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1 Introduction

In 1990, after my lecture at Enlarged Sessions of the Seminar of I.Vekua Institute of Applied
Mathematics, professor T. A. Chanturia posed me a question about existence for any finite x∗, x

∗,
x∗ < x∗ of a non-extensible solution y(x) with domain (x∗, x

∗) to the equation y′′′+p(x)|y|k−1y = 0.
For such equation of the second order some related result was obtained in [1]. I’ve got an answer
for the third-order equation in 1992 ([3]), but unfortunately T. A. Chanturia could not see it. . .
The proof of this result was very complicated, but with the help of uniform estimates of solutions
([8]) it became much better.

2 Uniform Estimates of Solutions

Consider the differential equation

y′′′ + p(x, y, y′, y′′)|y|k−1y = 0, k > 1, (1)

the function p(x, y0, y1, y2) is continuous in x and Lipschitz continuous in y0, y1, y2 with

0 < p∗ ≤ p(x, y0, y1, y2) ≤ p∗, (2)

where p∗, p
∗ are positive constants.

Put β = k−1
3 > 0.

Theorem 1. For any k > 1, p∗ > 0, p∗ > p∗, h > 0 there exists a constant C > 0 such that for
any p(x, y, y′, y′′) satisfying (2), any solution y(x) to (1) satisfying the condition |y(x0)| = h > 0
in some point x0 ∈ R cannot be extended to the interval (x0 − C h−β , x0 + C h−β).

Theorem 2. For any k > 1, p∗ > 0, p∗ > p∗ there exists a constant C > 0 such that for any
p(x, y, y′, y′′) satisfying (2) and any solution y(x) to (1) defined on [−a, a] it holds |y(0)| ≤

(
C
a i¯
g)1/β.

Theorem 3. For any k > 1, p∗ > 0, p∗ > p∗ there exists a constant C > 0 such that for any
p(x, y, y′, y′′) satisfying (2) and any solution y(x) to (1) defined on [a, b] it holds

|y(x)| ≤ Cmin(x− a, b− x)−1/β . (3)

Remark 1. In [5] uniform estimates for positive solutions with the same domain to the equation

y(n) +

n−1∑
j=0

aj(x)y
(i) + p(x)|y|k−1y = 0

with continuous functions p(x) and aj(x), n ≥ 1, k > 1 were obtained. In [6] similar uniform
estimates for absolute values of all solutions to the equation

y(n) +

n−1∑
j=0

aj(x)y
(i) + p(x)|y|k = 0

were proved.
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3 Existence of Solution with Prescribed Domain

Consider the differential equation (1) with the same propositions about the function p(x, y0, y1, y2).

Definition. A solution y(x) has a resonance asymptote x = x∗ if

lim
x→x∗

y(x) = +∞, lim
x→x∗

y(x) = −∞.

Theorem 4. Suppose that condition (2) holds. Let y(x) be a solution to (1) defined on [x0, x
∗)

with the resonance asymptote x = x∗. Then the position of the asymptote x = x∗ depends continu-
ously on y(x0), y

′(x0), y
′′(x0).

Theorem 5. Suppose that condition (2) holds. Then for any finite x∗ < x∗ there exists a
non-extensible solution y(x) to (1) defined on (x∗, x

∗) with the vertical asymptote x = x∗ and the
resonance asymptote x = x∗.

Corollary 1. Suppose that condition (2) holds. Then for any x∗ ∈ R there exists a Kneser
solution of (1) with the vertical asymptote x = x∗ defined on the interval (x∗,+∞) and tending to
0 as x → +∞.

Corollary 2. Suppose that condition (2) holds. Then for any x∗ ∈ R there exists a non-
extensible solution y(x) of (1) with the resonance asymptote x = x∗ defined on the interval (−∞, x∗)
and tending to 0 as x → −∞.

Theorem 6. Suppose that condition (2) holds. Then for any finite or infinite x∗ < x∗ there
exists a non-extensible solution y(x) of (1) with domain (x∗, x

∗).

Remark 2. In [4], [7] asymptotic behavior of all possible solutions to (1) is described.
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