t) + x(t − τ) = 0 is oscillatory for
τ > 1/e.

In the monograph [3] for the equation

ẋ(t) + a(t)x(t− τ) = 0, a(t) ≥ 0, τ > 0, (5)
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the authors constructed a counterexample which shows that condition (3) is not necessary for
non-oscillation of equation (4).

By [3, Theorem 3.4.3], the inequality

lim sup
t→∞

t∫

t−mink hk(t)

m∑

j=1

aj(s) ds < 1 (6)

is necessary for non-oscillation of equation (4), where aj(t) ≥ 0, however the result is valid for h(t)
monotone only (in particular, h(t) = t− τ).

Let us start with oscillation. First, we present sufficient non-oscillation conditions for equation

(4) when the number lim sup
t→∞

t∫
t−mink hk(t)

m∑
j=1

aj(s) ds is between 1/e and 1.

Consider equation (4) with constant delays

ẋ(t) +
m∑

k=1

ak(t)x(t− τk) = 0, τk > 0. (7)

Theorem 1 ([4]). Suppose that there exists n0 ≥ 0 and a sequence {λj}∞j=n0−1 of positive

numbers such that
m∑

k=1

a+
k (t) ≤ λne−[λn−1(nτ−t)+λn(t−(n−1)τ)], (n − 1)τ < t ≤ nτ , n ≥ n0, where

τ = maxk τk. Then equation (7) is non-oscillatory.

Remark 1. By applying comparison theorems [3], Theorem 1 can be extended to equations
with variable delays 0 ≤ hk(t) ≤ τk.

Theorem 2 ([4]). For any α ∈ (1/e, 1) there exists a non-oscillatory equation (5) with a(t) ≥ 0

such that lim sup
t→∞

t∫
t−τ

a(s) ds = α.

Second, we give a negative answer to the following question: does there exist constants A and
B such that

lim sup
t→∞

t∫

h(t)

a(u) du > A (8)

implies oscillation of equation (2).

Theorem 3 ([5]). There is no constant A > 0 such that (8) implies oscillation of (2) for
arbitrary h(t) ≤ t.

Third, we present an explicit oscillation test in the terms of the maximal value of the deviated
argument

g(t) := sup
s≤t

h(s), t ≥ 0. (9)

Clearly, g(t) is nondecreasing, and h(t) ≤ g(t) for all t ≥ 0.

Theorem 4 ([5]). Assume that sup
{
t ≥ 0 :

t∫
g(t)

a(u) exp
{ g(t)∫

h(u)

a(v) dv
}

du ≥ 1
}

= ∞ for g(t)

defined by (9). Then every solution of (2) is oscillatory.

Theorem 4 immediately implies the following result.
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Theorem 5 ([5]). If lim sup
t→∞

t∫
g(t)

a(u) exp
{ g(t)∫

h(u)

a(v) dv
}

du > 1, then every solution of (2) is

oscillatory.

The following result allows to expand the set of constants in (6) such that equation (2) may be
stable, up to the limit of 2.

Lemma 1 ([6]). Suppose a(t) ≥ 0, lim inf
t→∞ a(t) > 0, lim sup

t→∞
h(t) < ∞, and there exists r(t) ≥ 0

such that the equation
ẋ(t) + a(t)x(t− r(t)) = 0 (10)

is non-oscillatory. If lim sup
t→∞

∣∣ t−r(t)∫
t−h(t)

a(s) ds
∣∣ < 1, then equation (2) is exponentially stable.

By choosing an appropriate r(t) = τ and the same coefficient as in the proof of Theorem 2, we
can for each α < 1 construct non-oscillatory equation (10) such that

lim sup
t→∞

t∫

t−τ

a(s) ds = α.

Further, applying Lemma 1, for any β < 2 we can construct an exponentially stable equation with

lim sup
t→∞

t∫
t−τ

a(s) ds = β, see [4].

However, this is still an open problem whether there exists A > 0 such that the inequality

lim inf
t→∞

t∫
t−h(t)

a(s) ds > A implies instability of equation (2) with a(t) ≥ 0 or not.
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