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We consider a system of differential equations, defined in the direct product of anm-dimensional
torus Tm and an n-dimensional Euclidean space En that undergo impulsive perturbations at the
moments when the phase point φ meets a given set in the phase space

dφ

dt
= a(φ),

dx

dt
= A(φ)x+ f(φ), φ ̸∈ Γ,

∆x
∣∣
φ∈Γ = B(φ)x+ g(φ),

(1)

where φ = (φ1, . . . , φm)T ∈ Tm, x = (x1, . . . , xn)
T ∈ En, a(φ) is a continuous 2π-periodic with

respect to each of the components φv, v = 1, . . . ,m vector function that satisfies a Lipschitz
condition with respect to φ. Functions A(φ), B(φ) are continuous 2π-periodic with respect to
each of the components φv, v = 1, . . . ,m square matrices; f(φ), g(φ) are continuous (piecewise
continuous with first kind discontinuities in the set Γ) 2π-periodic with respect to each of the
components φv, v = 1, . . . ,m vector functions.

We assume that the set Γ is a subset of the torus Tm, which is a manifold of dimension m− 1
defined by the equation Φ(φ) = 0 for some continuous scalar 2π-periodic with respect to each of
the components φv, v = 1, . . . ,m function.

Denote by ti(φ), i ∈ Z the solutions of the equation Φ(φt(φ)) = 0 that are the moments of
impulsive action in system (1). Let the function Φ(φ) be such that the solutions t = ti(φ) exist
since otherwise system (1) would not be an impulsive system.

We call a point φ∗ an ω-limit point of the trajectory φt(φ) if there exists a sequence {tn}n∈N
in R so that

lim
n→+∞

tn = +∞, lim
n→+∞

φtn(φ) = φ∗.

The set of all ω-limit points for a given trajectory φt(φ) is called ω-limit set of the trajectory φt(φ)
and denoted by Ωφ. Denote

Ω =
∪

φ∈Tm

Ωφ,

and assume that the matrices A(φ) and B(φ) are constant in the domain Ω:

A(φ)
∣∣
φ∈Ω = Ã, B(φ)

∣∣
φ∈Ω = B̃.

We will obtain sufficient conditions for the existence and asymptotic stability of an invariant set of

the system (1) in terms of the eigenvalues of the matrices Ã and B̃. Denote

γ = max
j=1,...,n

Reλj(Ã), α2 = max
j=1,...,n

λj

(
(E + B̃)T (E + B̃)

)
.

Theorem 1. Let the moments of impulsive perturbations {ti(φ)} be such that uniformly with
respect to t ∈ R there exists a finite limit

lim
T̃→∞

i(t, t+ T̃ )

T̃
= p. (2)

64



If the following inequality holds
γ + p lnα < 0, (3)

then system (1) has an asymptotically stable invariant set.

Such approach may be extended to the nonlinear system of the form

dφ

dt
= a(φ),

dx

dt
= A0(φ)x+A1(φ, x)x+ f(φ), φ ̸∈ Γ,

∆x
∣∣
φ∈Γ = B0(φ)x+B1(φ, x)x+ g(φ).

(4)

Theorem 2. Let the matrices A0(φ) and B0(φ) be constant in the domain Ω, uniformly with
respect to t ∈ R there exist a finite limit (2) and the inequality (3) hold. Then there exist sufficiently
small constants a1 and b1 and sufficiently small Lipschitz constants LA and LB such that for
any continuous 2π-periodic with respect to each of the components φv, v = 1, . . . ,m functions
A1(φ, x) and B1(φ, x) such that max

φ∈Tm,x∈J̄h

∥∥A1(φ, x)
∥∥ ≤ a1, max

φ∈Tm,x∈J̄h

∥∥B1(φ, x)
∥∥ ≤ b1 and for any

x
′
, x

′′ ∈ J̄h,∥∥A1(φ, x
′
)−A1(φ, x

′′
)
∥∥ ≤ LA∥x

′ − x
′′∥,

∥∥B1(φ, x
′
)−B1(φ, x

′′
)
∥∥ ≤ LB∥x

′ − x
′′∥,

system (4) has an asymptotically stable invariant set.

In summary, we have obtained sufficient conditions for the existence and asymptotic stability
of invariant sets of a linear impulsive system of differential equations defined in Tm × En that has
specific properties in the ω-limit set Ω of the trajectories φt(φ). We have proved that it is sufficient
to impose some restrictions on system (1) only in the domain Ω to guarantee the existence and
asymptotic stability of the invariant set.
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[2] M. O. Perestyuk and S. Ī. Baloha, Existence of an invariant torus for a class of systems of
differential equations. (Ukrainian) Nel̄ın̄ı̄ın̄ı Koliv. 11 (2008), No. 4, 520–529 (2009); English
transl.: Nonlinear Oscil. (N. Y.) 11 (2008), No. 4, 548–558.

[3] M. O. Perestyuk and P. V. Feketa, Invariant manifolds of a class of systems of differential
equations with impulse perturbation. (Ukrainian) Nel̄ın̄ı̄ın̄ı Koliv. 13 (2010), No. 2, 240–252;
English transl.: Nonlinear Oscil. (N. Y.) 13 (2010), No. 2, 260–273.

[4] M. Perestyuk and P. Feketa, Invariant sets of impulsive differential equations with particular-
ities in ω-limit set. Abstr. Appl. Anal. 2011, Art. ID 970469, 14 pp.

[5] N. A. Perestyuk and V. A. Plotnikov, A. M. Samoilenko, and N. V. Skripnik, Differential
equations with impulse effects: multivalued right-hand sides with discontinuities. DeGruyter
Studies in Mathematics 40, Walter de Gruyter Co., Berlin, 2011.
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